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PREFACE 



This is an attempt to put before non-mathematical readers 
C a method of studying mechanics. The student will not 
5^ benefit much by merely reading the book, nor will he 
^ benefit much even if he supplements his reading by 
• listening to lectures on mechanics ; but I believe that if 

r} by means of lectures he obtains a thorough comprehen- 
sion of the book, and then makes common-sense experi- 
ments with the., simple apparatus which is to be found 
even in the poorest laboratories, but which has hitherto 
been used merely to illustrate lectures; if, in fact, he 
uses this book ; to study mechanics in the manner 
herein recommended, he will gain in a short time such a 
working knowledge of the subject as will well repay his 
labour. I am quite sure also that the mental training 
acquired in this; way is of a kind not inferior to that the 
belief in which retains in our schools the study of 
ancient classics and Euclid. 

The principle of my method is one which I have 
tested in practice during the last twelve years, in an 
English Public School, at the Imperial College of 
Engineering in Japan, and in other places. It is simply 
the practical recognition of the fact that all experiment- 
ing must be quantitative. It may exercise the wonder 
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of a child, it may please his senses to see certain well- 
known lecture illustrations which are but little better 
than tricks, and possibly for young children there may 
be great instruction in such exhibitions, but they con- 
tain no instruction for thinking men who can obtain 
sufficient amusement elsewhere. Our subject must be 
studied through quantitative experiments, and when this 
method of study is adopted it is but of little consequence 
at what part of the subject the student begins, so long as 
he begins from his own natural standpoint, the stand- 
point given him by all his experience 

The primary fact in technical education not yet 
sufficiently recognised is this— that. ilUterate men often 
acquire and possess a useful knowledge of the principles 
underlying their trade. But the theory usually acted upon 
is that a man must be quite ignorant of the principles 
of his trade unless he has been led up to them through 
weary years* study of the elementary principles of science. 
On the contrary, the wise apprentice sees for himself 
that some illiterate journeyman gets good wages, is well 
thought of by his master, is able to do his work better, 
perhaps, than any other man in the shop, can be trusted 
in emergencies, and has a confidence in himself which 
experience justifies; and the apprentice feels that 
although the journeyman might be a better workman if 
he knew the elementary principles of science, still, some- 
how or other, he has gained an exact knowledge of those 
more complicated laws with which he has to deal in his 
trade. 
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It is good for a man to know the well-established 
elementary principles of science, to which all complicated 
laws can be reduced ; this enables him to compare his 
own experience with that of all other people, and enables 
him to make better use of his own observations in the 
futura 

In giving this knowledge, however, the usual plan of 
operations is to act on- the assumption that the man 
knows nothing, because he did not begin his previous 
study with Euclid's axioms, and to teach him the elemen- 
tary principles as schoolboys of no experience are taught. 
Now, the standpoint of an experienced workman in the 
nineteenth century is very different from that of an 
Alexandrian philosopher or of an English schoolboy, and 
many men who energetically begin the study of Euclid 
give it up after a year or two in disgust, because at the 
end they have only arrived at results which they knew 
experimentally long ago. 

I am inclined to believe that if, instead of forcing the 
workman to study like a schoolboy, we were to teach the 
boy as if he had already acquired some of the experience 
of the workman, and made it our business to give him 
this experience, we should do better than at present 
That is, let tte boy work in wood and metal, let him 
gain experience in the use of machines, let him use 
drawing instruments and scales, and you put him in a 
condition to understand and apprecial*e the truth of the 
fundamental laws of nature, such a condition as boys 
usually arrive at only after years of study. It is 



VUl PREFACE. 

time he may regard the 47th proposition of the First Book 
of Euclid as axiomatic; he may think the important 
propositions in the Sixth Book as easy to believe in as 
those of the First ; he may have greater doubts as to 
the universal truth of these propositions than mathe- 
maticians usually have ; but it is possible that these 
evils are not unmixed with good. 

The readers of this book are supposed to have some 
previous knowledge of the behaviour of materials and 
machinery. My aim is to give the student such a 
training as will cause him to think exactly, to give him a 
method of studying whatever phenomena happen to come 
before his eyes. Phenomena which, when carelessly 
considered in the light of elementary principles, appear 
to follow complicated laws are often found to follow 
approximately simple laws of their own. A man who 
knows these roughly correct laws is in a good position 
for learning the fundamental principles of mechanics; 
but his teacher must try to view the subject from his 
student's standpoint, else he cannot take advantage of 
the fact that his pupil may already possess an excellent 
foundation on which a supzrstructure of knowledge may 
be buDt. I believe that the most illiterate men may be 
rapidly taught practical mechanics if we take the right 
way to teach them — approach the subject from their 
point of view rather than compel them to approach it 
from ours. 

In a book which is to be used as a general class book 
by boys and men it is impossible to assume that the 
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i*eader has an extensive previous practical acquaintance 
with natural phenomena | but it will be seen that some 
such past experience is assumed, much more than is 
usually ascribed to the ordinary student of mechanics. 
Moreover, he is credited with the possession of common 
sense, and with the feeling that all human knowledge, 
instinctive and rational, is the result of experience. 

There is much in this book which may seem new to 
the reader, but inasmuch as I have been, and still am, a 
student, and as no man can go through life without 
gathering to himself and regarding as his own many 
notions of other men, it is probable that there is nothing 
here, either in the matter or method, which is wholly my 
own. My partnership in scientific work with Professor 
Ayrton during the last seven years would in itself preclude 
any thought of such ownership. For the treatment of 
some parts of the subject I know that I am indebted to 
my recollection of the lectures of Professor James 
Thomson, delivered when I was one of his students 
fourteen years ago. How much is owing to Sir William 
Thomson, to Thomson and Tait, and to Professor Ball it 
is quite impossible to say. 

For the careful correction of proofs I have to thank 
my assistant, Mr. William Robinson, M.E., who has taken 
as much pains to eliminate numerical errors, puzzling 
sentences, and crudities of language aa if the book had 
been his own. 

JOHN PERBY. 

71, Queen Street, London ^ E,C. 



PEEPACE TO SECOND EDITION. 



>o« 



It is the most natural thing in the world to be angry 
when our prejudices are insulted ; and men who have 
somehow acquired a prejudice for a lifeless method of 
teaching have the right to be angry at the principles 
enunciated in the preface to the first edition of this book. 
To the two authors of the three unfavourable criticisms 
which the book has received I can offer no hope of my 
conversion from my heretical opinions, and I must meekly 
face these inquisitors again. In even the commonest 
phrases I use the heresy makes its appearance. I agree 
with them that the heresy is one of a dangerous kind. The 
rapid sale of a first edition argues many followers ; and now 
that I have eliminated some of the errors which invariably 
attend a reform, there is a possibility that even greater 
danger may attend the publication of this second edition. 

like Newton's third law of motion, and like the second 
law of thermodynamics, the heresy in which I am found 
to be a guilty believer may be put in another form from 
that in which I have already enunciated it. I believe 
that the scientific work of the future will be done by the 
masses working under leaders, these leaders doing some- 
thing more than attacking problems single-handed in their 
studies ; that the education of these leaders has already 
had sufficient attention paid to it ; and that we are in 
immediate need of special methods of education for their 
followers. 

One of my critics would tell an army of men that 
each of them must have expensive armour and must be 
educated like a knight-errant, else he may not fight in 
the battle against the forces of nature. I say that 
under experienced leaders, and armed with instruments 
of precision whose construction and use they understand, 
a body of men, possessing common sense, becomes a 
powerful engine of attack against the forces of nature. 
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CHAPTER L 

INTRODUCTORY. 

1. What I expect the reader to know already. — In 

this book I mean to consider the principles of mechanics 
as they are applied in many trades. It is important that 
I should state in the beginning what is the amount of 
knowledge which I expect my reader to be possessed of 
beforehand. 

In the first place, he must know the meaning of 
decvmaU in arithmetic. It is a very strange thing that 
the meaning of a decimal, which might easDy be taught 
to children before they begin addition, is usually regarded 
as a part of arithmetic which ought to come after vulgar 
fractions. Secondly, my reader must own a box of 
dravmig instruments ; he must be able to set off at once 
any angle when it is stated in degrees ; he must be able 
to draw a triangle to any scale when one side and two 
angles, or two sides and one angle, or when three sides 
are given to him : in fact, he must know as much of 
the use of drawing instruments and of the use ot a 
scale as a good teacher can give him in one lesson. 
Thirdly, he must be aware of the fact that a letter of the 
alphabet or any other symbol may be used to represent 
a physical magnitude. Probably there is nothing more 
annojdng to the person who attempts to give lessons in 
applied science than the fact that few workmen know 
the meaning of the simple symbok + — x -r V. Even 
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when they are aware of the meaning of these Sjonbols 
they will often get frightened at a mathematical ex- 
pression, although, if they spent one hour in learning the 
meanings of such expressions they would never feel 
afraid of them again. A mathematical expression is 
simply a very concise way of writing a rule. There are 
many books of rules, such as Molesworbh's, and any 
workman who knows decimals in arithmetic might be 
able to use every rule in Molesworth with an. hour's 
study ; but he never attempts to learn the key to these 
secrets, and when he goes to a teacher, it is usually for a 
long dry course in algebra which he does not really need. 
Please remember that very few men who use a book of 
logarithms know how a logarithm is calculated ; and just 
as a man may use a watch or a slide rule, or any other 
calculating machine, who does not know how to make 
one, so you may be able to calculate from a mathematical 
formula, although you do not know how it has been 
arrived at. I expect that the reason why men have 
so little practical knowledge of such matters, lies 
in the fact that their teachers know only one way 
of studying — the way in which they themselves have" 
been taught — the way of the Universities, which has 
unfortunately become crystallised in England, and is now 
in use in Science Classes. It is forgotten that practical 
men have an experience and an amount of common sense 
which children have not, and there is a way of giving 
new ideas to men which we cannot employ with children. 
This brings me to my fourth requirement, namely, that 
my reader must know the elementary principles of 
mechanics. If his acquaintance with mechanics is merely 
derived from books or lectures, he has not the knowledge 
of which I speak. He cannot know the parallelogram of 
forces till he has proved the truth of the law half a dozen 
times experimentally with his own hands. I have met 
with men who, when given two sides of a triangle in 
inches, and the angle between them in degrees, could 
calculate readily the length of the third side and the 



sizes of the other angles of the triangle, and yet who had 
never tried with their instruments and drawing paper 
whether their calculations were correct Such is not the 
sort of knowledge which I want my readers to have. 
I want them to think of things as being measurable, of 
laws as statements which ought to be Bubmitted to the 
test of their own experiments, however rough, before 
they aie accepted as trua 

2. Equilibrium of Porcea— Take as an example the 
law called "the triangle of forces" — if three forces act 
on a small body, and just keep it at rest ; then if we 
draw on a sheet of paper 
three straight lines paral- 
lel to the directions of 
the three forces, and let 
them form a triangle, in 
such a way that arrow- 
heads representing the 
directions of the forces 
go round the triangle in 
the same way, it will be 
found that the lengths of 
the sides of the triangle 
are proportional to tiie 

amounts of the forces. <^ [^ 

Now the statement of \^^ | 

this law has very little " \^ | 

meaning to the student pj^ i_ \j 

until begets three strings 

and three weighta, as in Fig. 1, and by means of pul- 
leys allows the strings to pull at a small body, p, all at the 
same time. But when, after all sorts of trials of different 
weighta and different poeitions ot the small body, he finds 
that even his rough testa of the law prove to be satisfactory 
every time, he has obtained an exact notion of what the 
law means, which he can nev^' lose again. If, instead of 
three forces, he lets four or more forces act upon the small 
lK>dy,and, when they balance one another, he draws straight 
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lines parallel to the directions of the forces and represent- 
ing their amounts, according to any scale he pleases, taking 
care that, in whatever order he draws them, the arrow- 
heads run all in the same senssy he will draw a polygon ; 
he will find the polygon to be closed and complete when 
he finishes, and he will prove roughly the law of " the 
polygon of forces.*' He will at once see that the triangle 
of forces is merely a simple case of the more general 
polygon of forces. 

3. Our one Theory insufficient. — ^Now, no reasoning 
man can make these trials without finding that there is 
a great deal, to be observed beyond what his teacher or 

his book has taught him. A force has 
been represented by the pull in a string 
passing over a little pulley with a weight 
at its end. . He finds that as his pulley 
works more ea«Uy. and a. its Jivote 
are better oiled, his proof of the law is 
better and better : in fact, he finds that 
the pull in a string is not exactly the 
same on tl.e two sides of a pulley. If 
he takes one pulley and one string, and 
two weights, called A and B, Fig. 2, at 
its er.ds, he will find that there is equi- 
libnum even when the two weights are 
not exactly equal. If A is slightly 
greater than b, and he increases the 
weight of A till it is just able to over- 
come By then the difference between the 
weights represents what may be called 
the friction of the pulley. If now he 
increases the weights which he uses, he will find that the 
friction is proportionately increased, and he will get to 
understand that this is a general law in machinery: 
" friction is proportional to load." Again, he sees that 
tliis friction, which is a resistance experienced in the 
rubbing together of any two surfaces, is a force which 
always opposes motion, always acts against the stronger 




Fig. 2. 
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influence. Suppose, for example, that he found that a 
weight of G'l ounces was just able to overcome a weight 
of 5 ounces; he will find that a weight of abont 4*9 
ounces will jnst be OTercome by a weight of 6 oanceB, 
and that there is equilibrium with 6 ounces and any weight 
varying from 5-1 to i-9. Prictioa is then a re- 
sisting force, which always helps the 
weaker to produce a balance. 



CHAPTER IL 

rRICTION IN UACBIKES. 

4. Law of Work. — Take any machine, from a simple 
pulley to the most complicated mechsjusm. Iiet a weight, 
A, hung from a cord round a grooved pulley or azle in one 

part of the mechanism, balance 

another weight, b, hung from a 
cord round another axle or pulley 
somewhere else. In Fig. 3 we have . 
imagined that the mechanism is 
enclosed in a box, and only the 
two axles in question make their 
appearance. Now move the me- 
chanism so that A falls and B rises, 
and observe their motions. Sup- 
pose thatwhen A falls 1 foot B rises 
20 feet, then if there were no 
friction in the machine a weight 
at A is exactly balanced by one- 
twentieth of this weight at B. 
This is the law which you will find ' 

proved in books on mechanics. A 

The reason why it is true is this. Fig. S. ^K^ 

The work or mechanical energy 

given out by a body in falling is measured by the 
weight of Uie body multiplied into the distance tlu-ough 
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which it falls. It is in this way that we get the energy 
derivable from the fall of a certain quantity of water 
down a waterfall, and it is in this way that we find out 
whether a certain waterfall gives out enough power to 
drive a mill (see Glossary). Similarly the energy 
given to a body when we raise it, is measured by tlie 
weight of the body multiplied by the vertical height 
through which it is raised. Now every experiment we 
can make shows that energy is indestructible, and con- 
sequently, if I give energy to a machine, and find that none 
remains in it, it must all have been given out by the 
machine. Therefore the energy given out by A in falling 
slowly must be equal to the energy received by B in 
rising, and as A falls 1 foot wlien B rises 20 feet, the 
weight of A must be twenty times the weight of B. If, 
then, there were no friction in the machine, and if a 
weight of 20 lbs. were hung at A and a weight of , 1 lb. 
at B, we should find that if we start A downwards or 
upwards there will be a steady motion produced. Any 
excess at a will cause it to overcome b, the weights 
moving more and more quickly as the motion continues. 

Now, in our machine, Fig. 3, we can always find by 
trial what is the velocity ratio; that is, the speed of B 
as compared with the speed of A. But when we try to 
balance a weight at B by a weight at A, we find that the 
above relation is quite untrue. Hang a weight of 1 lb. 
at B, hang a weight of 20 lbs. at A, there is certainly a 
balance, but when we have somewhat less or more than 
20 lbs. at A there still is balance. The reason for this is, 
that there is friction in the mechanism, and this friction 
always tends to resist motion, always acts against the 
stronger influence. 

5. Effect of Friction. — ^We shall now proceed to find 
out in what way friction modifies the law given in the 
books which I have just spoken about. You must make 
actual experiments with some machine, if you are to get 
any good from your reading. Hang on a weight, B, and 
find the weight^ a, which will just cause a slow, steady 
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motion. Do this when a number of different weights 
are placed at b. Now, suppose you have measured the 
velocity ratio, that is, suppose you find that b rises four 
times more rapidly than A falls. Then, according to the 
books, there would be an exact balance if a were four 
times the weight of b. On actual trial, however, I find 
in a special case the following table of values • — 

A overcomes B when 
A is 23*4 ounces and B is 6 ounces 



„ 44-7 


^ n 


10 


>♦ 


„ 65-4 „ 


» 


16 


)) 


„ 86-8 „ 


>» 


20 


>» 


„ 107-6 


> » 


26 


» 


„ 128-8 


>> 


30 


)« 


„ 149-6 „ 


>» 


35 


)» 


» 171-0 


>» 


40 


»> 



But if there had been no friction in the first experi- 
ment, A would have been 20 ounces instead of 23 -4, 
hence the friction is represented by this 3*4 ouncea For 
every experiment let this be done, subtract four times 
B from A and call this difference the friction. Now how 
shall we compare this friction with the corresponding load 1 

6. The use of Squared Paper. — And here we come to 
a matter of the greatest importance to the practical man, 
which the old-fashioned books on mechanics and old- 
fashioned teachers of Science Classes seem not to know 
anything about. How do we practically compare two 
things whose values depend on one another % How do 
we find out the law of their dependence ? It is a strange 
fact that there should be a class in the community who 
have a little difficulty in manipulating decimals in arith- 
metic, but it is almost a stranger evidence of neglected 
education that so many people should be ignorant of the 
great uses to which a sheet of squared paper may be put. 

A sheet of squared paper can be bought very cheaply. 
It has a great number of horizontal lines at equal 
distances apart, and these are crossed by a great number 
of vertical lines of the same kind, so that the sheet is 
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covered with little squares. This sheet will enable me 
first of all to correct for errors of observation in the above 
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series of experiments ; and, secondly, to discover the law 
which I am in search of. A miniature drawing is shown 
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in Fig. 4, many lines being left out because of the 
difficulties of wood-cutting. At the bottom left hand 
comer I place the figure 0, and I write 10, 20, &c., to 
indicate the number of squares along the line, A. In- 
stead of 10, 20, &C., I might write 1, 2, Ac., or 100, 200, 
&c., according to the scale I am going to use. Indeed, 
on account of the friction being so much less than the 
weight A with which it is to be compared, I number the 
squares along the vertical line f by 1, 2, &c. instead of 
10, 20, &c. We can employ any scale we please in repre- 
senting either of the things to be* compared, and it is usual 
to multiply all the numbers of one kind by some number, 
so as to represent all our experiments on one sheet of paper, 
and on as much of this sheet as possible. Having sub- 
tracted four times B from A, I find the following numbers: — 



A. 


Friction. 


A. 


Friction. 


23-4 . 


. 3«4 


107-6 . 


. 7-6 


44-7 . 


. 4-7 


128-8 . 


. 8-8 


66-4 . 


. 5-4 


149-6 . 


. 9-6 


86-8 . 


. 6-8 


171-0 . 


, 110 



I now find on my sheet of paper the point p, which is 
23*4 horizontally and 3*4 vertically, and mark it with a 
cross in pencil Q is 44*7 horizontally and 4*7 vertically, 
and so for the others. The last point, w, is 171 
horizontally and 11*0 vertically. We guess at the 
decimal part of a small squara The point p represents 
my first experiment, and every other point represents one 
experiment. Now we are certain that if there is any 
simple law connecting load and friction, the points P, Q, to 
w, lie in a simple curve or in a straight line. You see that, 
in this case, no simple curve will suit the points ; they 
would evidently lie in a straight line, only that we made 
some errors of observation. You must now find what 
straight line lies most evenly among all the points ; this 
you can do by means of a ruler or a fine stretched string, 
and the line m n seems to me to answer best. It tells 
me, for instance, that when A is 44*7 the friction is really 
4*5, instead of 4*7. Take any point in the line, its 
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vertical meajsurement gives me the true friction corres- 
ponding to a load represented by its horizontal measure- 
ment. Thus, for instance, you see that friction 5*0 
corresponds to load 55. 

This is a simple way of correcting errors made in 
experiments, but you cannot hope to understand much 
about it till you actually make experiments and use the 
squared paper. You will find the matter all very simple 
when you try for yourself ; my description of it is as com* 
plicated as if I were teaching you to walk. 

7. If, at any time, you make a number of measure- 
ments of two variable things which have some relation to 
one another, plot them on a sheet of squared paper, and 
correct by using a flexible strip of wood or a ruler, to 
draw an easy curve or a straight line so that it passes 
nearly through all the points. If the line is straight, the 
law connecting the ttvo things will prove to be a very 
simple one. In the present case it means that any 
increase in the load is accompanied by a proportionate 
increase in the amount of friction. Thus, when the load 
is 0, the friction is 2-3 ; when the load is 100, the friction 
is 7*2. That is, when the load increases by 100 the 
friction increases by 4*9, so that the increased friction is 
always the fraction, *049, of the increased load. In fact, 
it is evident that we can calculate the friction at any 
time from the rule 

Friction = 2-3 + -049 a. 

That is, multiply the load A in ounces by '049, and add 
2*3, the answer is the friction. 

8. Law of Friction. — Our result is that the total fric- 
tion is equal to the friction, 2*3, of the machine unloaded, 
together with a constant fraction, '049, of the load. Now 
when a similar series of experiments is tried on any- 
machine, be it a watch or clock, or be it a great steam- 
engine, we always find a similar simple law. 

If you clean all the bearings or pivots, or if you use a 
difierent kind of lubricator, you will get other values for 
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the two numbers in the above rule, but the law will 
remain of the same simple kind. 

9. Force of Friction. — We have in all this used the 
term " friction," or the term " effect of friction," to mean 
the difference between the weight which would balance 
another through the mechanism if there were no resist- 
ance to the rubbing of surfaces, and the weight which 
will just overcome the other when there is such resist- 
ance to rubbing of surfaces. At any rubbing surface 
there is a force of friction which is proportional to 
the pressure between the surfaces; At the rubbing 
surface itself we can speak of this force of friction^ 
but when we speak generally of the whole friction 
of a machine, we are speaking, not of the force of 
friction at any one surface, for this is different probably 
from the force of friction at any other rubbing surface, 
but we speak of an effect which is produced, somehow, 
by the friction everywhere in the machine, wherever there 
is a pivot, and wherever the tooth of one wheel rubs on 
another. 

10. Loss of Energy due to Friction. — Thus, in the 
simple case with which we began (Art 3), the difference 
of pull in a cord on the two sides of a pulley was 
what we called the friction of the arrangement, whereas, 
really, the friction takes place at every point of the 
pivot where rubbing occurs, and the force at one point 
may not be the same as the force at another point. 
Again, any force acting in the cord has a greater lever- 
age about the axis than any of the forces of friction 
has. The real connection between the two things is, 
then, this : what we have generally called " the effect of 
friction," or " the friction of the arrangement," multiplied 
by the velocity of the cord on which it is measured, is 
equal to the sum of all such products as the friction at 
any point in a rubbing surface multiplied by the velocity 
of rubbing. In fact, if the weight A in falling cause the 
weight B to rise, the work done by A is greater than 
the work done on b by an amount which is called the 
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"work lost in friction, and this ie the work done against 
the forces of friction at all tbe rubbing surfaces, 

If we know the force of friction at any place, in 
poundt, and the distance, in /est, through which this 
force is overcome, that is, the distance through which 
rubbing has occurred, the product of force by diBtance 
measuree the work or energy spent in overcoming friction, 
in what is called foot-poundt. This energy is all wasted, 
or, rather, it is all changed into heat and does not come 
out of the machine as mechanical work, the shape in 
which it was when we put it into the machine. And 
inasmuch as no machine can be constructed which will 
move without friction, we never get out of a machine as 
much mechanical work as we put into it. 

IL Friction at BearingB of Shafts. — At almost 
every rubbing surface which you can consider, the force 
of friction is different at every point of the surface, and 
it is generally acting in ditTerent directions at different 
points. Consider, for example, a 
horizontal shaft and its bearing (Fig. 
5). The force of friction at 0, per 
! sqaare inch of area of rubbing sur- 
face, is probably not the same aa at 
A. A very little difference in the 
am of the shaft or its bearing will 
^>e- 8. cause a considerable difference in the 

pressure per square inch at c or at A. 
Now the force of friction at c, multiplied by the velocity 
of robbing, gives the work or energy lost per second in 
friction at c ; and this, added to the energy lost at every 
other place where rubbing occurs, gives the total loss of 
energy per second at all the points. It is not, then, a 
simple matter to investigate the force of friction at every 
point of such a bearing ; and the rigidity of the metal, 
and a number of other important matters, must be taken 
into account in investigating the force of friction eveiy- 
where when the shaft is transmitting different amounts 
of power. Ab we have already seen, however, experiment 
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shows that the energy lost in friction for a certain 
amount of motion increases proportionately with the 
energy actually transmitted by the shaft. Keeping in 
mind, then, the general law — "the force of friction is 
proportional to load" — ^it is easy to see how to reduce 
the £rictional loss in any machine. For instance, when a 
wheel is transmitting power, the load on the rubbing 
surfaces of its bearings or pivots depends on the power 
transmitted. Kow, the actual force of friction at the 
rubbing surface is about the same, whatever be the size 
of the bearing ; but the distance through which rubbing 
occurs when the wheel makes one revolution is less as we 
have a less diameter of bearing; in fact, the force of 
friction, multiplied by the circumference of a cylindric 
bearing, is the energy in foot-pounds lost in one revolu- 
tion. Our rule is, then, to make this diameter as small 
as possible, consistently with sufficient strength. The 
wheel of a carriage is made large, and the axle, where 
rubbing occurs, is made as small as possible, because in 
this way the carriage moves over a great distance for 
a small amount of rubbing. There is another reason, 
however, for the use of large wheels in carriages on 
common roads — namely, their being better able to get 
over obstacles, such as stones. In some machines, where 
it is important that there should be very little friction at 
the bes^ings of axles, the axles are made to lie at each 
end, in the angle formed by two wheels with plain rims. 
The main axle rolls on these wheels, and it is only at the 
axles of the wheels that there is rubbing. This rubbing 
is a very slow motion, and as the force of friction is but 
little increased in consequence of the weights of the 
friction wheels, the energy lost in friction may be made 
very small in this way. 

12. If you compare the parallel motion which is still 
used in some large steam-engines to cause the piston-rod 
to move in a straight line, with the slide which is now so 
common, you will see that there is very much less loss 
of energy by friction when the parallel motion is em- 
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ployed because, whereas in the slide the rubbing motion 
is as much as the motion of the piston, in the parallel 
motion rubbing only occurs at the pivots of the arrange- 
ment. Unfortunately, this arrangement does not allow 
tlie piston-rod end to move exactly in a straight line, and 
produces some friction between the piston and its cylinder, 
and between the pisten-rod and stuffing-box; and it is 
also much more costly and less compact than slides. 
Hence slides are coming into general use. 

13. In quick-moving shafts, it is usual to make the 
journals or bearings longer in proix)rtion to their diameter 
than in slow-moving shafts. This is rendered necessary 
by the fact that, as all the energy wasted through friction 
is converted into heat, when there is more power wasted 
in friction we ought to let the heat get away more 
rapidly. Giving greater rubbing surface has this effect. 
Also, as the materials are more abraded when the velocity 
is too great, lengthening the journal diminishes the pres- 
sure at every place, tending thus to counteract the effect 
of increased velocity. 

14. Mechanical Advantage. — In books on mechanics 
you will usually find that, when machines are described, 
they are only considered in relation to their Mechanical 
Advaiibage, That is, suppose a small weight, p, usually 
called the power, is able by means of the mechanism to 
cause a larger weight, w, to rise, the ratio of w to P is 
called the mechanical advantage. Now, in nearly all 
cases you will find that, when there is a mathematical in- 
vestigation of a machine, the assumption is made that 
there is no friction. I have already sliown you that the 
problem of taking friction into account is a very difficult 
one. But, as we have seen, a practical man can experi- 
ment on the effect of friction, and obtain results which 
the mathematician never attempts to deduce ; and, 
happily for us, these results are generally very simple. 
Let the reader make a few experiments himself, or let 
him by means of squared paper find the relation between 
P and Q from the following results, taken from a crane 
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whose gearing was well oiled, and whose handle was re- 
placed by a grooved wheel, round which was a cord sup- 
porting p: — 



w. 

Weight just 
Overcome. 

100 lbs. 

200 

300 

400 

600 

600 

700 

800 



tt 



>» 
>t 
It 
It 



>» 



P. 

Power just able 
to Overcome Weight; 

8-6 lbs. 

12-8 „ 

17-0 „ >f\n)^ 

26-6 
29-9 
34-2 
38-5 



'/ 



tt 
it 

91 
»> 






>^ 



>} 



The weight capable of being lifted slowly by the crane 
we call w. We found that p fell forty times as rapidly 
as w rose, and you may have imagined that the me- 
chanical advantage was forty, or that a weight, p, could 
lift a weight, w, forty times as great as itsell This 
would be true if there were no friction ; but we see that 
in practice it is not the case. Plot the above values of 
p and w carefully on squared paper, and you will find that, if 
the weight w is increased 1 lb., P must be increased '0429 lb. ; 
and also that when w is 0, a power, p, of 4*21 lbs. is needed 
to cause a slow motion of the crane ; so that the law is 

p=: 4-21 + -0429 w. 

Namely, multiply the weight w in pounds by the fraction 
•0429, and add 4*21 : the answer is the power required 
to lift w. When you have worked out this rule, employ 
it in finding how much power, P, is required to lift a ton 
with such a crane. Answer, 100 '3 lbs. 

15. Rate of doing Work. — I have been using the 
word power in a very wrong sense in Art. 14, because 
you will find it used in this way in books on mechanicSb 
I have used it as a mere name for the weight p, which 
causes the weight w to rise. But the word power will 
be used by us in future in a very different sense. If 
a weight of 1,000 lbs. fall 100 feet in two minutes, 
it gives out 1,000 x 100, or 100,000 foot-ix)unds of 
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work in two minutes, or 60,000 foot-pounds of work in 
one minute. Now, 33,000 foot-pounds of work done 
in one minute is called a horse-power, and hence our 
falling weight gives out 50,000 -f 33,000, or 1*5 horse- 
power. Ten horse-power means ten times 33,000 foot- 
pounds of work done in one minute. The idea, then, of 
power is an idea of work done in a certain time. 

16. Economical Efficiency. — Take any pair of 
numbers from the above table, say p = 8*5 lbs., when 
w= 100 lbs. Let us suppose that p is moving at the 
rate of forty feet per second, then we know that w is 
rising at the rate of one foot per second, p is giving 
out the power 8*6 x 40, or 340 foot-pounds per 
second; w is receiving 100 foot-pounds per second. 
The ratio of the power usefully employed to the power 
given to the machine is called the efficiency of the 
machine, so that our crane has an efficiency 100 -f 340, 
or '294. Sometimes the efficiency is put in the form of 
a fraction; sometimes we say that it is 29*4 per cent., 
meaning that it employs usefully 29*4 per cent, of the 
work given to it. 

Now take another pair of numbers, say P = 38*5, 
w = 800, and let p fail forty feet in one second, as 
before. We now get as our answer '519 — ^that is, more 
than half, or 51*9 per cent., of the power given to the 
crane is usefully employed. We see, then, that as the 
power given to the crane is greater for a given speed, 
the efficiency is also greater. This arises from the fact 
that the friction of the unloaded crane is always entering 
into the calculation ; and if we take the case where no 
weight, w, is being lifted, and p must be 4*21 lbs., we shall 
find an efficiency, 0, because work is being given to the 
crane, and none is coming out usefully. You will always 
find that the power usefully given out is a certain fixed 
fraction of the total power given to the machine, minus 
the power required to drive the crane at the given speed 
when it is unloaded. Choose some speed, say that p falls 
forty feet per second ; find the total power or 40 p ; find 
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the usefully employed power 1 x w for every case of the 
above table. Plot your answers on squared paper, and 
you will find this law : — 
Total power = useful power x 1*716 + 



Power required to 
drive crane at 
same speed when 
unloaded. 



CHAPTER HI 

MACniNES— SPECIAL CASES. 

17. Blocks and Tackle. — ^It is very good to have a 
general law telling us about machines in which there is 
no friction. That law you now know. 
TJie mechanical work given to a 
inacJmve is eqiuzl to the work given 
<nU by ity unless it is stored up in 
the machine itself by the coiling of a 
spring or in some other way. But, 
besides knowing the law itself, it is 
wcU to know what it leads to in 
certain special cases. Take, for in- 
stance, a pulley-block. Fig. 6. It is 
evident here that if we have three 
pulleys in the block B, if the cord p is 
pulled six inches, w will only rise one 
inch, and therefore P will balance six 
times its weight at w if there is no 
fiiction. The mechanical advantage 
is therefore six. 

18. Inclined Plane. — ^Again, take 
the inclined plane. Fig. 7; w is a weight 
which will roll down the plane with- 
out friction, let us suppose ; P is the 
pull in a cord which just prevents w rig. e. 
from falling. The cord is parallel to 

the plane. Evidently when w rises from level A to level 
B the cord is pulled the distance A B ; that is, w multiplied 
by the height of the plane is equal to p multiplied by 
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tlie length of the plane. Thus, if wis 1,000 lbs., and the 

length of the plaoe 10 feet fer a rise of 2 feet, then ten 
timea p is equal 
to 2,000, or p is 
200 lbs. 

19. The Screw. 
— Again, suppose 
there is no friction 
in the screw a b. Fig. 
8, if it rise it lifts a 
weight say of 3,000 
lbs. Now, if the 
screw make one 
turn it rises by a 

distance equal to its jnteh, that is, the distance 

between two threadt. Say that the pitch is "02 foot, 

then when the screw 

makes one tur 

does work on 

weight 3,000 x ■( 

60 foot-pounds. 

to do this, p mnf 

through a dis 

equal to the di 

ferencc of the put 

about which I 

suppose the 

cord to be 

wound. Sup- 
pose the cir- 
cumference of 

the pulley to 

be 6 feet, then 

p multipliedby 

6 must be 60, or p is 10 Iba. The rule, then, 'for 

a screw is this — fower multiplied hy circumference of 

the pulley eqv/tle loeight TnuUiplied by pitch of screw. 

It is not usual to have a puUey and a cord working 
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a screw ; it ir more uaual to have a handle, and to puah 
or pull at right angles to the handle. Instead of the cir- 
cumference of the pulley, we should take, 
then, the circumference of the circle de- 
scribed by the point where the power is 
applied to the handle. 

ExereUe. — A eteam-engine gives to a 
propeller shaft in one revolution 60,000 
footpounds of work; the pitch of the 
flcrew ia 12 feet What is the resistance 
to the motion of the vessel ) Answer ; 
The resistance in pounds multiplied by 12 
gives the work done in overcoming this 
resistance, and this work (leaving friction 
out of account)mu8t be equal to 60,000 foot- 
pounds, hence the resistance to the motion 
of the vessel ia 6,000 Iba , (We have here 
assumed that there is no dip in the screw.) 

20. A differential pnlley-Uock is 
shown in Kg. 9. When tie chain a is 
pulled, it turns the two pulleys, or rather 
one pulley with two grooves, B and c 
Now c is a little smaller than b, bo that^ 
although at D the chain is lifted, it ia 
lowered at B. If the circumference of I 
B is 2 feet, and that of o ia 1-99 foot, 
then, when a is pulled 2 feet, d is lifted 
2 feet, but E is lowered 1'99 foot, hence ■ 
the pulley r, although it will turn a con- 
siderable distance, wUl only rise -005 foot, 
carrying the weight w with it^ If w is 
2,000 Iba, then 2,000 X -005, m- 10, must Fig. a. 

be equal to p, the puU in a, multiplied by 
2, hence p ia 6 lbs., or a power of 5 lbs. is able to lift a 
weight of 2,000 lbs. The general rule, then, for the 
differential pulley-block is, power multiplied by circwm- 
feo'eaCR of larger groove B it equal to weight mulliplied by 
\ difference between llie drcutt^ferenees of tite two grooves 
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B and C. You will find that this rule comes to the same 
thing — ^ower multiplied by diameter of "B is eqtuil to 
weight multiplied by J the difference between the diameters 
of B and c. The grooves are furnished with ridges to 
catch the links of the chain, so that there shall be no 
slipping. 

21. Wheel and Axle.— If a and b, Fig. 10, are two 
pulleys or dnims on the same axis and having cords 
round them, a small weight, p, hung from A, will balance 

a larger weight, w, hung from B. For, 
suppose that one complete turn is given 
to the axis, p falls a distance equal to the 
circumference of A, whilst w is rising a 
distance equal to the circumference of B. 
Hence 

p X circimif erence of A = w x cir- 
cumference of B, 

or, what really comes to the same 
thing, 

p X diameter of A = w x diameter 
wa^B of B, 

or P X radius of A = w x radius of B. 

22. Equilibrium in one Position. — 
In all the machines which we have 
hitherto considered, we could give 
motion without altering the balance of 
Fig. 10. P ^^^ w, but there are many machines 

in which the mechanical advantage alters 
when motion is given. In such cases you will employ 
your general principle, but you must make your calcula- 
tion from a very small motion indeed. For instance, in 
the inclined plane, if the cord which prevents the weight 
from falling is not parallel to the plane — say that it is 
like M, Fig. 11 — you will find that the necessary pull 
depends on the angle the cord makes with the plane. Now, 
suppose that the cord pulls the carriage from b to c, evi- 
dently the angle of the cord alters. The question is, what is 
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p, that it may support w in the positioa Bhown in tlie 
figure ] We know that it will be different after a little 
motion, but what is it now 1 Imagine such a very amall 
motion from 6 to c to occur that the angle of the cord does 
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not alter perceptibly, and now make a magnified drawing. 
Fig. 12. P has not fallen aa much as the distance b c, it 
haa only fallen the distance id (caia perpen- , \ 
dicular to 6 a). In the meantime the weight \, \ 
has been lifted the distance A c. Hence, Ni .-''\ 
w X A c ought to be equal to p x 6 a. i ^O., 

Thus, if you measure i c and 6 a on your ^'^ ^^ 

magnified drawing to anyscale you wOl find ^'S- ^ 

the relation, between p and w. Another way 
of finding the same relationship ia this. We know that 
,[ the weight of w acting downwards, the pull in 
/' 1 the cord, and a force acting at right angles to 
•^ l" the plane, are the three forces which keep w 
'\ I where it is. Draw a triangle whose three sides 
''j are parallel to the directions of these three forces, 
Fig. 13. rig. 1 3, with arrow-heads going round in the 
same way ; then cc and y are in the proportion 
of w and p. Here we have used the principle called "the 
triangle of forces " to find p. 
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S3. Body tnrningr aboat an Axis. — In Fig. 14 ve 
liave a body which can move about an axis. It is acted 

her of cords 
exerting forces 
which just 
balance one 
another. How, 
if you make 
this experi- 
ment you will 
find that you 
must keep your 
finger on the 
z- body, because 
it is in such a 
I'jg n_ state that a 

very amaU mo- 
tion either way causes the forces to no longer balance. 

Suppose, however, you were to let the cord a be wound on 

a pulley whose 

raidius is equal 

to the distance 

A o ; the cord 

B on a pulley 

whose radius 

is equal to B o, 

and so on, you 

would have the 

arrangement ^ 

shown in Fig. 

15, which dif- 
fers from Fig. 

U in that a 

small motion -pj^ ^ 

]ias no effect 

on the balance. Now what is the condition of b; 

this case t Suppose one complete turn given to 
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every cord shortens or lengthens by a distance equal to the 
circumference of the pulley on which it is wound. Let 
A and B lengthen, and let c shorten, then we know that 
the work done by A and B must be equal to the work 
done against c. Hence, 

Pull in A X circumference of a's pulley, together with 
pull in B X circumference of b's pulley, must be 
equal to pull in c x circumference of c*s pulley. 

We might, however, use the diameters or radii of the 
pulleys, and so we see that in Fig. 14 there is balance if 

Pull in A X AO together with pull in b x bo, equals 
pull in c X CO. 

The pull in A X AO is really the tendency of A to turn 
the body about the axis, and in books on mechanics it 
is called the moment of the force in a about the axis o. 
The law is then, if a number of forces try to 
turn a body and are just able to balance 
one another, the sum of the moments of 
the forces tending to turn the body against 
the hands of a watch must be equal to the 
sum of the moments of the forces tending 
to turn the body vnth the hands of a watch. 

24. The Lever. — ^Thus, for example, a lever is a 
body such as I have spoken about, capable of turning 
about an axis. You will find that our general rule of 
work, and this rule of moments, will give the same result. 
If two forces a>ct on a lever, they mil balance when their 
momenta ahotU tJm aods are equal ; that is, when p, multi- 
plied by the shortest distance from the fulcrum or axis to 
the line in which p acts, is equal to w multiplied by the 
distance of the fulcrum from the line in which w acts. 

If a number of forces balance when acting on a lever, 
the sum of the momaits tending to Vwm the lever against 
the hands of a watch must be equal to the sum of the mo- 
ments tending to turn tfie lever with the ha/nds of a watch. 

It mugt be remembered that, if the body acted upon 
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has its centre of gravity somewhere else than in its axis, 
then we must consider that the weight of the body is a 
force acting through its centre of gravity. 

Uxercise, — ^The safety valve, Fig. 16, must open when 
the pressure on the valve is just 100 lbs. per square inch. 
The mean area of the valve A, on which we assume that 
the pressure acts, is 3 square inches; CD is 2 inches, 
E is 50 lbs., the weight of the lever is 6 lbs., and its 
centre of gravity is 6 inches from D — ^where must e be 



E 

o 




Fig. Itf. 

placed 1 Here the upward force is 100 x 3, or 300 lbs., 
and its moment about D is 300 x 2, or 600. The moment 
of the weight of the lever is 6 x 6, or 36. The moment 
of the weight e is 50 x the required distance from d 
Hence, 600 — 36, or 564 divided by 50, is the answer j 
1 1 "28 inches from d. 

Exercise, — ^A weighbridge consists of three levers 
whose mechanical advantages help each other ; I mean, 
the short arm of each supports the long arm of the next. 
Suppose that the weights of all parts are arranged so as 
just to be balanced when no weight is on the biidge, 
and that the mechanical advantages of the three levers 
are 8, 10 and 12, what weight will be balanced by a 
power of 15 lbs. ] Answer, 14,400 lbs. Suppose that it 
is the first of these levers that is alterable (that is, the 
power is a sliding weight), what is its mechanical advan- 
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t^e altered to when the load is 16,000 lbs. I Answer, ' 
It was 8, it now becomes increased in the proportion of 
16,000 to 14,400, so that it becomes 8-8889 feet 

25. Hydraulic Press. — A hydraulic press is a 
machine which en&bles great weights to be lifted, or 



y- 



great pressures exerted, but in which, instead of levers 
and wheels, we use water to transmit the enet^. la 
Fig. 17 the labourer exerts a force of, say 20 lbs. at p. 
If PO is 15 times qo, then Q and the plunger qs move 
at one-fifteenth of the speed of P. Now, let us suppose 
that the labourer has been working for a few minutes, the 
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water filling the whole tube and cylinder space from the 
ram m to s may be regarded as incompressible, and the 
cylinder bb is unyielding; and if we force the 
plunger into this space, the ram must rise 
if there is no leakage. The cubic contents of the 
water displaced by the plunger must somehow or other be 
provided for, and it is the motion of the ram which 
provides for it. If the ram has an area of cross section 
of 200 square inches, and the plunger has an area of 
cross section of only one square inch, then the plunger 
must move 200 times as rapidly as the ram ; hence, the 
hand of the labourer must move 15 x 200, or 3,000 times 
&a rapidly as the ram. Hence, if there were no friction, 
the ram would lift a weight of 20 x 3,000, or 60,000 lbs. 
The mechanical advantage of the hydraulic press is then 
found by multiplying the area of cross section of the ram by 
the Tnechanical advantage of the lever^ and dividing by 
the area qf cross section of the plunger. 



CHAPTER IV. 

MACHINERY IN GENERAL. 

26. Mechanism. — When the power of a steam engine 
is distributed through a factory, the distribution is per- 
formed by means of shafts, spur and bevil wheels, belts 
and pulleys, and other kinds of gearing. As I am 
writing for men who have observed such transmission of 
energy, it is no part of my object to describe here what 
can be seen in any workshop. Perhaps no study is more 
useless from books alone than the study of mechanism ; 
whereas, it is very useful and easy if you examine the 
actual thing, or make a skeleton model or a skeleton draw- 
ing. What I shall say, then, is to help you in your obser- 
vation rather than to give you a knowledge of mechanism. 
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27. Velocity Ratio. — In any machinery the velo- 
city of any point may be calculated when the velocity 
of any other point is known. The number of revo- 
lutions per minute made by a shaft tells us the 
velocity of any point on any wheel or pulley fixed on 
the shaft; the circumference of the circle described 
by such a point, multiplied by the number of re- 
volutions, is evidently the distance moved through by 
the point in one minute. Now, when one shaft drives 
another by means of spur or bevil wheels, or by two pulleys 
and a strap, it is evident that the number of revolutions 
per minute made by one of the shafts, multiplied by the 
number of teeth of the wheel, or by the circumference or 
diameter of the wheel or. pulley, is equal to the number 
of revolutions made by the other shaft, multiplied by the 
number of teeth, or by circumference or diameter of the 
other wheel or pulley. This is evidently true, supposing 
that the strap does not slip on the pulley. Hence the 
rule — ^to find the speed of a shaft, driven from another 
by means of any number of wheels or pulleys, multiply the 
speed of the driving shaft by the prodttct of the diameters 
or numbers of teeth in all the driving wheels or pulleys^ 
and divide by the product of the diameters or numbers of 
teeth i/n all the driven wheels or pulleys. By the diameter 
of a spur wheel we mean the diameter of its pitch ci/rcle. 
Two spur wheels enter some distance into one another, 
and the circle on one which touches a circle on the other, 
the diameters of these circles being proportional to the 
numbers of teeth on the wheels, is called the pitch circle. 
The circumference of the pitch circle, divided by the num- 
ber of teeth, gives the pitch of the teeth. 

28. Shapes of Wheel Teeth.— We know that if two 
spur wheels gear together, however badly their teeth 
are formed, so long as a tooth in one drives past the 
line of centres of a tooth in the other, their average 
speeds follow the above rule. But if we want the 
speed at any instant to be the same as at any other 
instant, it is necessary to form the teeth in a certain 
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way. Tilje curved aides of teeth <mgkt to he cyclmdal 
curves. The proof of tliis is not very difficult, but I 
shall not give it to you. It is not usual to employ these 
cycloidal curves, for it is found that certain arcs of circles 
approximate very closely to the proper cuives. The 
method of drawing rapidly the curved tooth of a wheel 
you will find taught by every teacher of mechanical draw- 
ing, you will find described in a great number of books, 
and you will see it in use in the workshop.* You must 
remember that no study of books, and I may also say, no 
fitter's or turner's work that you may engage in, will 
make up for want of the experience which you would gain 
by actually drawing to scale a spur or bevil wheel, 
a bracket or pedestal with br£U3ses, and a few other 
contrivances used in machinery. A worm and worm- 
wheel, that is, a screw, every revolution of which causes 
one tooth of a wheel to be driven forward, is sometimes 
used when we wish to drive a shaft with a very slow 
speed. If the worm-wheel has 30 teeth, it evidently 
makes one-thirtieth of the number of i*evolutions of the 
driving shaft. I suppose the screw to be single-threaded. 
29. Skeleton Drawings. — ^When we consider the 
relative mofions of, say, a piston and the crank which 
it drives, we come to something which it is not so easy 
to state without some little knowledge of mathematics. 
It is the same with all sorts of combinations of link work, 
and with cams. Even a good knowledge of mathematics 
is only sufficient to give one a rough general idea of the 
relative motion in such cases ; and for the study of any 
special case there is nothing so good as a skeleton drawing 
or a model. I give one example of the use of skeleton 
drawings — a crank and conneoting rod. Let a and b, 
Fig. 18, be the ends of a connecting rod. As A moves 
from a^ to c and back again, B describes the complete 
circle, h^d h^. Set off equal distances to &i, h^ h^ &c., and 
make h.^ a^ h^ a^f &c equal to the length of the connect- 
ing rod. Then the points a^, a^ &c. and 6], bj, &c. show 

* Consult P^f e88or Unwin's Machine Design on the fceeth of wheels. 
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in a very good way the relative motions of A and b. 
When you have finished this ex- 
ercise, work others in which, 
with the same length of crank, 
you have longer or shorter con- 
necting rods. You will get some 
such results as are shown in the 
upper part of the figure. In 
every case, if we imagine the 
crank to revolve uniformly, the 
motion of A, the end of the 
connecting rod, is shown ; the 
distance from one point to the 
next is passed over by A in the 
same interval of time. Pure 

Harmonic Motion (see Chap. 

XVII.) is the name given to the i 
motion of the pjston rod, when 
we imagine the connecting 
rod to be infinitely long; or o 
rather, as we make the con- p 
necting rod longer and longer, S 
we get more and more nearly 
to this sort of motion. You see, 
then, that by skeleton drawings § 9 
I mean drawinors which show 
successive positions of the dif- 
ferent parts of a mechanism 
whose motions you want to 
study. You will find that an 
eccentric and its rod may be re- 
garded as a crank (the length of 
the crank is the distance between 
the axis about which the ec- 
centric is revolving and its true 
centre), and a very long con- 
necting rod (the length of the connecting rod being 
the length of the eccentric rod measured to the true 
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centre of the disc). The advantage derivable from 
skeleton drawings will be more obvious if you consider, 
in the above case of a crank and connecting rod, that a 
need not be the cross-head at the end of a piston rod ; it 
may bo the end of a lever, and so move in the arc of a 
circle ; it may be a slide moving in a slot of any curved 
form. One of the most instructive cases of skeleton 
drawing is a link motion. Taking any good drawing 
of a link motion to start with, find the relative motions 
of piston and of slide valve for various positions of the 
link. In the study of the motion of a slide valve it 
is much too usual to assume that the piston's motion 
is what is shown in Fig. 18 as pure harmonic motion. 
The reason of this lies in the ease with which it can be 
stated in mathematical language ; but it is incorrect, and 
leads to many errors. 

30. How a Shaft tranBmits Power. — I have refused 
to describe for you what you may see for yourselves 
at any time in workshops, how spur and bevil wheels 
and belts transmit power; how there are arrange- 
ments for disengaging such gearing, and stepped cones 
for giving chanfe of speed when belts are used;. how 
shafts are carried near walls or columns ; how machine 
tools work, and a hundred other matters about which 
a little observation and drawing is of more importance 
than a large amount of reading. But there are some 
matters, connected with machinery, of great interest to you 
which you are not likely to observe unless I direct your 
attention to them. When a shaft transmits power it is 
in a state of strain ; it is in a twisted condition. The 
twist is not perceptiblje to the eye, of course, but methods 
have been arranged to show it to the eye and measure 
it ; and it is found that the tvnst m a shaft is proportional 
to the horse power transmitted hy the shaft divided hy 
the nwmher of revolutions per minute. Now to explain 
what I mean by a twiai. Let a straight line be drawn 
along the shaft when power is not being transmitted, 
then, if power be transmitted, the shaft will receive a 
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Iwial, and this line will become a Bpiral line. The in- 
clination, at any point, of the spiral line to its old 
position, is a measure of the 
twist.* When, instead of the 
ordinary coaplin^. Fig. 19, in 
which the two halves are con- 
nected by means of bolts, we use 
one, Fig. 20,t in which the two 
halves are connected by means of 
spiral springs, these springs get 
extended when the shaft trans- Rg. 19, 

mits power. The yielding of the 

springs cannot be obserred unless we make some aiTange- 
ntent like that shown, where a motion of a relatively to C 
canses the arm e to move and 
bring the bright bead b to- 
wards the axis. If everything 
is made dead black except the 
bead it will be seen describing 
a circle of greater or smaller 
radius, and a scale with a 
sliding pointer enables us to 
, measure accurately the dis- 
tance moved inwards by the 
bead. The reading on the 
scale midtiplied bff the num- 
ber of revolutions of the shaji 
per m,iniuU, teVs us at once 
Ike horte power actually pass- 
ing through the eoupting. % 
31. Belts.— If the pulley 
Fij. 20. A, Fig. 21, is driven from B 

by means of a belt, you must 
remember that there is a pull in the part of the belt H, 

* Tbe belt measure of the twiat is tbia angle of the Bpirol divided 
bv the ndiiu of the shaft, &nd the qaotieiit ia called the aagU of fuut. 
See Art. 91. 

+ Ayiion and Peny'a Djuamoineter Coupling. 

} The total moment of Ibe forces of the aprisfca in pound-feet, 
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as well as in the part N. These two pulls are 

generally pretty great, as you know, but if you could 

measure them accurately you would find that there ie 

more pull in n, 
else A would not 
turn. It is the dif- 
Jerence of these pulls 
which concerns us. 
You may perhaps un- 
derstand this better 
^*- ^' from Fig. 22. The pull 

in A M is the weight of m, say, 20 lbs. The pull in A n 

is the weight of N, say, 50 lbs. If N falls 

two feet, M rises two feet, and the work 

done upon the pulley and which it trans- 
mits through the shaft somewhere else is 

50 X 2, or 100 foot-pounds, minus 20 x 2, 

or 40, the diflference being 60 foot-pounds. 

In fact, it is the difference of pull in the 

two cords, 30 lbs., multiplied by the space 

passed over by the cord, 2 feet ; result, 60 

foot-pounds. 

T/ie horse power given by a belt to a 

pulley is then the difference of pull in the 

belt on the two sides of the pulley, multi- 
plied by the speed of the belt in feet per 

minute, divided by 33,000. (See Horse 

Power, in the Glossary.) And now comes 

the question — if it is the difference of pull 

that produces turning, why is there so great 

a pull even in m, Fig. 21, as we usuaDy p g 22. 

1 

or, as it has been called bj Professor James Thomson, the torque, 
multiplied by the angular velocity per minute, divided by 33,000, is 
the horse-power. Suppose that when one of the lengths of shafting is 
held fast we find the position of the bead when we hang weights on 
levers or round pulleys or wheels fastened to the other length ; a 
torque of 52*5 poimd-feet will cause the bead to move radially inwards 
by a distance which we call '01 on our scale ; a torque of 105 pound- 
feet causes the bead to move inwards a distance which we call *02 on 
our scale, and so on. 
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find ? Refer again to Fig. 22. If we want the diSercnce 
between u ajid n to be 30 lbs., why not make m have no 
weight at all, and n may then be only 30 lbs 1 Evidently 
we should not be able' to get friction enough, and the 
weight N would fall, cauaing the cord to slide on the 
pulley ; in fact, the friction between the cord and pulley 
mast be more than 30 lbs., elps there will be slipping ; and 
to produce this friction it is necessary to have a weight 
at H as well as . at n. If we allowed the oiird to lap 
round more of the pulley the necessary friction might be 
produced with a less weight at K. To get an idea of the 
Motion between a 
cord and a pulley, 
Eurange a pulley, . 
or other round 
object, p, as in Fig. 
23. Fix it firmly. 
Place a weight at ■ 
K, say 1 lb. Kow 
place weights in 
the scale pan at M, 
until the cord just ' 
slips slowly. Say 
we find 3 lbs. to 
be necessary. The 
difierence between 
' K and M, or 2 lbs., 
is the friction. 
If ow put twice the 
former weight at 
H ; you wlLI find 
that about twice 

tho former v will just cause slipping, so that the feiction 
is doubled. In fact, we have our old law, "friction 
is proportioned to load." But now let ns see how 
friction depends on the amonnt of lapping of the cord. 
In your first experiment measure the cord actually 
ia contact with the post p. Suj^xwe it to be 4 inches ; 
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nowy keeping m, 1 lb., let the oord lap round more of the 
post p, say 8 inches this time, and find the weight, v, 
which will just produce a slow sliding. You will find it 
to be 9 lbs. If the cord touches on 12 inches of the post 
p, you will find that 27 lbs. at n will be necessary to 
slowly overcome the friction. It is only by actually 
trying this experiment for yourself, that you will get a 
clear idea of how rapidly the friction increases with the 
amount of lapping. It is on this account that one man 
can check the motion of the largest vessel by simply 
coiling a rope a few times round a post. 

The apparatus. Fig. 23, is so arranged that any 
required amount of lapping may be given to the cord 
round the fixed post p. In an actual experiment, the 
fixed weight M was 50 grammes. By means of the 
pulleys the amount of lapping round P was varied, and 
weights were placed in N, in each case just sufficient 
to overcome the friction and raise m slowly, as above 
described. The following are this results of the whole 
series of experiments :— 



Nnmber of times 
the cord laps 


The weight required at 
v to orercome friction 


Logarithms of the ratio 
of V to x. 


XOUTld. 


and the weight of m. 


j 


80 


0-2041 


105 


0-3222 


1 


160 


0-4771 


u 


200 


0-6021 


li 


265 


0-7076 


If 


330 


0-8196 


2 


400 


0-9031 


2i 


600 


1-0000 


24 


700 


I'Uei 


2f 


1,000 


1-3010 


3 


1,160 


1-3617 


3i 


1,600 

1 


1-4771 



Plotting the first and third columns on squared paper 
(see Ai^ 6 and 7), we find that a straight line passes 
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nearly through all the pointa From this line we deduce 
the equation— ^ ^ 2-2 log 2, 

where n is the number of times the cord laps round. 
From this it is easy to show that the coefficient of 
friction^ k, between the cord and the post is *166.* 

You must then remember, that the tension in m. 
Fig. 21, is necessary to produce as much friction as 
will prevent slipping. If ever the excess pull in n is 
greater than the friction, there will be slipping. If the 
belt slips, there is energy wasted, which you can calculate 
if you know the force of friction, and multiply by the dis- 
tance through which slipping occurs. 

S2. Transmission and Absorption Dynamometers. 

— ^I have already described to you an instrument which 
allows us to measure the horse power transmitted by a 
shaft. I am in the habit of employing a somewhat 
similar arrangement for measuring the power transmitted 
by a belt to any machine. It is shown in Fig. 24, and 
is easily understood from the description of Fig. 20. I 
can take it near any machine, and drive the machine 
through it) using two belts instead of one. o is a loose 
pulley. A belt drives h, which drives the plate e 
through four spiral springs B. The plate E is keyed to a 
shaft carried on the frames c and d^ and the pulley f 
is keyed on the shaft. A belt from f, therefore, will 
drive any machine. When much torque is acting, the 
springs B become extended, causing a relative motion of 
E and H^ and this motion is shown by the bright bead 
A, at the end of the lever i a, approaching the axis of 
rotation. A fixed scale attached to the frame c allows 
the motion of A to be measured. 

* The law is this. If ib is the coefficient of friction between the 
cord or belt and the pulley ; if 2 is the length of the cord or belt 
which touches the pulley, say in inches; and r the radius of the 
pulley in inches ;— tnen 

Log J =0*4348 k^ 

N and M being the pulls in the belt or cord on the two sides of the 
pulley. 
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I employ another kind of instrument to measure the 
horse power given out by any steam-engine, or other 



motor. The steam-engine drives the pulley a, Fig. 25,* 

and the palley B turns ^ong with A. A cord hangs lapping 

round part of b, and carries at its one end a ecale pan, M, 

* Cbarpentier's or Frofeuor James Thameon'ii Djnainometer. 
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containing & weight The other end, v", is pulled by mcaiia 
of a piece of metal fastened to the rim of a loose pulley, c, 
which has a weight, h, 
always acting upon it, 
tending to turn it 
round. Evidently the 
cord is pulled with a 
weight, M, at o: 
ceightjB 
If now there i 
is slipping between ' 
the coni and b, the 
friction is measiu-ed 
by the difference of 
the weights k and h. 
If M is 1,000 lbs. and 
H is 4,000 lbs. the 
friction is 3,000 lbs. 
If the pulley has a 

circumference of 2 feet, and makes 80 turns per minute, 
the amount of slipping is 80 x 2, or 160 feet per 
minute, and the work done against friction is 160 x 
3000, or 480,000 foot-pounds per minute, that is, 
14'545 horse power. In this case all the power is 
watted tn friction, and this is called an Absorption 
Dynamometer because it measures the power but absorbs 
it in doing so ; whereas the coupling of Fig. 20 and the 
dynamometer of Fig. 24 are called Transmission Dyna- 
mometers, because they inearure the power tramamitted 
through them whiUt working any maehinea* 

* Should we try to use merely ■ oord with two different weigbta, 
H &nd u, at iti ends |aa in Fig. 22} as ui Bbsorption dynamometer, we 
■hould find that u alteration of the coefficient of friction ii con- 
tinually gtnug on, the cord is ut in motion, and obeervatiooa cannot 
be made foi more than a few aeoonds at a time. When we Ij; to use 
a cord and two Bpring biUancei, or a weight on one tide and a spring; 

tained without the help of other contrivanteH. Whereas, in the 
dynamometer of Fig. 25, an alteration of coefUcieut of friction is at 
once tiuide up foi bj ftltentiou in the muoud( of Upiiiug of the oord 
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CHAPTER V. 

FLY-WUEELS. 

88. Kinetic Energy.— When a weight, a, Fiij. 3, 
in falling lifts a weight, B, by the use of a machine 
inside the box c, let us consider the store of energy 
at any instant. The store of energy consists in — 
First. The potential energy of A, that is, the weight 
A in pounds, multiplied by the distance, in feet 
through which it is possible to let it falL Second. 
The potential energy of b, which is the weight of b 
multiplied by the distance through which it is possible 
to let B falL Third. The energy of rriotion^ or kinetic 
energy, of everything which is movin/, namely, A, B, and 
the parts cf the mechanism. We are supposing that 
there are no other weights which can fall or rise, and 
that there are no coiled springs or ot*her stores of energy 
in the mechanism. Now, if a is just heavy enough to 
maintain a steady motion, the kinetic energy remains the 
same ; so that, whatever energy .s given out by a in fall- 

or band ; and, indeed, the tolrqne remains constant, although from 
beginning to end of each experiment there is usually a regular lessen- 
ing in the coefficient of friction. From Art. 31, we see that N = M 

2*718 "*"', or N-M = M (2718 "^ - l). In Fi^. 26, the weights 
are kept constant, and when the coefficient of mction, ^f alters, 
the lapping, i, of the cord alters so as to maintain a balance. 
Further, by the alteration of lapping we can increase the torque 
by only increasing N without increasing m in the same proportion. 
I have, with Prof. Ayrton, used successfully a new and exceed^ 
ingly simple form of absorption dynamometer. Instead of one cord 
or belt, we use two, knotted or fastened together. One of these is 

much rougher on its surface than the other. We now have N =: M 
/ kl -r r k'l' -r r\ 

l2'718 + 2*718 A Diminution of the coefficients of friction 

produces an increase in the lapping, ^\ of the cord or belt, whose 
coefficient of friction is the greater, and a diminution of \ the adjust- 
ment being beautifully automatic 
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ing is in part being given as potential energy to B, and is 
in part being wasted in friction. But suppose A to be 
heavier than this, then there is more potential energy 
being lost by A than is being stored by b or wasted in 
friction, and it must be stored up in some other form. 
The surplus stock shows itself in a quicker motion of 
everything ; it is being stored up as kinetic energy. 

34. Energy Indestmctible. — ^We have now to con- 
sider an important question. When a certain amount 
of potential energy (measurable in foot-pounds) dis- 
appears, and becomes kinetic energy, how quickly 
must all the parts of the machinery move to store 
it all up? This problem is very troublesome, because 
everything in Pig. 3 is in motion in a different way; 
some parts of the mechanism are 
moving slowly, others quickly. It 
is, however, easy to find out how 
much kinetic energy a body has if 
we know its weight and its 
velocity. Let there be a small ball 
hung from the point o. Fig. 26, by 
a silk thread, so that, when it 
vibrates, we can call it a simple 
penckUimL Now, you know that 
when it reaches the end of its 
swing at A it is, for a very short 
interval of time, motionless, and 
has no kinetic energy. It falls / 
from A to B j and, as there is almost J 
no friction, we may suppose that^? ^i 

the potential energy which it loses 
in falling through the vertical Fig. so. 

height from A to b, is all stored 
up as kinetic energy when the ball reaches B. Now, 
suppose the body to have a certain velocity in feet 
per second when it reaches b. You know how to calcu- 
late* the vertical height vn/eet through which a body must 

* Laws of fallmg &o(2ie«.— In the following roles r means the velo- 




B 
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fall to CLcquvre this velocity; it is the squa/re of the velocity 
in feet -f 64 '4. This is tlie vertical height from A to b. 
But the body has lost potential energy equal to its weight 
in pounds, multiplied by this height ; and this is now 
stored up as kinetic energy. Hence, to find the kinetic 
energy of a moving body* divide the weight of the body 
in pounds by 64*4, and multiply the quotient by t/ie 
square ofilie velocity of the body in feet per second ; the 
result will be the kinetic energy in foot-pounds. In the 
case of the pendulum, this is the total energy of the bob. 
When the bob is at a all i£s energy is potential When 
at B, all its energy is kinetic; and when it is any- 
where between these positions, its total amount of 
energy is exactly the same as before, but part is 
potential and part is kinetic. During the swing- 
ing of a pendulum there is a constant 
change going on, potential energy chang- 
ing into kinetic or kinetic into potential, 
and the sum of these two would always 
remain the same only that friction is 
constantly reducing this sum by convert- 
ing part of it into energy of another 
order, namely, heat. 

35. Test of the Law. — We now have a rule to 
find the energy stored up in a moving body, every 
part of which is moving with the same velocity. You 
can test this rule in the following way :^Get a 

city of a body in feet per second, h is the height in feet from which the 
body has fallen, t is tne time in seconds since the body began to fall ; 
g is 32*2, and represents the effect of gravity in England. 
9 Or.hS ^o square of the velocity of the body is found by multi- 

( Square the number of seconds during which the body has 
h = ig^s fallen, and multiply by 16*1 ; the product is the height 

( fallen through in feet. 
V at i ^^*^ times the number of seconds since the body began to 
r — ^ ( fall, is the velocity of the body. 

* The weight of a body in pounds, divided bv 32*2, is the mass of 
the body ; hence, the kinetic energy of a moving body is calculated by 
multiplying half its mass by the square of its velocity in feet per 
second. Kinetic energy = i{m,v\ 
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pulley (Fig. 27) as light and frictionless as posable, because 
we must, at the beginning, neglect both the energy 
stored up in the pulley itself, and the loss by friction. 
Fasten the pulley at a considerable he' ' ' 
aboTe the floor. Let two equal weig 
A and B, balance one another at the < 
of a long, silk cord, passing over 
pulley ; and let there be a wooden b< 
close alongside which a passes ai 
ascends and descends. Let us be abl 
fix to this scale, at any place, a p 
which will suddenly stop a, and, al 
this, a ring which will just allow A to ] 
through. You will find such an arm 
ment as I speak of in almost every 1 
collection of apparatus in the kingd 
and it is callesl an Attwoo^t Mach 
Now, let A be as high as possible at 
beginning ; place on it a little wei 
such as will be lifted off when a pa 
.through a ring ; and place a ring so i 
it will lift the little weight off a wh« 
has fallen, say, 3 feet. You know 
that, BO long as the little weight lies 
on A, the speed of a downwards and __ 
B upwards must become greater and 
greater. In fact, the potential energy ^jg, 37, 

lost by the little weight becomes 
converted into kinetic energy of the whole arrangement 
Now, as soon as the Kttle weight is stopped, a and b 
moTe with a steady motion ; and if the table is placed by 
trial so that one second aft«r A passes the ring it is 
suddenly stopped by the table, the distance between the 
ring and table shows the velocity which a, b, and the little 
weight had when the little weight was removed. In one 
experiment — A being 1 lb, and b the same, and the little 
weight 0-25 lb, — the velocity was measured after a had 
fallen 3 feet, and was found to be about 4-3 feet per 
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second Now, the potential energy lost by the little weight 
was 3 X '25, or '76 foot-pound. The kinetic energy was 
stored np in 2*25 pounds, moving with the velocity of 
4*5 feet per second; and, according to the above rale, 
its amount is 

2-25 -h 64-4 X 4-6 x 45, 
or '71 foot-pound, or '04 foot-pound too little. If we 
consider that there was some friction, that the pulley 
retained some kinetic energy, and that it was difficult to 
fix the table, so that exactly one second elapsed from a's 
passing through the ring untH it was stopped, we see 
that the experiment is a fairly good illustration of the 
rule. You ought, with your own hands, to make a 
number of such experiments. 

36. Energy in a Rotating Body. — Suppose now 
that the pulley is so massive that its kinetic energy 
is considerable, and may not be neglected, is there 
any way of firiding Wits speed hoi much energy 
it has stored up in it ? We can easily calculate 
the energy in a^y little portion of a wheel if we 
know its velocity and mass, but those portions near the 
centre are moving more slowly than portions near the 
circumference, so that we have to calculate the energy in 
each little portion separately, and add all the results 
together. There is one thing which all portions of a wheel 
have in common — they all go round the centre the same 
number of times per minuta Suppose now that the 
number of revolutions of a wheel is doubled, the real 
velocity of every point in the wheel is doubled, whether 
that point be near the axis or not, so that the kinetic energy 
of the whole wheel is quadrupled; in fact, then, we find that 
the kinetic energy- stored up in a wheel 
depends on the square of the number of re- 
volutions which it makes per minute, so that, 
the energy must he equal to a constarU number multiplied 
by the square of the number o/ revoliUions per minute, 

37. To find experimentally how much energy 
is possessed by a wheel when it is rotating, let the 
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■wheel be moimted on an axle supported on very fric- 
tionlesfl bearings. If the centre of gravity of the 
wheel is not exactly in the axis, then it is better to 
place the wheel horizontally, as in Fig. 28. Now let 



a cord wound round the axle be act«d upon by a 
weight, W, which is only allowed to fall a certain disttuice. 
Suppose the weight to be 1,000 lbs., and that we only 
allow it to fall 8 feet from rest, so that when it haa 
fallen this distance it no longer acts on the wheel, 
which will then rotate with a constant speed. Roughly 
speaking, the wheel poaseaaea 1,000 x 8, or 8,000 foot- 
pounds of energy stored up in it. This is not quite 
true, because the weight itself possessed a certain amount 
of energy of motion which must be subtracted Suppose 
that at the instant before being stopped the weight was 
moving with a velocity of TS foot per second, fiien we 
must subtract 

'6iT X 1-5 X 1'5, or about 35 foot-pounds. 
If ihere were no friction, and we find that a speed 
of 1 revolutions per tninut« has been given to the fly- 
wheel, we know that we have to find a constant 
number, M, which, when multiplied by the 
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square of 10 or 100, will give 7,965 foot- 
pounds. Evidently M = 79*65, and hence, if ever 
we find this fly-wheel rotating, we know that it has stored 
up in it the amount of energy in foot-pounds 79*65 x 
square of number of revolutions per minute. 

38. In the above calculation we have neglected 
friction ; but, as a matter of fact, in experiments the 
friction never is neo^ligible. You will generally find, 
however, that the weight which you use to cause motion 
is so small in comparison with the weight of the wheel 
that it adds very little to the whole friction, and, we 
may neglect this addition. On a cord similar to that 
which you have already used, hang a small weight such 
as will merely overcome friction, so that when you give 
the wheel a jerk for the purpose of starting the motion, 
this weight will just suffice to prevent friction reducing 
the speed. Suppose this weight to be 5 lbs., then it is 
quite evident that 5 lbs. of the original 1,000 were really 
employed in overcoming friction and not in storage. 
Hence our calculation gives 

995 X 8 — 35, or 7,925 foot-pounds as the total storage. 
This is at ten revolutions per minute. When it makes one 
revolution per minute the storage is 79*25 foot-pounds, 
and at any other speed we multiply 79*25 by the square 
of the number of revolutions per minute ; 79*25 is called 
tlie IB. of the wJieel, 

39. It is obvious that you ought to be pretty quick in 
counting the number of revolutions of the wheel pro- 
duced by the falling of the weight. Indeed, you ought 
to observe if possible the time taken in one revolution, 
using some special form of time-measurer, because the 
speed will now continually decrease on account of friction. 

But there is another way in which it is easy to find 
the speed at the instant when the weight ceases to 
act. Find the total number of revolutions made by 
the wheel during the time that the weight is acting, 
and let some one observe this time in minutes. Then, 
as we know that the speed increases uniformly during 
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this interval of time, the mean speed is just half the 
speed at the end of the interval; that is, divide the 
nwmher of revolutions hy the number of minutes vn which 
they were performed^ and twice the quotient will give the 
number of revolutions per minute made by the wheel when 
tJie weight just ceases to act. You can test your result by 
counting the number of revolutions from the time the 
weight is removed until the wheel is stopped by its own 
friction and dividing by the time which elapses ; twice this 
quotient ought also to be the speed you want to know. 

40. It is not necessary even to measure the friction 
directly, for we found that 7,965 foot-pounds were given 
out by the weight in falling; now if we count the total 
number of revolutions made by the wheel from the tim^ 
of starting v/ntil stopped by its ovm friction, and divide 
7,965 by the total nuinber^ we shall find the loss of 
energy due to friction durmg one revolution^ since there 
is about as much energy wasted by friction in any one 
revolution as in any other. Ten times this must be the 
same amount of energy as 5 x 8, or 40 foot-pounds, for 
we measured the friction during 10 revolutions of the 
wheel as equivalent to 5 lbs. falling 8 feet. This, then, 
is the method you ought to employ. 

41. You see that M is a number which ought to be 
known for every fly-wheel ; it is just as important to know 
the M of a fly-wheel as to know the weight of an ordinary 
body. We have only to multiply the M by the 
square of the number of revolutions per 
minute, and we find at once the energy in 
foot-pounds stored up in the wheel. I 
have shown you how to find the M of a fly-wheel by 
experiment ; I will now give you an idea of its value 
in different cases. I cannot prove to you this first 
rule, or the other rules given in the foot-note. Imagine 
a grindstone whose diameter is 4*5 feet, whose breadth 
is 1 '4 foot, the weight of its material per cubic foot being 
132 lbs. ; then we can calculate its M by first finding 

132 X 14 X 4-5 X 4-5 x 4-5 x 4-5, 
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aiid dividing this answer by 69,800. For any rotating 
oliject of cylindrical shape, the shape of a grindstone, 
this rule will always find M. Midtiply the weiglU of the 
material per cubic foot by the breadth or width; mtdtiply 
this by the fov/rih power of the dia/meter, a/nd divide by 
tlie constant number 59,800. Whether the material is 
wood or stone or metal, this will give M, and this multi- 
plied by the square of the number of revolutions p t 
minute will give the energy in foot-pounds stored up in 
the rotating body. For the above grindstone, on calcu- 
lating out, you will find the M to be 1 '26. So that when 
it maizes 1 revolution per minute, there is stored up in it 
1 '26 foot-pounds of energy ; when it makes 2 revolu- 
tions per minute, there is stored up in it 1*26 x 4, or 
5*04 foot-pounds. 

Foot-poundB. 

At 3 revolutions, 1*26 x 9, or 11-34 

„ 20 „ 1*26 X 400, „ 504 

„ 50 „ 1*26 X 2,500, „ 3,150 

„ 100 „ 1*26 X 10,000, „ 12,600 

42. The energy stored up in a rotating body is equal to 
}ia3, where I is moment of inertia about the axis ; tiiat i% 
the sum of all such terms as mass of a little poition multi- 
plied by the square of its distance from the axis, a is angular 

velocity (see Glossaby) in radians. Hence, as a = -^, if n 

is number of revolutions per minute, and x is 3*1416, the 

energy is i ^^ , so that our M is ^^ . For the following 

bodies I give in Table I. the values of i and M> ^ is weight 
in lbs. per cubic foot, and dimensions are in feet. 

43. If we ^n a small weight of 20 lbs. on a wheel, at 
12 feet from the axis, this adds to the M of the wheel 
the amount 

20x12x12 4-5,871, or 0*49; 
or the weight multiplied by the square of its distance 
from the axis, divided by 5,871. 

If we add a very thin rim to a wheel, the addition 
to M is found by multiplying the weight of the rim by the 
square of its average radius, and dividing by 5,871 ; or, 



TABLE L 








1 

I 



i 



A 

N 

V 




V 



Nature of Botating Body. 



Sphere of diameter d,^ 
rotating about diam- > 
eterasaxis . . . .j 



Spherical shell, whose \ 
outside diameter is d, f 
and inside is di,rotating i 
about diameter as axis / 



Cylinder, diameter d, 
length I, rotating about 
its axis 



Hollow cylinder, outside ^ 
diameter d. inside > 
diameter di, length I . j 



Thin rim, mean radius ) 
r of weight w . . . ) 



Thin rod, of length l,^ 
rotating about axis 
through its middle 
point, at right angles 
to its length. Weight 
of rod w . . . . 



Thin rectangular plate,' 
rotating about axis 
through its centre 
parallel to side 6, the 
side d being at right 
angles to axis. Weight 
of plate w . . • . 



twpx -001626 



w (tf*-^i«)> 



X -001626 



wtd" X -00305 



wl [d^-dx*) \ 
X -00305 I 



wr8 + 32-2 



W22-00268 



wr»-00258 



M 



wd^ + 112,126 



+ 112,126 



90ld* •*- 59,800 



rd {d*-di*) 
•*- 59,800 



wr«+ 6,871 



wP -5- 70,451 



wP + 70,451 
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multiplying tlie weight of the rim hy the squa/re of its 
average diameter, and dividing hy 23,484. 

It will be found that if a fly-wheel has light arms and 
a heavy rim, as we often see on such wheels, a fairly 
good approximation to its JB. is fovmd hy m,ultiplyvng tJie 
weighs of the rim hy the square of the mean diameter of 
the rvm^ and dividing hy 23,000. 

£xamiple,^-The rim of a fly-wheel weighs 15 tons; 
its mean diameter is 20 feet. Calculate approxi- 
mately what energy is stored up in it when it makes 
60 revolutions per minute. Here you will find the M 
of the fly-wheel to be about 584, and hence the stored 
energy is 584 x 60 x 60, or 2,102,400 foot-pounds. 

44. Steadiness of Machines. — ^A fly-wheel is put upon 

a riveting or shearing machine, or other machine, because 
the supply of energy to the machine is not given regularly, 
or else because the demand for energy from the machine is 
irregular. The fly-wheel enables the machine 
to maintain a more constant speed In cal- 
culating the proper size of a fly-wheel for any machine we 
must know two things. First, what is the greatest altera- 
tion of speed allowable in the ,case ; and secondly, the 
greatest fluctuation of the demand and supply of energy 
Thus, suppose we wish never to have the speed of the 
fly-wheel more than fifty-one nor less than forty-nine 
revolutions per minute, and that during some interval 
of time the fly-wheel has to give out 20,000 foot-pounds 
more than it receives during that time ; then, although 
the fly-wheel will afterwards^ have this deficiency made 
up to it by some steady supply, it is obvious that 
its speed must diminish. We wish its speed to diminish 
only from fifty-one revolutions to forty-nine revolutions 
per minute in this interval of time. Now, when the fiy- 
wheel runs at fifty-one revolutions, it has stored up an 
amount of energy equal toitsMx51x51; and when it 
runs at forty-nine revolutions, its store is M X 49 x 49, 
and the difference between these two ought to be 20,000. 
Hence^ subtracting 49x49, or 2 401, from 51x51, or 
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2,601, we get 200; and dividing 20,000 by 200, we find 
100 as the required value for M. Stthtract, tJien, the 
squa/re of tlie least speed /rom the square of the greatest, 
and divide the greatest excess of demand or supply by 
this remainder ; the quotient is the tlL of the fly-wheel. 
Having found fil, the question is, how can you tell from 
it the size and weight of the wheel] Find the M of 
any wheel of the same shape and material as that which 
you want to use. It is obvious that the diameters of the 
wheels wre as the fifth roots of their M'a* We want a 
wheel whose M is 100. Suppose I find a wheel of the 
shape I wish to use whose outer diameter is 8 feet^ and 
I calculate its M, and find it to be 11 ; then 

The fifth root of 1 1 : fifth root of 100 :: 8 : answer. 

Log. 11 = 1-0413927; divided by 5 it ia 0-2082785, 
which is the logarithm of 1*6 15. 

Log. 100 = 2*0; divided by 5 it is 0*4, which is the 
logarithm of 2*512. Hence 

1*615 : 2*512 :: 8 : answer. 

This is an easy exercise in simple proportion. I find my 
answer to be 12*44 feet, or 12 feet 5^ inches, the diameter 
of the required fly-wheel, which is to be similar in form 
to the smaller specimen used by me for calculation. 

* If we have anjjr two similar wheels, or other rotating bodies of 
the same material ; if we consider any similar small portions of them ; 
it is evident that their weights are proportional to their cubic con- 
tents, or to the cubes of any similar linear measurements. Hence, if 
one is, sa^, twice the diameter of the other, as every dimension of the 
one is twice that of the other, the weight of one must be 2 x 2 x 2, or 
eight times that of the other. Now, tue M of any rotating body de- 
pends, not merely on the weight of each portion of the body, but on 
the square of its distance from the axis, so that the M of one must be 
8x2x2, or thirty-two times the M of the other. Similaiiy, if the 
linear dimensions were as 3 to 1, the values of M would be as 243 to 1 
for a pair of similar wheels. 

Example : We want a wheel which will have a store of 1,000 foot-' 
pounds wnen rotating at twenty revolutions per minute, and it is to 
be of the same shape as that of an already existing wheel, which is 
four feet in diameter, and which contains a store of 1,350 foot-pounds 
when running at thirty revolutions. Evidently the M of this second 
wheel is 1,350 + 900, or 1*5, and the M of the first wheel is to 
be 2*5. Using logarithms, we find that the fifth root of 1*5 is to 
the fifth root of 2 '5 as 4 feet is to 4*4 feet, the answer. 

B 
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45. The total kinetic energy stored up in any 

machine is found by calculating the energy in every 
wheel and in every moving pari, and adding all together. 
But suppose that in the machine there is some shaft 
of more importance than any other, it is usual to give 
the speed of this shaft only, because if its speed be 
doubled, the speed of every other is doubled. Thus, in a 
steam-engine we state the number of revolutions per 
minute of the crank shaft, and this tells us the speed of 
every part of the engine. Let, then, the number of re- 
volutions of some such principal axle of a machine be 
found. If this number of revolutions is doubled, the 
kinetic energy stored up in the machine is quadrupled ; 
and, in fact, the kinetic energy stored up is equal to 
a certain number which can he found for the machine^ 
and which we shall call its M, multiplied by tlie square of 
tlie number of revolu>tions of this particular axle per 
minute. The M of any machine may be expeiimentally 
determiued in exactly the same way as we have shown 
above. 

If we know the M of any machine, then the M of any 
other machine made to the same drawings, and of the same 
materials, but with all its dimensions twice as great, is 
thirty -two times as great, because the M's of the two 
machines are proportional to the fifth powers of their 
corresponding dimensions. 

46. Facts Useful to Enow. — In a condensing steam- 
engine, when the steam is cut off at from one-third to 
one-eighth of the stroke, there is a certain portion of the 
stroke during which '16 to '19 of the total work done 
during the stroke is given out by the steam to the engine, 
in excess of that given out by the engine itself as useful 
work. In a non-condensing engine, steam cut off at from 
ofie-half to one-fifth of the stroke, the excess work is *! 6 
to '23 of the total work of one stroka These, facts will 
enable you to calculate the proper size of fly-wheel for 
a given steam-engine when you know the work done 
in one stroke^ and also the greatest and least speeds 
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allowable. For a punching, shearing, or riveting machine 
no figures of this kind are available Observations are 
mnch needed. In' the case of a pump with a Ifly-wheel 
it is easy to calculate the excess work dene during any 
period. But in many kinds of pump great variations 
of speed are generally allowed. 



CHAPTER VL 

EXTENSION AND COMPRESSION. 

47. How a pull is exerted. — ^How is it that a cord 
transmits force from my hand to an object when I pull the 
object by means of a string 1 If you study this matter you 
will see that every particle o.f the string 
coheres to the next, and although the refusal of 
one particle to come away from its neighbour might easily 
be overcome, there are so many of them to be st^parated at 
any particular section of the string that it requires a con- 
siderable pull to perform this operation. When a string 
is pulled it really lengthens a little, and it lengthens more 
the more force is applied, although it may not break. A 
string is not so easy to experiment with as a wire of 
metal, because it dififers more in its quality at different 
sections, and it is affected by dampness and other circum- 
stances. No doubt it is also difficult to obtain a metal 
wire which shall be exactly of the same material every- 
where, but it is more to be depended upon than string. 

48. Strain. — Take, then, a steel wire, A B (Fig. 29), 
fastened near the ceiling at a, between two pieces of 
wood, screwed together firmly so that there may be no 
tendency for the wire to break just at the fastening. 
Similarly fasten at B a scale-pan arrangement, and, first, 
place just so much weight in the pan as keeps the wire 
taut. Let there be two light little pointers stuck or tied 
on at a and b, and let there be a vertical sca'e on the 
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wall* Now read off the distance between a and J on the 
scale, and note the weight Add more weight, and again 
read the distance, and continue doing 
!f thia until the wire breaks. Ton will 
' prove bf means of squared paper that — 
The amount of the exten- 
sion of a wire is proportional 
to the weight which prodnces 
the extension. 

When we epeak of the strain in tlie 
wire, and want to use the term strain in 
an exact sense, we mean tha fraction of 
itself by which a b lengthens. Thus, 
suppose that a b was SO feet, and that it 
lengthens 1 foot, we say that the strain 
is -Jj, or ■02, or 3 per cent. I need 
hanltj tell you how important it is to 
leam the exact meaning of a word like 
this ; it will give clearness to your ideag. 
49- StreBB.— -If you t«ke another 
wire of the same material, but of twice 
the sectional area of this one, you will 
find that it needs twice as much load to 
produce the same strain. The reason 
of thia is that you have at any section 
twice BS many particles of steel resist- 
ing the pull. The pull produced by 
the load acts at every cross section 
in the same way, no matter how long 
Yig_ 39 the wire may be ; but if the wire is 

thicker at one place than another, then 
at such a cross section the pull ie distributed over a greater 
number of pairs of particles. We see, then, that if a 
■wire or rod is transmitting a pull, it is well not to con- 
sider the tolal load, but rather the load per square iuch 
of section, 37(8 load per ggitare inch is called the stress. 
implojed in verj 
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This is the exact meaning which we give to the word 
stress. Much of the difficulty you may have met with in 
your reading is due to the fact that you have not made a 
proper distinction between the meanings of thpfce tiwo 
worids. Stress is the load per square inch 
which produces a fractional alteration 
of the length of a wire or rod, and this 
fractional alteration is called the strain. 
Suppose your load to be 6 lbs., and your wire circular in 
section, with a diameter of 0*05 inch. Then the area of 
the section is 0-025 x 0025 x 3-1416, or -00196 square 
inch. The stress is 6 -f -00196, or 3,061 lbs. per square 
inch. You will find that this thin wire gets the same 
strain with a total load of 6 lbs. as a rod one square inch 
in section would get with a load of 3,061 Iba If ever 
you get a problem to work out, relating to the lengthen- 
ing of a wire or rod produced by a load, you must con- 
sider, not the total lengthening of the wire or rod, but its 
fractional amount of lengthening, and call this the strain; 
also consider, not the total load, but the load per square 
inch of section, and call this the stress, and you will iind 
that for some kinds of wrought iron — 

The stress = the strain x 29,000,000. 

JEacample, — How much extension is produced in a 
wrought-iron tie-rod 80 feet long, whose cross section is 
3 square inches, by a pull of 9,000 Iba ? Here the stress 
is 3,000 lbs, per square inch, and 3,000 is equal to 
29,000,000 times the strain, or 3,000 -5- 29,000,000, or 
0001034 is the strain. The extension is the fraction 
-0001034 of the total length, and 80 feet x -0001034, or 
•00828 foot is the answer — nearly one one-hundredth of 
a foot, or, more nearly, the tenth of an inch. 

60. It is somewhat more difficult to experiment 
on the shortening of a strut or column when it trans- 
mits a push, because you cannot use very long struts. A 
strut, as you know, tends to bend if it is very long; 
and when it breaks^ unless great care is taken to keep it 
Straight, it breaks mpr^^. easily the longer it is. The 
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bending action causes the load to act more on one part of 
the cross section than another, and the stress — or the 
pushing force per square inch, is gi*eater at one part of 
the section than at another. If you experiment, there- 
fore, you must take care to use struts which are in no 
danger of bending. In Chap. X. I shall consider the 
bending of beams, after which you will better under- 
stand the present difficulty. It is sufficient for you 
at present to know that, whereas the pull in a 
tie-bar tends to make it straighter if 
possible, the push in a strut tends to make 
it bend. Hence, in an iron railway-bridge or roof 
you will see t?uU the tie-bars are thin solid rods usually^ 
and tJiey might be chains or ropes if t/iese were cheap 
enough ; but the struts must not merely Juwe a proper 
area of cross section, this cross section m,u^t also be 
wide in every direction. Thus, instead of a solid cast-iron 
column you always see a hollow one, unless the column is 
very short. Also, a thin plate of iron suffices for the lower 
boom or flange of a imlway-girder (because it resists a pull), 
whereas the top boom is a hollow tube, or is U-, or n-, 
or [""^-shaped, because it must resist a push. Long 
struts, therefore, must be considered in Chap. XII., after 
we have investigated the bending of beams. 

51. A Short Strut will be found to obey exactly 
the same laws as a tie bar. The load per square inch 
is called the stress. The sJwrtening is a fraction oj 
t/ie whole length of the strut, and this -fraction is called 
the strain. You will find from your experiments that the 
strain is proportional to the stress. Thus for wrought 
iron struts or columns 

The stress = the strain x 29,000,000. 
The multiplying number is found to be the same for the 
same material, whether it resists a push or a pull. This 
number is called "Young's Modulus of Elasticity;" it 
has been measured for various materials, and is given in 
Table III. In using it you must remember that the 
stress is in pounds per square inch. 
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Exercise 1. — ^By how much would a round bar of 
steel, 120 feet long, whose diameter is 2 inches, lengthen 
with a pull of 30 tons 1 Answer ; 0*0855 foot. 

Exercise 2. — By how much would a column of oak, 
3 feet long and 4 inches squdxe, be compressed in 
supporting a weight of 2 tons 1 Answer : 00056 foot. 

52. I have said that if you use squared paper after 
making your experiments, you will Und that the strain is 
proportional to the stress, and the lengthening of a tie 
bar is proportional to the total pulling force. But you 
will find that this law is not true when the loads 
become too great. If your loads are less than a quarter 
of the breaking load, you wiU find on removing them 
that the wire on which you are experimenting goes back 
to its original length.* But if your loads much exceed this 
amount, it will be found that the wire has taken a 
permanent set ; that is, if you remove the load the wire 
wm not go back to its original length. It remains 
permanently longer than it originally was, and we say that 
we have exceeded the limits 
of elasticity. The load which 
produces this permanent set 
is said to be the measure of 
the elastic strength 
of the wire, for although it 
does not break the wire it 
alters it permanently. Now, 
it is only for loads less than 
this that the law " strain is 
proportional to stress," is true. Your squared paper for 
experiments on a steel wire would give a straight line 
becoming a curve, like Fig. 30. 

* It may not go back at once to its old length, but in a few minutes 
it will be found exactly what it was before you loaded it. Similarly, 
when the load is put on, there is first a sudden lengthening and after 
this there is a slight extension going on so long as the load remains, 
but it practically comes to an end in a few minutes. ThiiA after-action 
is so slight that I have not till now spoken about it, although we haye- 
leason to believe that its investigation would be of great importonce. 




Fig. sa 
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When you plot your results, making the distance 
m n represent the extension of the wire for a load repre- 
sented by the distance m g, to any scale you please, you 
will find that the line passing through your points is 
straight only from o to M say, and then it curves upwards. 
The distance, Q M, represents the load which produces 
permanent set. For greater loads than this, the extension 
is more than proportional to the load, and increases more 
rapidly until we get at k a very rapid extension indeed, 
for the wire broke with the load, K z, and just before it 
broke its extension was K z. * 

68. The nature of the strain in a wire which is being 
extended, or in a column which is being compressed, 
cannot be said to be simple. If all lines in one direction, 
and in one direction oiUy, became shorter or longer the 
strain would be called simple^ but it needs rather a com- 
plicated system of external pressure to produce this effect. 
Ko matter how a body is strained, if we consider a small 
portion of it we shall find that any strain simply consists of 
extensions and compressions in different directions. In 
fact, imagine a very small spherical portion of the body 
before it is strained ; the effect of strain is to 
convert the little sphere into a figure 
called an ellipsoid, that is, a figure every section 
of which is an ellipse, or a circle ; remember that every 
section of a sphere is a circle. It may be proved that thero 
were three diameters of the sphere at right angles to one 
another, which remain at right angles to one another in the 
ellipsoid, and are known as the principal axes of the ellipsoid. 
These directions are now called the principal axes of the 
strain existing at that part of the strained body. Along one 
of these directions the contraction (or extension) is less, and 
in another greater, than in any other direction whatever. 

64. Example.— Thus if ii' n' (Fig. 31) is part of a long 
wire subjected to a pull, the portion of matter which was en- 
closed in the very snmll imaginary spherical surface, ▲ b c d, 

* Instruments have been designed which register on a sheet of 
paper (as the pencil of a steam-engine indicator does) the load pulling 
a rod, and the extension which it produces. A little brass cylinder 
covered with paper is touched by a pencil on the end of the rod. The 
amount of rotation of the barrel is regulated so that it is proportional 
to the load. By this means, curves, Uke that of Fig. 30, may rapidly 
be drawn as the load on the rod is gradually made tc increase tiU Ihe 
rod breaks. (See Art. 126.) 
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before the pull was applied is now enclosed in the ellipsoidal 

The sphere has become an 



spherical surface, a' c' b' 
ellipsoid of revolution; 
(/ d'. The strain in the 

direction a b is^' »' — ^ » 



AB 



becomes a' B^ c d becomes 



AB 





and this^ is equal to the 
pull in the wire per 
square inch divided by 
Young's Modulus of 
Elasticity, e. As, how- 
ever, it is often more 
convenient to use a 
multiplier than a di- 
visor we are in the habit 
of using the reciprocal FifiT- 31. 

of E, and denoting it 

by the letter a. Thus, if the pull per square inch is one 
pound it produces a strain of the amount, a, in the direction 

A B ; the lateral contraction of the material is ^ ^ ~ 

in this case, and is usually denoted by the letter h. 

65. Tbe diminution in bulk of a substance when it 
is subjected to pressure uniform all round, as, for instance, 
when it is surrounded by water in a hydraulic press, or 
sunk in the sea, has been ex^rimented upon. The 
lessening in the bulk per cubic inch is called the cubical 
strain of the substance. The pressure in pounds per square 
inch all over its surface represents the stress, and it is 
found that the strain is proportional to the stress. In fact, 
in any substance the stress is equal to 
the strain multiplied by a certain number, 
for which the letter K is usually employed, 
called the Modulus of Elasticity of bulk, 

TABLE n. 



CD 



1 

Substanoe. 
Ether 


f odnlits of Elasticity of Bulk 
in pounds per square inoh. 
120 thousand. 


Cold Water 


300 


» 


Water at ISO** Fahr. . 


330 


f 1 


Mercury . . . . 
Flint glass . 
Cast iron . 


6 millionB. 
6 „ 
14 „ 


Wrought iron . 

Copper . . . . 

Steel .... 


20 
24 
30 


n 



Imagine a cube one inoh in each edge (Fig. 32], subjected 
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Fig. 88. 



to a uniform compressive force of 1 lb. per square inch on the 
opposite faces, a d b f and b c l o. Evidently the edges 

▲ B, c D, L B, and o f, become I — a 
indi in length, a being the reciprocal 
of Young's Modulus used above. 
Also the edges ▲ d, b c, o l, and 
F E, get the length I -\- b inch. 
If now we give to the faces, a b c d, 
and E F 6 L, of this cube, compres- 
sive forces 1 lb. per square inch, it 
is the edges a f, &c., which shorten, 
and the edges a b, &o., which 
lengthen. Again, give the com- 
pressive forces to the third pair of 
opposite faces, a b g f and c n s l, 
and we have the edges a d, &c., shortening and b o, &c. , 
lengthening. If, now, all three sets of compressive forces 
■ act at the same time, that is, the cube gets on every face a 
pressure of 1 lb. per square inch, as the compressions and 
extensions are exceedingly small, each edge shortens by the 
amount a and lengthens by the amount 2 b. Hence the 
edge which used to be 1 inch is now 1 — a-\- 2b inch. 
The cubic content used to be 1 cubic inch, it ia now 
1 __ 3 (a _ 2 *) with great exactitude. Hence 3 {a — 2 b) 
is the amount of cubical strain produced by 1 lb. per square 
inch. That is, the Modulus of Elasticity of bulk, 

XT - 1 

■^~3(o-2b) ' 
and if we kaow a and b it may be calculated. 

56. It is found then that when a rod is pulled, not only 
does it get longer, but its diameter gets less. When, 
for example, a rod of glass is pulled so that its length in- 
creases by the one-thousandth of itself ; it is found that 
its diameter gets less by the one three-thousandth of itself. 

57. Strength. — ^Table III., p. 68, shows among other 
things the pulling (or tensile) and pushing (or compres- 
sive) stress which a material will bear before breaking. 
Probably if these stresses were allowed to act on the ma- 
terial for some time it would break even if they were not 
added to. They are obtained from experiments in which 
the load was increased pretty quickly, and yet quietly, that 
is, without any jerking or sudden action. The numbers 
in the table are taken from many sources, and must in 



Chap.YL] STRENGTH OF PIPES AND BOILERS. 59 

general only be regarded as giving rough average values. 
The strengths of the metals I have taken from Mr. 
Unwinds book on machine design. The stress per sqv^a/re 
inch which will produce a permanent set in the material 
is sometimes called the elastic strength. The working 
stress is v^siudly a fraction of this ; it is the stress which 
experience tells us to calculate upon for loads acting 
for a long time on materials, and which we shall be sure 
are perfectly safe in the case of such materials as are 
supplied from foundries and forges. 

Exercise 1. — How great a pull will a round rod of 
brass stand before it breaks, if its diameter is 0*3 inchi 
What pull would produce in it a permanent set, and 
what is the safe working pull? Answers: 1,237, 484, and 
254 lbs. 

Exercise 2. — ^A short hollow cylindrio column of cast 
iron is 8 inches in outer diameter, 5 inches inner 
diameter. What is the safe load and what load will 
produce permanent set 1 Answer : the area of cross 
section is 4 x 4 x 3*1416 minus 2*5 x 2*5 x 3*1416, or 
30*63 square inches; 30-63x21,000 is 643,230 lbs., or 
287 tons ; 30*63 x 10,400 is 318,522 lbs., or 142 tons. 

58. Pipes and Boilers. — ^We may consider that a pipe 
or other hollow cylinder, when it tends to burst with 
internal pressure, has twice as much 
tendency to burst laterally as to 
burst longitudinally. If, however, 
the cylinder is shoi-t, the ends may 
modify this effect, strengthening 
the cylinder laterally without alter- 
ing the endlong strength, but it is 
usual to have such cylinders long in 
proportion to their diameter, hence 
it is their lateral strength irig. 33. 

which has to be considered. 
Imagine a hoop of breadth one inch, the pressure 
per square inch inside multiplied by the diameter 
in inches is the total force which tends to make this 
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hoop break at A and B (Fig. 33), or at the ends of any 
other diameter. The tendency to burst is resisted by the 
tension at A and B, so that- the area in square inches at A, 
together with that at b, ^s like the airea of cross section 
of a tie-rod subjected to a total pull of the above amount. 
Hence we have the* rule, the greatest safe 
pressure per square inch inside a boiler 
or pipe, multiplied by the diameter (in 
inches), is equal to twice the thickness 
of the metal multiplied by the safe work- 
ing tensile stress of the material per 
square inch. It is in this way that we calculate 
the strength of a boiler or large water-pipe. When the 
boiler has riveted joints we must, of course, regard the 
material as weaker than if it could resist tensile stress 
everywhere like a continuous boiler plate. In cast iron 
pipes and in sieam-engine cylinders it has to be remem- 
bered that the difficulty in getting castings which are of 
the same thickness everywhere, and the allowance that 
must be made for tendency to cross-breaking when the 
pipes are handled, as well as the great allowance that 
must be made in steam-engine cylinders for stiffness, the 
difficulty of casting, and boring out, cause such cal- 
culations as the above to be somewhat useless. Thus 
it will usually be found that, whereas a large cast iron 
water-pipe is not much thicker than the above calculation 
would lead us to expect, yet a thin cast iron pipe is often 
of more than twice such a thickness. 

69. It is easy to prove the truth of the statement made at 
the beginning of the last paragraph — a boiler has twice 
as much tendency to burst laterally as loiigitudinally. 

When a boiler bursts endwise, the area of metal at which 
fracture occurs is the circumference multiplied by the thick- 
ness, or 3*1416 (f < if d is the diameter and t the thickness. 
But the total endlong pressure is the pressure on the 
sectional area of the boiler at the place, or '7864 d^ p, if 
p is the fluid pressure in pounds per squ8u:e inch, hence 
*78d4 d* p-T- 31416 d t, oi dp -i-^t is ihe stress on the 
material. 



Clukp.TI.] STRESS ON A SPHEBICAL BOILEB. 



61 



In th« lateral bursting tendency considered above, the 
total force acting at a and b (Fig. 33). is dp pounds, and the 
area of the metal at A and b being 2 t square inches, the 
stress on the material is ^i? -— 2 <, or twice as much as in 
the other case. 

In this investigation I have considered that the stress 
at A and b is one of mere tension, and this is the case when 
the metal is thin in comparison with ats diameter. In a 
thick pipe or in a gun it is found that, although the 
average stress may be arrived at in the above way, some 
portions of the metal are more severely strained. It is not 
my purpose to consider such cases in this book. 

In a spherical boiler the tensile stress anywhere is 
evidently dp -i- 4 ty being the same as the endlong stress in 
a cylindricsd boiler of the same diameter and thickness. 

Some students may have difficulty in understanding 
how it is that the pressnre tending to burst a spherical 
boiler at a b is found by multiplying the cross-sectional 
area at ab by the pressure of the 
fluid in pounds per square inch. The 
pressure is retdly exerted on every 
portion of the surface A c b (Fig. 
33a), and it is everywhere at right 
angles to the surface, but if the re- 
sultant force is calculated it will be 
found to be what has been stated. 
This will become evident on consider- 
ing that if one half of 
such a boiler is closed by 
a flat plate at a b (Fig. 
33b), as the fluid pressure 
does not cause motion of boiler, its resul- 
tant action on any portion of the surface 
must be equal and opposite to its resultant 
action on iil the rest of the surface, there- 
fore the resultant pressure on 
A B is equal to the pressure on 
A B. It is for this reason that we always cal- 
culate the pressure on a pump plunger as 
being the sectional area in inches of the 
plunger multiplied by the pressure per square inch of 
the fluid, taking no account of the fact that the end of 
the plunger may either be rounded or flat. 





Fig 3^A. 
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CHAPTER Vn. 

PECOLIAB BEHAVIOUR OF MATERIALS. 

60. In this chapter I wish to draw your attention to 
a subject in which the workman is more likely to 
obtain valuable information than any other person. I 
have told you that when a load continues to pull a wire 
the wire continues to lengthen, although for small loads 
the extension is practically ended after a few minutes. 
A load which is so great that it strains the wire per- 
manently will very often be quite unable to break the 
wire, however long it is applied, but it is never thought 
advisable to allow such a load to act for a long time. 
It is found that after getting such a permanent set 
a wire is more elastic, that is, its elastic strength is 
greater than it was previously. A man who puts up 
bells in a house " kills " his copper wire, that is, gives it 
a permanent set, as he finds that, after this operation, 
it obeys better the laws of elasticity referred to 
above. Similarly a telegraph-line-man kills his iron wire 
before fixing it to the telegraph posts. It is probable 
that the effect of this " killing " is like the straining of 
a piece of riveted work beyond its limits of elasticity, 
which makes all the rivets fit better into their beds. 
It is, however, very curious to see how much set 
can be given to some materials. For instance, a thin 
brass wire gently pulled may be twisted to an enormous 
extent, and still retain elastic properties; indeed, its 
elastic strength may be higher than it was in the be- 
ginning. Again, when a wire by being drawn through 
a die is reduced to a smaller size, there is a complete 
alteration in the arrangement of its particles, and yet 
we know that the drawn wire has usually greater strength 
than it had originally, that is, it will bear a greater 
load per square inch of its section ; even hardened steel 
wire can be drawn in this way. In the same way, a 
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block of copper, by a series of beatings and temperings, 
may be shaped like a pot or boiler, and a coin take 
the impression of a die, without losing their strength. 
In fact, metals seem to be able to flow if sufficient 
stress is applied to them, and at the end of the opeiution 
they are as strong as ever; indeed, they are very 
often stronger than before. When they are a little 
harder than they were, this quality, if not wanted, can 
be removed by heating and slow cooling, a process which 
goes by the name of " annealing." 

61. Another noticeable fact. It is found that a 
watch goes faster and faster for some time after it is 
made, but at the end of some months the balance sprins; 
settles down into a state which does not much change 
afterwards. In this state then its elasticity is greater 
than it was in the beginning. The springs of chrono- 
meters are, however, often laid aside as useless after 
a few years' service, their elastic condition having altered 
so much since the beginning that they have to be 
replaced. It has been found that when a long wire 
is kept slightly twisting and untwisting 
except on Sundays, there is a gradual 
softening or an increase of internal fric- 
tion going on all the week, which greatly 
disappears during the Sunday rest. This 
and other facts concerning the behaviour of materials 
which have been overstrained are vaguely comprehended 
under the expression, " fatigue of materials.'** 

62. When a load is suddenly applied to stretch 
a wire, it produces greater effects than when slowly 
and quietly applied. We know the reason of this. A 
weight which slowly applied would produce an extension 
of one inch, would, when suddenly applied, produce an 
extension of two inches. The wire now shortens to 
its original length ; then extends two inches and 
continues to get shorter and longer alternately. As 

* Consult Sir Wm. Thomson's article on Elasticity ^ in the ^' En- 
cjdopedia Britannica.'* 
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there is friction of some kind among the particles of the 
wire, and there is also external friction, the lengthenings 
and shortenings gradually lessen till, in a short time, the 
wire settles down into the same state as it would have 
been in if the load had been slowly applied. Now, if 
we suppose this wire, when stretched two inches^ 
to be strained just beyond its elastic strength, it is 
evident that the suddenly applied load does harm, 
whereas, the same load slowly applied would do no 
harm. The harm is greater if the weight, besides being 
applied suddenly, is moving before it begins to act 
on the wire. Take the case of a stone which is being 
removed by means of a crana If the stone, happening 
to fall a Uttle, be brought up by the chain, the increase 
in the stress on the chain is simply proportional to the 
height from which the stone has fallen, and is greater 
the less the chain is extended (see Chap. XIX.). When a 
wire is lengthened •! foot by a weight of 1,000 lb&, which 
has been increased gradually, we know that the pull on the 
wire began with 0, and, as the wire gradually extended, 
the puU became greater, till it is now 1,000 lbs. The 
average pull was 500 lbs. and 500 x '1, or 50 foot-pounds 
is the total energy stored up in the wire in the shape of a 
strain. If we wish to give more energy to the wire, we 
must strain it more ; and this is just what we do when 
we let the weight fall suddenly. 

63. The energy stored up in any strained body may be 

calculated if we know the stress and the strain. The 
main-spring of a watch contains a store of energy which is 
gradually given out by the spring in returning to an 
unstrained condition. Each strained portion of the spring 
contains a portion of the store, and if at any place in the 
body there is too great a store, the body wiU break there. 
Let us consider why a chisel cuts into an iron plate. 
When I strike the head of a chisel with a hammer I 
give to the chisel in a very short period of time a certain 
amount of energy. This energy is transmitted very 
quickly to the plate through the edge of the chisel. The 
(Sorter and more rigid the chisel, the more quickly is the 
energy sent through the cutting edge into a portion of the 
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plate. If it is not conveyed away rapidly from the edge, 
the amount contained in a small portion of material just 
under the edge is very great, and the material is fractured 
there. As the energy of strain is proportional to the 
product of stress and strain or to stram squared, the pos- 
sibility of fracture for a material is represented by the 
square root of the strain energy it contains per cubic inch. 
If a material is brittle there is a sort of instability which 
causes fracture at one place to extend to all neighbouring 
^ places. And hence, if we deliver with great rapidity to a 

small portion of such a material a moderate supply of energy, 
it is sufficient to produce a large fracture. As our material 
becomes less and less brittle, we must have, over a larger 
and larger part of the volume in which we want fracture 
to occur, a sufficient' supply of strain energy delivered. 
Hence, in cutting wood we use a wooden mallet and a more 
or less lengthened wooden-headed chisel. The mallet and 
chisel act as a reservoir for the energy of the blow which 
is delivered to the wood from the edge of the chisel 
with comparative slowness and just in sufficient quantity to 
cause rupture in front of the edge. If the wood without 
gaining in strength became more rigid so as to be able 
to carry oflf more rapidly the energy given to it by the 
chisel's edge, it would be necessary to make the supply 
more rapid by using a more rigid chisel and mallet, 
and as we do this we must take care that the chisel 
itself near the edge is strong enough to resist fracture 
(see Chap. XIX.). 

64. These are facts which we can understand; the 
following, however, are not so self-evident A piston 
rod is subjected to tensile and compressive stresses, 
often repeated. It is found that its breaking strength 
is not 45,000 lbs. per square inch, which, let us say, it 
would be for a steady pull or push, but 15,000 lbs. per 
square inch. If, instead of such an action, we have a 
tensile stress which varies frequently, although not sud- 
denly, from 30,000 lbs. per square inch to zero, the 
rod will break after a tima In the same way, steel 
which will bear a steady stress of 84,600 lbs. per square 
inch, will only bear 46,500 lbs. per square inch if the 
stress varies between this and zero, but is always of the 
same kind; whereas, it will only bear 25,000 lbs. 
per square inch if the stress is sometimes a pull of 
F 
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this amount, and is sometimes a push of the same 
amount. 

68. We are also quite ignorant of the reason why 
steel hardens when suddenly cooled, and why this 
hardness is different according to the temperature from 
which this cooling starts. In every workshop the common 
method adopted for tempering a fitter's chisel is 
as follows : — Heat the chisel to a dull red colour, put the 
edge in water to a distance of say half an inch, quickly 
rub with pumice or a file, watch the edge till, as it heats 
by conduction from the thicker portion you know that 
a certain temperature has been reached by seeing a 
certain colour (lightish yellow for a chisel) of oxide of 
iron making its appearanca When this colour appears 
plunge the whole chisel into water. The steel is first 
made extremely hard at its edge, and is then brought 
back to the i-equtred degree of hardness by re-heating 
up to a certain temperature and then cooling again, 
lliis simple process is in common use. In tempering 
other objects sometimes much greater care must be 
taken, since it is often necessary that every portion of 
the object shall be of the same hardness, and in such 
cases the whole may be cooled at first and then re- 
heated in a bath of oil, mercury, or other melted 
metal whose temperature is definitely known. The 
effect is of the same kind, however, whether the process 
is the rough one which I have described or a more 
careful ona It is usual to explain it by saying that in 
sudden cooling the particles of steel have not had time 
to get into their natural positions when cold, and that 
they jam each other somehow, getting into positions of 
instability ; but if it be remembered that we often find 
steel when hard to be stronger than when it was soft, 
you will see that there is a great deal wanting in this 
explanation of what occurs. As regards the influence of 
impurities, of gases from the atamosphere which are 
suddenly imprisoned among the particles of steel, 
very little is yet known. Again, cast iron is stronger 
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if compressed in the* melted condition until it solidifies, 
and we explain this vaguely by saying that the 
pressure closes up little cavities. Metal wires are 
strengthened in hieing drawn smaller through dies, 
but they lose this increase of strength, and gain in 
toughness, when afterwards heated and cooled slowly. 

66. I need not give you any more items of a long 
catalogue of curious properties of materials which we do 
not yet understand. Workmen know of and depend 
upon many of these actions, but nobody seems to have 
any clear idea as to how they take place. It is not merely 
that workmen temper steel and fbid that curious changes 
occur in the properties of their steel when it is altered a 
little in its chemical state; the philosopher and the 
workman are equally aware of these facts, and equally 
ignorant of their real nature ; but some workmen who 
deal with little mechanical contrivances make use in 
their trades of certain properties of brass and iron and 
steel which the philosopher is quite ignorant of, and it 
is possible that an observing workman who knows a little 
of chemistry and physics may discover the key to all 
the mass of hitherto unexplained facts which I have 
indicated. As an illustration of an explainable 
effect which for a long time troubled the minds of 
students, the i-eader may refer to Art. 61 — in which I 
speak of the elastic strength of materials, which to some 
extent depends upon the loads to which the materials 
have previously been subjected. 
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CHAPTER VIII. 

MATEBIALS. 

67. A little knowledge is not a dangerous thing if the 
owner is modest enough to feel that it is only a little. 
It is often very useful, for instance, to know the most 
elementary facts of chemistry, for these will give you 
clear ideas as to the changes which occur during the 
manufacture of metals, the cause of the rusting of metal, 
the burning of fuel, and many other matters which you 
would otherwise be unable to comprehend. Again, a 
little knowledge of electricity would enable you to get 
clear ideas as to the action by which, when two metals 
touch in a liquid, one of them rapidly corrodes and the 
other does not, and how it is that oil preserves a polished 
metal surface. A little knowledge of heat will give 
you clear ideas as to how friction wastes mechanical 
energy by converting it into heat. It will tell you that 
when a body is heated it expands uniformly in all its 
dimensions ; wrought iron, '00001 235 of every dimension 
for one degree Fahrenheit; cast iron, •00001127; steel, 
•00001145 ; brass, -00001894; copper, -00001717 ; lead, 
•00002818; glass, -00000861; and Platinum, -00000884. 
It will tell you that when a gas is heated 490 degrees 
from the temperature of freezing water at constant 
pressure, it expands to twice its volume or cubic con- 
tent, and that liquids expand very much less than 
gases and more than solids. It will also give you dear 
ideas about melting and boiling, about the way iu which 
heat is measured as a form of energy, and the properties 
of steam which enable it to be used in the steam-«ngine. 
It will also tell you about the giving up of heat from one 
body to another by conduction and radiation, things 
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which enter into every process going on in the workshop, 
and of which you can only have vague and incorrect 
ideas unless you spend a month or two in experi- 
menting. I am sorry I cannot give you this clearness 
of ideas by anything which I can write ; I know 
no other way of obtaining it than through your own 
handling of some simple apparatus such as is usually 
kept unfortunately for the mere illustration of lectures. 

I mean in this chapter to give a rough account of the 
various materials used in construction. 

68. Stone. — The rocks which have once been melted, 
ind have cooled slowly, are usually hard, compact, strong, 
and durable. They are most easily worked when regard 
is paid to the fact that they naturally divide up into 
certain regular shape& They are all more or less crys- 
talline in texture. Stratified rocks are those which have 
been deposited at the bottom of a sea or river ; they are 
often easily divided in a direction parallel to the 
layers of which they are built up, but sometimes there 
are lines of easy cleavage in other directions. These 
rocks vary very much in appearance, according to the 
method of their formation, and to the heat and pressure 
to which they have been subjected, sometimes being 
very crystalline, strong and durable, like marble; slaty 
rocks may be hard and durable, or soft and perishable ; 
sandstones are hardened sand of different degrees of com- 
pactness, porosity, strength, and durability; there are 
limestones whose particles seem to form one continuous 
mass, and which, when they have been subjected to great 
heat and pressure, become marbles ; there are also lime- 
stones, which are composed of distinct gi'ains cemented 
together, and which may vary very much in compactness, 
strength, and durability ; besides these there are co^n- 
glom^eraJteSy in which fragments of older rocks are im- 
bedded. A little knowledge of geology is necessary in 
order to understand the properties of rocks.* Stones are 
preserved by coating them with some material such as 
coal-tar, various kinds of oil and paint, and soluble glass, 
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which fills their pores and prevents the entrance of 
moisture. An artificial stone, which can be made 
in blocks of any required size and shape, is obtained 
by turning out of moulds and afterwards saturating 
with a solution of chloride of calcium, a mixture of clean 
sharp sand and silicate of soda. The chloride of calcium 
and silicate of soda produce silicate of lime which 
cements the sand together and thus gradually consolidates 
the whole mass. 

69. Bricks. — Bricks are made of tempered clay, 
moulded, dried gently, then raised to and kept at a white 
heat in a kiln for some days, and cooled gradually. 
Bricks should have plane parallel surfaces and sharp 
right-angled edges, should give a clear ringing sound 
when struck, should be compact, uniform, and somewhat 
glassy when broken, free from cracks, and able to absorb 
not more than one-fifteenth of their weight of water. 
They ought to require at least half a ton per square inch 
to crush them. 

70. Limestone, when burnt in kilns, gives off carbonic 
acid. If pure it forms quick-lvme, which combines 
readily with water, becoming larger in volume. Mixed 
with clean sand this forms mortar, which, in the course 
of time, hardens by losing its water and combining with 
carbonic acid from the air. If the burnt limestone we^^e 
not pure, but contained certain kinds of clayey materials, 
iron, &a, it would not combine with much water, but when 
ground up fine, water enables its particles to combine 
chemically with one another with greater or less rapidity, 
depending on its composition. Such cement first seta, 
acquiring a large degree of firmness, and then more 
slowly becomes as hard as many limestones. When 
these natural hydraulic limestones are not available, 
nearly pure limestone may be mixed with a proper pro- 
portion of blue clay to produce, when ground and mixed 
in plenty of water, then drained and dried, then burnt 
and ground up again, an artificial cement^ which is equal, 
if not superior, to the natui'al cement. Sand in mortar 
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saves expense, and prevents the eracking of the mot-tar 
in drying, but in too great a proportion it weakens the 
mortar. Two measures of sand to one of staked lime in 
paste is the average allowance, but every person who 
uses mortar ought to test a particular lime to see how 
much sand it will bear to have mixed with it. Concrete 
is a mixture of gravel or broken stones and hydraulic 
lime, the stones and gravel having about six times the 
volume of the lime. 

71. EartlL — It is usual to consider that the pressure 
of earth agunst a wall, a b (Pig. 
34), is due to the tendency of a 
wedge-shaped mass of earth to 
slide downwards. We may sup- 
pose that A B c, or A B D, or 
A B E, is the sliding wedge, and we 
choose for our calculation that 
one which presses most against - 
the wall. It is the weight of 
the wedge of earth which urges pig, jt 

it downwards ; friction at its 

face B c B D or B E tends to support it, as well as friction 
against the surface a b, where it presses on the wall. 
This friction is usually calculated from knowing b f, the 
miturat slope taken by the earth when not prevented 
from sliding. It is obvious that if the earth is very 
soft, or if much water gets between the earth and the 
wall, the pressure becomes like that of water. It cannot 
be said that experience has proved the untruth of this old 
theory; experience has shown that it is somewhat diffi- 
cult to find what is the natural slope 

- of the earth immediately behind a 
wall, and what is the friction between 

\ the wall and the earth. Bankine, 
" Pir as neglecting the friction against the 

wall, obtains from such a common- 
sense view as I have given, the following rule, which has 
been found to work fairly well in practice. Draw uu 
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angle x o r (Fig. 35) to represent the natural slope of the 

earth. Describe Y K x a aemicircle touching o R. Now 

if ^ B (Fig. 36) is the vertical iaco of a wall sustaining a 

' bank of this earth whose slope is 

A c, make the angle x o e equal to 

the inclination of a C to the horizon. 

Find B D BO that P : O 4 : : A b : 

- BD. 

Then a b d is a wedge of earth 
whose weight representa the total 
preesiM-e acting on a B. The pres- 
Pi^, 3$. suree act in directions parallel to 

A c, and the resultant force, repre- 
senting the total' pressure, acts a third of the way up 
from B to A. You must remember that this is a mere 
rule giving the result of a calculation, and that the 
wedge A B D is an imaginary thing used to help the 
memory. 

72. Water. — The pressure gf still water is at right 
angles to any surface, and does not depend on the slope 
of the fiui-faoe. It is greater at greater deptha If the 
pressure per square foot at any place is known, we 
can calculate the additional pressure at any lower level, 
for it is the weight of a vertical column of water 
one square foot in cross section reaching from tlie one 
level to the other. The pressure at all places on the 
same level is the same. Suppose that when water fills 
a vessel from which it cannot escape, we push in a 
piston or plunger until the pressure on the plunger is 
increased by say ten pounds per square inch, then at - 
every place in the vessel there will be the same increase 
of pressure. Water is compressed about one forty-flixth- 
miliionth of its cubic content for one atmosphere of 
pressure. (The pressure of one atmosphere is 14-7 lbs. 
per square inch, or 2,1 17 lbs per square foot) The total 
pressure of water on any surface is obtained by regarding 
the pressure on each little portion of its area as a force, 
and finding the resultant of all the forces. On any 
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plane surface submerged in a pond, the toted pressure 
is found to he ike vmght of a colwmn of water whose 
cross section is the area^ and whose length is equal 
to the vertical depth of the centre of gravity of the area 
below still uxUer level. If water is not still, but has a 
steady motion of any kind, let us consider the path taken 
by any particla Suppose that it goes more quickly 
at one place than another, then we shall find that its 
gain of kinetic energy is accompanied by a lowering 
of level or else by a lessening of pressure. If it is not 
getting lower in level then it must be exerting less 
pressure. In a horizontal pipe where the section is 
smaller the velocity must be greater, and here the 
pressure must be less.* No matter how quickly water 
may move in a pipe, the pressure can never become 
equal to that of a vacuum, because the water will give 
off vapour and completely alter the conditions of the 
casa Remember that the law given in the note supposes 
that there is no friction. The friotional loss of energy 
experienced by a particle of water moving in pumps and 
pipes is found by experiment to be nearly proportional 
to its kinetic energy, f Hence in hydraulic presses, and 

* If a little volume of water (one cnbio foot we take for simplicity), 
whose weight is w pounds, is h feet above some datum level, if the 
pressure upon it is p pounds per square foot, and its velocity is 
V feet per second, then hto ia the potential energy, due to its merely 
being above the datum leveL It has also, in viitue of the steadiness 
of the motion, pressure or potential energy, which is represented by p 



w 



foot-pounds, and its kinetic energy is ^ - v*. Its total energy is then — 

A K^ + p + J -• «■, 

and however its position, pressure, or velocity may change during its 
motion, the sum of these three terms remains the same, so that if two 
are given tke third may be calculated. The student may object to 
this by saying that pressure cannot be regarded as a form of energy ; 
however, it is certain that in steady motion pressure enters into the 
expression for the total energy, and this is due to the fact that in 
nearly stiU water the pressure represents the work which all the rest 
of the water will do upon a particle should it rise slowly to a higher 
leveL (See my " Oantor Lectures on Hydraulic Machinery *% 

t The force of friction in fluids is proportional to the velocity, 
when the velocity is small ; it is proportional to the square of the 
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in other machines where there is only a slow motion 
of the water, the loss through friction is much more 
negligible than it is in turbines and pumps. Thus, in 
a reciprocating pump, as the flow of the water is stopped 
in the barrel and valve-chest every stroke, its kinetic 
energy is all wasted, and hence it is advisable to make 
this flow as slow as possibla By the use of air vessels 
we can prevent the flow of water being suddenly stopped, 
and thus prevent the total loss of tibe kinetic energy. 
At any particular kind of bend in a pipe the energy lost 
is a certain fraction, or multiplier, of the kinetic energy, 
and this fraction, or multiplier, is found by experiment 
73. Example. — ^Water flows from an orifice in a 
vessel into the atmosphere. The still water surface is 
twelve feet above the orifice. What is the velocity of a 
particle of the issuing water which is in contact with 
the atmosphere ) (The particles in the interior of the jet 
may not be at the pressure of the atmosphere.) Now, 
when this particle was motionless at the surface of the 
water in the vessel, its pressure was that of the 
atmosphere ; call it zero. Pressure energy, then, is zero 
at beginning and end. Loss of potential energy is the 
weight of the particle multiplied by the difference of 
level, and this has all been' converted into kinetic energy. 
If the weight of a particle is 1 lb., it has 12 x 1 or 12 
foot-pounds of potential energy changed into kinetic 

energy, but its kinetic energy is g^ x square of its 

velocity in feet per second; hence the square of its 
velocity is 64-4 x 12, or 772*8, or the velocity is 27*8 
feet per second. You will, in fact, find that the velo- 
city of the particle is the same as if it had fallen 

velocity in the case of ordinary steamers, and becomes proportional to 
a higher power of the velocity in very quick moving vessels. Now the 
energy roasted per second in overcoming friction is equal to the force 
of friction multiplied by Vie vdocity per second. Hence in water 
pipes, when the velocity is not great, the energy lost is proportional to 
the square of the velocity ; in onUnary ships it is proportional to the 
cube of the velocity. 
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freely from the height of tweWe feet. If, instead of 
flowing into the atmosphere, the water flowed into a 
place where the pressure is greater than that of the 
atmosphere, the velocity would have been less. If you can 
find a place in the issuing jet at every point of which the 
water flows at right angles to the cross section of the jet, 
and this seems to he the case at the most contracted 
part of the jet just outside «. circular orifice, then the 
area of this cross section in square feet rmdtiplied by 
the velocity we have calculated in feet per second gives 
the quantity of water in cubic feet per second. In the 
same way the quantity of water flowing through a pipe 
is the cross sectional area in sqiuj/re feet mvMiplied by tJie 
velocity, 

74. Timber. — ^A tree is made up of a great number 
of little tubes and cells arranged roughly in concentric 
circles. The process of seasoning consists in uniformly 
drying the timber. As each little portion dries, it con- 
tracts, and becomes more rigid, and it contracts much 
more readily in the direction of the circular arrange- 
ment of the tubes than it does towards the centre 
of the tree, and least easily in a direction along 
the tree. It is obvious, then, that if the tree is dried 
whole, there will be a tendency to splitting radially. If 
the tree is cut up before drying we can tell the way in 
which the plahks wQl warp if we remember the above facts. 

Firwoods are easily wrought, and possess straightness 
in fibre and great resistance to direct pull and transverse 
load, and are largely used because of their cheapness. 
They differ greatly in strength, but their defect is their 
inability to resist shearing. The best of these is the 
red pme or Memel timber from Russia, which can be 
had in large scantlings, and thus used without trussing. 
The white fir or Norway spruce is suitable for planking 
and light framing, and is imported from Christiania in 
"deals," "battens," and "planks." Larch is a very 
strong timber, hard to work, and has a tendency to warp 
in drying, and is therefore not suitable for framing, but 
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is largely used for railway-sleepers and fences, because of 
its durability when exposed to tlie weather. Cedar lasts 
long in roofs, but is deficient in strength. 

The English Oak is the strongest and most durable 
of all woods grown in temperate climates, but is very 
slow-growing and expensive. Its great durability when 
exposed to the weather seems to be due to the presence 
of gallic acid, which, however, in any wood corrodes iron 
fastenings; trenails or wooden spikes should be used 
instead. Teaky which is grown in the East, is the finest 
of all woods for the engineer. It is very uniform and 
compact in texture, and contains an oily matter which 
contributes greatly to its durability. It is used specially 
in ship-building and railway carriages. Mahogany is 
unsuitable for exposure to the weather, but it has a fine 
appearance and is not likely to warp much in drying. 
It is chiefly used for furniture and ornamental purposes, 
and to some extent in pattern-making. Ashha noted for 
its toughness and flexibility, and a capability of resisting 
sudden stresses of all kinds, which make it specially 
adapted for handles of tools and shafts of carriages. It 
is very durable when kept dry. It is not obtainable in 
large scantlings, and is sometimes very diifficult to work. 
Elm is valuable for its durability when constantly wet, 
which makes it useful for piles or foundations under water. 
It is noted for its toughness, though inferior to oak in this 
respect, as also in its strength and stiflhess. It is very 
liable to warp. Beech is smooth and close in its grain. 
It is nearly as strong as oak, but is durable only when 
kept either very dry or constantly wet. It is very tough, 
but not so stiff as oak. (See also Table YI.) 

The best time for felling timber is when 
the tree has reached its maturity, and in autumn when the 
sap is not circulating. We want to have as little sap in 
the timber as possible, and in order to harden the sapwood, 
some foresters are of opinion that the bark should be 
taken off in the spring before felling. After timber is 
felled, it is well to square it by taking off the outer slabs. 
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Timber is, for the most part, dried by putting it into 
hot-air chambers, from one to ten weeks according to the 
thickness. Even when kept quite dry, ventilation is 
necessary to prevent dry rot. The circumstances least 
favourable to the durability of timber are alternate 
wetting and drying, as in the case of timber between 
high and low water mark, whereas good seasoning and 
ventilation are most favourable conditions. The most 
effective means adopted for preserving timber is by 
saturating it with a black oUy liquid called creosote^ 
The timber is placed in au air-tight vessel, and the air 
and moisture extracted from its pores as far as possible. 
The warm creosote is then forced into these pores at a 
pressure of 170 Iba per square inch. In this way timber 
may be made to absorb from -j^th to x^th of its weight 
of creosote. 

75. Glass. — Glass is a combined silicate of potassium 
or sodium, or both, with silicates of calcium, aluminium, 
iron, lead, and other chemical substances. Certain 
mixtures of flint and chemicals are melted in crucibles, 
formed when hot into the required shapes, and cooled as 
slowly as possible. The more slowly and more uniformly 
the cooling is effected, the more likely is it that the glass 
shall be without internal strains. When glass is 
suddenly cooled, as when a melted drop falls into water, 
the outside is suddenly contracted, becomes hard and 
brittle, and there are such intemai strains that if the 
tapering part be broken or scratched at the point, the 
w^ole drop crumbles into a state of dust. A blow or scratch 
on the thick part produces no such effect. Heating and 
gradual cooling destroys this property. Many peculiarities 
in the behaviour of metals when heated and cooled seem 
to be caricatured in glass, possibly because they are due 
to the fact that all the portions of matter which are about 
to form one crystal must be at the same temperature, and 
when the substance is a bad conductor of heat there is 
great variation in temperature. Pure metals are good 
conductors, but the admixture of small quantities of 
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carbon- and of gases hurts their conductivity. Toughened 
glass is the nanie wrongly given to the hardened glass 
produced by plunging glass, in a nearly melting state, 
into a rather hot oily batL This glass is somewhat in 
the condition of the glass in a Rupert's drop. It is so 
hard that it is difficult to cut it with a diamond, but if 
the diamond cuts too deep the whole mass breaks up into 
little pieces. Objects made of it may be thrown violently 
on the floor without breaking. 

76. Cast Iron. — Certain chemical changes occur when 
the ores of iron are smelted ; the iron ceases almost en- 
tirely to be in chemical combination with other substances, 
and impurities almost disappear, excepting carbon^ which 
is mainly derived from the fuel. In the cupola of the 
foundry a greater purification is eflfected, and it is found 
that the composition of a casting is from 97 to 96 per 
cent, of iron, with 3 to 5 per cent, of carbon, although 
traces of other substances are to be found. About 2j 
cwts. of good coke are usually required to melt each ton of 
iron in a cupola. When the carbon is all chemically 
combined with tite iron, the cast iron is white (specular 
iron) and is very hard and brittle. When only a little 
of the carbon is cliemically combined, and mx>st of its 
particles crystallize separately, the cast iron is grey in 
cohv/r. Using the common names for the different 
varieties, No. 1 is darkest in colour, and from No. 4 to 
No. 1 there is a gradual darkening in colour. Nos. 1, 2, 
3, and 4 are commonly used in the foundry, mixtures 
being made of them in various proportions according to 
circumstances. A greater proportion of No. 3 or 4 gives 
greater strength, whereas a greater proportion of No. 1 
gives greater fluidity, and a better power of expanding 
at the moment when the metal solidifies, so that the 
sharp comers of the mould are better filled. Higher 
numbers than 4, as 8, 7, 6, and 5, the white varieties, 
are seldom used in the foundry, but they may be 
converted into grey varieties by slow cooling. To 
soften a hard casting it is heated in a mixture of 
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bone ash and coal dust or sand, and allowed to cool there 
slowly. 

77. Patterns of objects are usually made in yellow 
pine, about one-eighth of an inch per foot in every direc- 
tion larger than the object is to be, because the iron 
object contracts to this extent in cooling. Prints are 
excrescences made on the patterns to show in the mould 
where certain cores are to be placed. These cores are 
made of loam or core sand in core-boxes, which the 
pattern-maker supplies ; they represent the spaces in the 
object where the melted metal is not to flow. You must 
see for yourself in a foundry what are the usual methods 
of preparing a mould; how the pattern is made so 
as to draw out easily ; how the moulder arranges his 
vents to let gases escape; how he places his gates to 
let the metal run into the mould with just enough rapidity, 
and yet without hurt to the mould You must also see 
for yourself, taking sketches in your notebook and making 
a drawing of the cupola, how the pig iron is melted 
and poured into the moulds; how Uie motdder stands 
moving an iron rod up and down in one of the gates, 
producing just so much circulation and eddying motion 
in the melted iron, as is likely to remove bubbles of gas 
which may otherwise be imable to escape from the sides 
and comers of the mould; how in some castings he 
exposes to the air certain parts which would otherwise 
cool too slowly for the rest of the object; how next 
morning he screens his sand and wets it You ought to 
observe the appearance of the castings before and after 
they are cleaned up next morning. 

78. The Cooling of Oastings. — ^The most important 
matter in connection with moulding is that there 
shall be the same amount of contraction at the same 
time in every portion of the mass of metal as it 
cools; otherwise, when finished, there may be mtemal 
strains which very much weaken the object, and often 
produce fracture. In designing the shape of an object 
which is to be cast, care is taken that when a thin 

Q 
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portion joins a thick one, it shall do so by getting 
gradually thicker, and not by an abrupt change of size. 
The thin piece exposes more surface, and cooling is 
effected through the surface. The thin rim of a 
pulley cools sooner than the arms, and becomes rigid 
sooner : when the arms cool they contract so much as some- 
times to produce fracture near the junction. In a thick 
cylindric object the outer portion becomes rigid first ; 
now, when the inner portion contracts, it tends to 
make the outer portion contract too much, and the 
outer portion prevents the inner from contracting as 
much as it ought to, so that the outer portion retains a 
compressive strain, and the inner a tensile strain. When 
a hollow cylinder is cast, and is required to withstand a 
great bursting pressure, that is, all the metal is required 
to withstand tensile stresses, it is usual to cool it from 
the inside by means of a met<il core, in which cold water 
circulates. The inside now becomes rigid firsts the 
outer portions as they solidify contract, and tend to 
make the inner portion contract more than it naturally 
would, and there is a permanent state of compres- 
sive strain in the object which materially helps it to 
resist a bursting pressure. This inequality of contrac- 
tion and production of initial strains in objects cause 
them to vary in their total bulk as compared with that of 
their patterns, but it is probable that some of this varia- 
tion is due to the fact that the contraction of grey cast 
iron is only one per cent, of its linear dimensions, 
whereas white cast iron contracts two to two and a half 
per cent. The fractional difference between size of pattern 
and the finished object varies from one-twenty-fifth of an 
inch per foot in small thin objects, to one-eighth of an 
inch per foot in heavy pipe castings and girders. As 
there is always great inequality in the rate of cooling of 
a casting near a sharp comer, internal strains may be 
expected here, and also an inequality in the nature of 
the cast iron, since the grey variety gets whiter the more 
rapidly it is cooled. In nearly all bodies are-entrant 
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corner is a place of weakness (see Art. 95), 
and is specially. to be guarded against in 
castings. Crystals of cast iron and other metals group 
themselves along lines of flow of heat When a plate or 
wire of iron or steel is rolled or pulled, the crystals become 
more longitudinal, and the wire or plate becomes stronger, 
whereas annealing allows the crystals to arrange them- 
selves laterally, and the material is weakened. Castings 
which have been rapidly cooled by being cast in an iron 
mould (painted on its inside with loam) are white, and 
very hard in those parts which lie nearest the moiild, 
whereas they are grey and strong inside. These are called 
chilled castings. When a casting is put in a box, sur- 
rounded with oxide of iron, and kept at a high temperature 
for a length of time, its sur&boe, to a depth dependent on 
the time, loses its carbon and becomes pure or wrought 
iron, which is much tougher than cast iron. The teeth 
of wheels are sometimes heated in this way. Such are 
mobUeahle castings. Melted east iron possesses the 
property of dissolving pieces of wrought iron, and is 
then said to be toughened cast won, 

79. Wrought Iron. — Cast iron is exposed to the air in 
a melted state for a long time, and the carbon is burnt out 
of it. The pig-iron really undergoes two processes, one 
called rejming, the other puddling. It is then hammered 
and rolled when hot into bars of various shapes. The 
quality of wrought iron bars as bought in the market 
varies greatly. We have common iron, used for rails, ships, 
and bridges; best, double best, and PrebU best StalSbrdshire 
iron, used for boilers and forgings generally ; Lowmoor, 
Bowling, and other good irons for the most difficult 
ioT^; and lastly, du^coal ii^n, whioh is nearly pui-e. 
Up to the temperatures of ordinary boilers, the tensile 
strength of iron is not much diminished by heating, 
but at a red heat it is very much less than in the 
cold state. By rolling and hammering when hot, iron 
gets a fibrous texture, and becomes more tenacious. 
By hammering when cold, or by long continued strains 
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of a -vibratory kind, it is thought that wrought iron 
changes its fibrous and tough for a crystallised and 
more brittle condition. This brittle condition may be 
removed by heating and slowly cooling (annealing). 
Iron wire is stronger the thinner it is. Bar iron 
is generally stronger than angle or T-iron, and this 
again than plate iron. The toughness of an iron bar is 
best shown by the contraction it undergoes before it 
breaks. The section of a veiy tough bar may contract 
as much as forty-five per cent, in area. Case ha/rdening 
of a wrought iron object is effected by heating it in a 
box with bone-dust and horn shavings. The iron absorbs 
carbon, and is partially converted into steeL 

80. Steel.-— Steel contains less carbon and impurities 
than cast iron, and thus lies intermediate between cast 
iron and wrought iron. It is produced by giving carbon 
to wrought iron, keeping the iron heated for some days 
in contact with powdered charcoal, and then hammering 
it whilst hot till it is homogeneous, or else casting it 
when melted into ingots. Steel is also produced by 
taking only a portion of the carbon from very pure 
varieties of cast iron by a puddling process such as is 
employed in the production of wrought iron, or by the 
Bessemer process. In the Bessemer process, air is forced 
into the melted cast iron for a time, and very pure white 
cast iron is then added to help in removing bubbles of 
gas. I have already told you about the tempering of 
steel. (Art. 65.) It is more fusible than wrought iron, 
and some success has been met with in the production of 
steel castings in spite of the fact that they are apt to 
contain cavities. The strength of steel is greater than 
that of any other material, and is greater as it contains 
more carbon. The properties of steel depend so much 
on so many seemingly small things, small impurities, a 
little too much heating or variation in the rate of cool- 
ing at different places, that great care must be taken in 
working it By the Bessemer and Siemens processes 
great quantities of steel are produced cheaply, contain- 



Ghi9.yin.] ALLOYS OF COPPER. 85 

ing small percentages of carbon. This steel is largely 
coming into use for locomotive rails, bridges, and ships, 
instead of wrought iron. 

81. Copper is noted for its malleability and ductility 
when both hot and cold, so that it is readily hammered 
into any shape, rolled into plates, and drawn into wires. 
When cast it usually contains many cavities, but when 
pure it may be worked up by hammering into a state of 
great strength and touglmess, whereas slight traces of 
carbon, sulphur, and other impurities necessitate its being 
refined to get rid of its brittleness. The brittleness pro- 
duoed by hammering when cold is very different, as it is re- 
movable by annealing. Copper is an expensive metal, and 
is only used now for pipes which require to be bent cold, 
for bolts and plates in places where iron would be more 
readily corroded, and for electrical purposes. Its tensile 
strength is more reduced by heating than that of iron. 

82. Brass consists of about two parts by weight 
of copper to one of zinc. It is used chiefly on 
a<)count of its fine appearance and the ease with which it 
can be worked. A little lead added in melting makes it 
much- softer. Montz metal contains more zinc than 
ordinary brass. Bronze and Oun-metal are alloys of 
copper and tin in varying proportions, more tin giving 
greater hardness. Five of copper to one of tin is the 
hardest alloy used by the engineer. A slight addition of 
zinc increases the malleability. A great many experi- 
ments have been made on bronze. Its strength depends 
very much upon the care taken in mixing the metals. 
It makes good castings, which are usually formed in cast- 
iron moulds. Hard bronze is much used for the bear- 
ings of shafts. There are also various 9oft alloys of copper 
with lead, zinc, tin, and antimony, which are used for this 
purpose. Phosphor bronze is an alloy of copper and tin, 
to which some phosphorus has been added. It bears 
re-melting (unlike gun-metal), and its properties may be 
varied at wilL It may be either strong and hard, or 
weaker but very tough. 
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SHEAR AND TWIST. 



83. LetCD (Fig. 37) be the top of a firm table, f h a 
long prism of india-rubber glued to the table, A b a flat 
piece of wood glued along the upper side of the india-rubber. 
We try in this way to apply a horizontal force to the whole 
upper surface of the india-rubber, so that i^ for instance, 
the pull in the cord is 20 lbs., and the upper surface of the 




india-rubber is 10 square inches in area, there will be a force 
of 2 lbs. per square inch acting at every part of the surface, 
and this force will be transmitted through the indiarrubber 
to the tabla When the length of tiie prism is great 
compared with z F, we may suppose that the bending in 
it is very small, and in this case we say that the india- 
rubber is being subjected to a pure aJiear strain^ and the 
force per square inch acting on its surface is also acting 
from each horizontal layer to the next and is called the 
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shear stress. If you had drawn vertical lines like y' x 
before the cord was pulled, you would now find them 
sloping like T x. Thus, making a magnified drawing of 
Y X in Fig. 38, the point y' has gone to Y, and any point 
like M has gone to n. Points touching the table cannot 
move, but the farther a point is away from this fixed 
part the further it can move. Now suppose that v' Y is 
0*01 inch, and we know that x y' is 2 inches, what is the 
amount of motion of M if MX is 1*7 inch? Evidently 
y' Y is greater than m n just in the proportion of y' x to 
HX, or 2 to 1*7, hence M N is 0*0085 inch. Thus the 
motion of any point is simply proportional to its dis- 
tance above the fixed plane, and if we know the amount 
of motion at, say a distance of one inch, we can calculate 
what it must be anywhere elsa T/ie amount of motion 
at one inch above the fixed plane is called the shear strain. 
In this case w^ have supposed the force on f G to be 
2 lbs. per square inch. Tlus is said to be the amount of 
the shear stress, aud it produces or is produced by a 
shear strain whose amount is '005 inch per inch. If 
the shear stress were 4 lbs. per square inch, you would 
find the strain to be *01, if the stress were 8 lb& per 
square inch the strain would be '02. In fact, we find 
experimentally that the stress and strain are proportional 
to one another. Thus if, instead of india-rubber, we 
had a block of tempered steel, we should find that the 
force in pounds per square inch is equal to 13,000,000 
times the strain. This number is called the modulus 
of rigidity for steel ; it is given in Table III. 

84. Exa/mple. — ^A beam of steel has one end fixed, and 
at the other is a weight of 20 tons. The cross section of 
the beam is 2 square inches in area, and the length of 
the beam is 5 inches. Besides the deflection of this 
beam due to bending, there is a certain deflection due to 
shearing ; how much is it ) Answer : the shear stress is 
10 tons, or 22,400 lbs. per square inch. This produces a 
shear strain of 22,400 ^ 13,000,000, or -00172. This 
is the amount of yielding at 1 inch from the fixed end, 
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and at 5 inches the yielding must be 5 x 00172, or 
•0086 inch. 

85. The shear stress which will produce rupture is 
not well known for any substance except cast and 
wrought iron, but the shear stress which will produce 
permanent set is flEiirly well known, and we are also 
agreed as to the ordinary working shear stress of 
materials. For wrought iron it is usually regarded 
as less than the working tensile stress; but in a single- 
riveted lap joint in boiler-plates, as the holes are 
usually punched (and this weakens the metal), and as 
rivet iron is usually of a better quality than plate, the 
cross section of the iron which is left, which is resisting 
pull, is made to have the same area as the cross sections 
of all the rivets, which, of course, resist shearing. 
Besides breaking by either a tensile or a shear stress, 
a riveted joint may give way by the rivet crushing or 
being crushed by the side of its hola Again, in many 
riveted joints, when the rivets are long, as they tend to 
contract in cooling and are prevented by the plates, 
so much tension may remain permanently in them that 
they are greatly weakened. In bolts there is usually 
a want of perfectly uniform distribution of the shear 
stress, and they are made larger than rivets in the same 
positions. 

86. In the punching of rivet-holes it is a shearing 
force which acts on the material ; the area of the curved 
side of the hole, fnultiplied by the hreakmg sheao' stress 
of tJie material per squa/re viMh, represents the force 
with which the pumch must be pressed daum on the 
plate. The punch must be able to resist this force as 
a compressive stress on its own material. Experiments 
made on punching machines show that about 24 tons 
per square inch is the average shearing force required. 
This pressure has to be exerted through a very short 
distance indeed, for as soon as fracture occurs the punch 
has to overcome no more resistance to shear. In shearing 
machines, if the entire edges of the shears coincided 
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with the plate as soon as they touched anywhere, 
there would be the same sort of effect produced; but by 
inclining the edges the shearing action does not occur 
instantaneously at every place, and the rupture being 
more gradual than in punching, the shearing resistance 
is usually from 10 to 30 per cent, lesa It is very 
probable that the power loi^t in punching and shearing 
machines is wasted rather in the friction of the heavy 
parte of the mechanism than in the almost instantaneous 
effort of cutting the material The effort required seems 
rather that of an impact (see Chap. XIX.) than of the more 
gradual action to be found in most existing machines. 
The only excuse for using such uneconomical machines 
as hydraulic bears and shears is that, although they are 
uneconomical, they may be worked by hand In the fly 
presses used for hand-punchiug, and used largely in 
coining, the idea of an impact is already in use ; it will 
come much more into use in large machines when 
engineers become better acquainted with the distinction 
between force and energy. 

87. However long we may make our block of india* 
rubber in Fig. 37, we shall still have some bending in it — 
that is, the stress will not be uniformly distributed over 
each horizontal layer. To prevent this bending effect, and 




to produce a really pure shear strain, we ought to have 
force distributed over the ends f z and o h of the same 
amount per square inch as we have now acting over 
p o and z h. These are shown in Fig. 39, where p is 
the pull in the cord of Fig. 37, p' is the equal and 
opposite force exerted by the table on the glued under, 
side of the india-rubber, and f and f' are equal and 
opposite forces distributed over the ends, such that the 
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couple F r' is able to balance the couple p p'. There can 
now be no bending moment at any place. Ab p multiplied 
by the length of the prism is the moment of the couple 
T j", and is equal to p multiplied by the vertical dimen- 
sion, we see that p distributed over' the horizontal surface 
. « is the same stress per square inch as p 

^'SffiSS^SSSaBv'^ distributed over the ends. From such a 

^^^^^Hf material then, if we cut a cubical block, A, 

^^^^^^ t Fig. 40, its horizontal faces t y and x x 

^^^^^pf / are acted upon by equal and opposite tan- 

^^^^Br gential forces, and its faces y x, y jp are 

BS^^^^^w acted upon by forces of exactly the same 

^ ^ — "* amount. The faces parallel to the paper 

Fig. 40. have no forces acting on them. This will 

give you the best idea of pure shear stress. 

The material in Fig. 37 near the ends of the block does 

not get a pure shear, but if the block is very long, then 

at the mid^e there is a nearly pure shear acting. 

In Fig.. 40 the cube n tt y* x has become x y y a?. 
Suppose the side of this cube to be 1 inch, then y^ y is the 
shear strain, which I shall call «. The tangential force 
distributed over y y ia p lb., let us say. Then if we 
denote by the letter n the modulus of the rigidity of the 
material, 

P = V 8, 

88. Nature of Shear Strain. — ^Now when ^ moves to 
y, the diagonal x p' becomes extended to x y. Its 
original length was Vi (the diagonal of a square whose 

side is 1) and its new length is v's + -j-, as we see very 

easily. Hence the diagonal x ff', and all lines parallel to 
this diagonal, have a tensile strain, whose amount is 

ori^^th ^'^ 7i "^^^ and this is J. Again, in the 

same way we find that the diagonal y' «, and all lines parallel 

to it, have a compresnve strain whose amount is ^. Thus 

it has become quite clear that a pure shear 
strain simply consists of a compressive 
strain in one direction, accompanied by a 
tensile strain in the perpendicular direc- 
tion, these strains being each half the 
shear strain. Now when we have -a compressive or 
tensile strain we know that there is compressive or tensile 
stress which produces it; let us find how much this is. 
Consider a small right-angled prism of material, shown in 
Fig. 40, ol which m p x. Fig. 41, is the magnified cross 
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Boction. Make m f, say 1 inch, m x the same, and let the 
length of the prism at right angles to the paper he also 
1 inch. Neglecting its own weight, this prism is kept at 
rest hy the matter outside it acting on its three faces. Face 
X F is pushed hy a normal 
force of y Ih. per square inch, 
and as its area is just 1 square 
inch, the total push is p' Ih. 
Similarly the face m k is pulled 
hy a normal force of p' Ih. 
And also the face f k is acted 
on hy tangential forces of p Ih. 
per square inch, and as its area 
IB V> square inch, the total 
amount of shearing force act- 
ing on F K is jp Vj Ih. Now 

when three forces keep a hody in equilihriumj and two of 
them are at right angles, the sum of their squares is equal 
to the square of the third force (this is easily seen if we 
draw the triangle of forces), hence the square oi pV^ 
which is 2 p*, is equal to p'^ -{• p*^ ot 2 p*\ Hence p-=p'y 
and we have proved that the compressive and 
tensile stresses which occur in pure shear 
■train are numerically equal to what we 
called the shear stress. 

89. One other proof, and I shall leave these interesting 
theoretical considerations. Suppose we cut a cuhe, a b c d. 
Fig. 42, of one inch side from a material suhjected to pure 
shear strain, and let the faces of the cuhe parallel to the 
paper have, as hef ore, no stress upon them, the other faces 
heing at right angles to the directions of compression and 
extension. Shear occurs parallel to the face Ac; let us con- 
sider the motion of the point d relative to a c ; in fact, 
regard a c as fixed. Under the sole action of the pushes on 
A D and B we know that the side d c shortens hy the small 
amount p a (see Art. 54). Let us set this off from d to m. But 
when this occurs the side a d lengthens hy the amount ph ; 
set this ofi from m to d'. Hence the pushing forces on a d 
and B c cause d to move to d'. Again, the pulliog forces 
on D and a b further lengthen a d hy the distance p a, 
which we set off from \/ to l, ar i shorten d o hy the 
distance p b, which we set off froi i l to d". Hence the 
motion of d due to the pulls and p'^es acting together is 
D d''. and we see that this is 



(d M 4- 1' d'O V» or (« + ^ i? V» • 
But 8 the amount of shear is d d'' -f- 1> o, and as d o 
inch and a d is one inch, we have 
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f = (« + b) i> Vi -^ ;J- or 2i> (a + b) 
That iB, thior §tram = tkemt 9tr$9i mnUiplifd kff S (• -|- 4- 



1%. tf. 

So that the reciprocal of 2 {a -{• b) it what we catted K, the 
modnlns of rigidity of the material. 

90. Oeneral Besults. — Referring back to Arts. 64 and 
65, you will see that we have 

Modulus of rigidity . . , k = 27~+T> 
ModoluaofeUu^dtyofbolk • . = ^^ 
Young's modulus of elasticity . b = - 

and you will also see that if we know two of these for any 
material we can find the third. 

Some French mathematicians have thought that the 
ratio of a to d, and therefore the ratios of v, x and b to one 
another, are constant for isotropic substances; a being 
always four times b. Experiment has shown that this is 
not itte case, the ratio of a to 6 being 3 to 2*6 in glass or 
brass, 3*3 in iron, 4*4 to 2*2 in copper, and in other sub- 
stances Tarying from these values very much indeed. 

Just as Young's modulus is seldom found from experi- 
ments on the extension of wires, but rather from the 
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91. Twisting. — In Fig, 43, a b represents a wire held 
firmly at a. At b there is a pulley fixed firmly to the 
'wire, and this pulley is 
acted upon by two corde, 
which tend to turn it 
without moving its cen- 
tre sideways. In fact, 
they act on Hie pulley 
with a turning moment 
merely. But the pulley 
can only turn by giving 
a twist to the wire, and 
the amount of motion it 
gets tells us how much 
the twist ia A little 
pointer fastened at o 
moves over a cardboard 
dial, and tells as accu- 
rately how much twist is 
given to the wire. The , 
angle turned through by ' 
the pointer is called the 
anffU of tvmt at a If 
we had a pointer at each 
of the places G, H, and o, 
and if A, Q, H, and c were 
one foot apart from one 
another, we should find rtf. ia, 

that the angles of twist 

at o, H, and o are as 1 ; 2 : 3 ; in fact, the angle of iwigl 
ia proporfional to the length qfmra twUted. 

You will find that if a twisting moment of 10 pound- 
feet produces a twist of 4°, then a twisting moment of 
20 pound-feet produces a twist of 8°, ai-d, in fact, 
UiB twiat ia proportional to the ttoiatin^ moment which 
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is applied. Ton will also find that if you try different 
sizes of wire of the same material, say wires whose 
diameters are in the proportion of 1, 2, 3, &c., and to 
each of them you apply the same twisting moment, the 
amount of twist produced in them will be in the propor- 
tion ly j^» 3][> <&c. ; that is, inversely as Ihe fowrth 

power of the diameter of the wvre. Lastly, taking wires 
all of the same diameters and lengths, but of different 
nuiterials, and applying to them the same twisting 
moment, the amount of twist will he inversely propor- 
tional to the number which we caU tlie modulus of rigidity 
of the material. (See Arfc. 87, and Table IIL) The exact 
rule found experimentally is this : — ^To find the angle of 
twist in a brass wire 20 inches long, O'l inch diameter, 
when a twisting moment of 4 pound-inches is appHed, 
multiply 4 by 20, and by a constant number 583*6 ; 
divide by the modulus of rigidity, for brass 3,440,000, 
and by the fourth power of •!, which is '0001, and we 
get the angle of twist 135*7 degrees. 

It will be seen that the strain is a shear strain. 

Consider h H g (Fig. 44) to be a 
cross section of the wire; then a 
point which is at H before the 
twist occurs is found to be at G 
when there is a twist in the wire, 
and a point such as p' moves to P, 
but a point o in the centre of the 

wire does not move. Now there is 

Fig. 44 ^o such motion at the fixed place a. 

Fig. 43, and in each section there 
is more of this motion the farther it i» away from 
A ; in fact, the motion is just as it was in the india- 
rubber of Fig. 37, only that it varies in the section, the 
motion being greatest at the outside of the wire, and 
nothing at the centre. The material breaks when the 
shear stress at the surface becomes too great, and the 
rule found by experiment is that for any material, what- 
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TWISTING OF A BOtTSD SHAFT. 



ever the length of the wire, the twintiag momeiLt which 
will cause rupture is proportional to Uie cube of the 
diameter. It is well known that when a shaft ia trans- 
mitting power, tLe horse-power transmitted is propoi^ 
tional to the twisting moment or torque in the ^laft 
multiplied by the number of revolutions made by it per 
minute. The rule oaed by engineers is this:— Divide 
the iuiree-power by the number of revolutions per mimUe, 
and extract the cube root ; multiply this result by 4, 
and we have the ea/e diameter for a vmyught-iron, shaft. 
We use the number 34 if it ia a steel shaftr 

9X CoDsider s little primi, p b (Fig. 46), whose ends lie 
in two crODa Bectiona oi a ahoft near togatjier, o being tha 
centra of one of the BectionB, and o' the centre of the other. 
The twisting strain causes b to move to B*, regarding p aa 
fixed. (The motion is, of coune, usually verj mudi leu 
than I hare here shown 
it.) There most thea 
be ahesfins forces acting 
on the enOE in opposite ^ 
directions. If t ta the 
uiete of twltt of the 
^Mit pet inch of ita 
lengtb, then b o' b* is t 
mnltijjied bj o o', and 

bb' ia r.T.oo', where t 
is on angle measured in 
radiaoa (see Angle, in 
OLOaaABT). The shear ' 
strain in tJie little prism 
is u b' divided by F B 
or o', ao that it is r t, 
hence the shear stress is 
H r T (see Art. S3). If 
• ia the area of the 
cod of tha little prism i^ 



Tl«.4!l. 



n square inches, the shear f oroa 
ind as this acts in the direction 
t right angles to the radius, its moment about o o' is 
Kr'To. But we have a similar moment for every such 
little BT«a into which the aross section may be divided, 
and to And the total torque we must take the anm of all 
•nch tenn*. Now n and t are the same everywhere, ao 
that in taidng such a sum our only difficulty is with the 
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factors r* a. But the sum of all such terms as f* is called 
the moment of inertia of the section about the axis o 0', and 
it has been calculated for us. Thus, if d is the diameter of 
a round shaft, the moment of inertia of its section about an 
axis through its centre at right angles to the section is 
T D^ -T- 32, and for a hollow shaft whose outside diameter 
is D and inside diameter ct, the moment of inertia is 
w ij>^—d^) -T- 32, and hence we see that the moment m 
neceflsary to produce a twist of t radians per inch in a 
round shaft of diameter d m 

ii = irNT D*-A. 32 (1), 

and for a hollow shaft it is 

M = fr N T (D*-rf*) 4- 32. 

Of course, one radian per inch is the same as 57^*2958 per 
inch. 

93. The Btren^^ of a shaft is to be calculated on the 
assumption that rupture occurs when the shear stresisi 
NTT mentioned above exceeds the greatest shearing 
stress to which the material ought to be subjected, and this 
occurs when r is the outer radius of the shaft or ^ ^ ; that 
is, when/=^ n d t. But from equation (1) we find that 
NT is 32 M -T- IT D*, and hence /= in x 32 m -r- ir d^, and 
this is the condition of strength of a cylindric shsift. It is 
more compactly put in the form — 

K =^^ for 8oUd cylindric Bhafte, 

and in the same way we get 

M = ^ \qj^ for hollow cylindric shafts, 

/being the breaking shear stress of the material in pounds 
per square inch, m the twisting moment in pound-inches 
which will cause rupture, d the outer diameter, and d the 
inner diameter (if the shaft is hollow) in inches. 

We see then that the strength of a solid shaft depends 
on the cube of its diameter, whereas its stifEness depends 
on the fourth power of its diameter. 

94. The above demonstration is found to agree with 
experiment, but its results must not be applied except to 
shafts which are circular in section. Our assumption, 
which experience warranted, was that when such a shaft 
as A B, Eig. 46, is fixed at b, and when to an arm, c d, a 
twisting couple is applied, every straight line in a 
section remains straight and moves through 
the same angle as every other line. But it 
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con 1)6 shown that this is not the case for a ahaFt of any 
other than a circular sectian. Thus, let o (Fig. 47), be the 
centre of gravity of the 
Motion FOB, and let us 
suppose that a shaft of 
this section is subjected 
to the sort of strain I 
have described. The 



Pig. M. Fig. i7. 

shear strun at the point f is in the direction r g. perpen- 
dicular to o p. Let its amount, which we know to be of k 
angle of twist, be represented by the length of p k. It is 
easy to show thut this is just the same M a sheav atrain, f n, 
in Uie direction p n, normal to the surface of the shaft at 
p, tt^Uier with a shear straia in the direotion p t, tan- 
gential to the shaft at f. But ihear strain in anj 



Fig. 48. 

direction is always accompanied by a similar strain in a 
plane at right angles to this direction (see Art. 87), so that 
since we have the shear p », we mnst also have a shear 
parallel to the axis of tbe piism along the surface at f, and 
tliis cannot be prodnced merely by a twisting moraent. 
We must imagine that along with the twisting moment 
there is a force distributed over the surface of the shaft to 
produce the above efEects. The result of an exact investi- 
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gation is that a twietinr couple 
greater twigt than might apprar f 
aaidin Art 62, and it also producer 



am what I have 
a warping 
^ of the naturslly 

y^ plane .ections of 

the shaft. Thua Fig. 

I 48iBtheBhapeaasnniedby 
1 each section of an elliptic 
I shaft, and Fig. 49 of a 
I Bquare shaft. Imagine a 
f section to be distingiiieh- 
' able, say in a glass shaft, 
by a thin layer of a 
difForent colour from the 
rest. Deeper shading in- 
dicates greater dietuice 
from the obserrer who 
is looking towards the 
fixed end of the shaft. 
The arrows show the 
Fig. »». ^^ direction of the twisting 

moment In the follow- 
ing three sections, ioBtead of the torque for a twist 
of one radian heing equal to h ttmea the moment of 
inertia of the cross section, it is only -84 times this for 
a sqnare Be<;tioa (Fi^. 50), -64 times it for the section 
Fig. 51, and -6 times it for the section Fig. 62. Indeed, the 
square section has only "SS times the torsional rigidity of a 
cylindric ehaft of the same sectional area ; Fig- 6 1 has -67 
times, and Fig. £2 has '73 times the torsion^ rigidity <^ 
a cylindric shaft of 
the same sectional B 

tereating reaalt of ^ 
the investigation is ^ 
tliBt there is always M 
greateat distortion ^ 
at that part of tlie Fi;. so. Fig. si. 

gnifMa of a shaft 

(if it has not a circular section) where the surface 
is nearMt the azis. Thug, in an elliptic shaft the sub- 
stance is meet strained at the ends of the shorter 
diameter of the section. Imagine a very light box to 
he made so as to contain frictionless liquid, exactly of the 
shape of a ehaft. If we give a sudden turn to the box 
aboat the axis, the liqnid will be loft behind if the box 
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Fig. 52. 



is circular in section, and it will have motions relatively to 
the box which can very readily be imagined if the shaft ia 
not drcalar in section. Now the actual velocity of the 
liquid at any place relatively to the box 
is in the same direction as, and is propor- 
tional to, the shear in a similar shaft 
when it is twisted ; this has been proved 
by Sir William Thomson. You will see 
from this that there is very little strain 
at the projecting ribs of the shaft, 
whose section is shown in Fig. 61 and 
just at the projecting angles of Figs. 50 
and 52. This reminds me of a general remark which I have 
to make, and which I must leave without proof. A solid 

of any elastic substance cannot expe- 
rience any finite stress or strain in the 
neighbourhood of a projecting point, 
xmless acted on by outside forces just 
at the point. In the neighbourhood of 
an edge it may have strain only in 
the direction of the edge, and generally 
there will be exceedingly great strain 
and stresses at any re-entrant edges or angles. An im- 
portant application of the last part of the statement is the 
well-known practical rule, that every 
re-entering edge or angle 
ought to be rounded to pre- 
vent risk of rupture in solid 
pieces designed to bear stress. 
An illustration of the principle is the 
stress at the centre of the circular 
outline in the three sections of shafts, 
Figs. 63, 54, and 65. In Fig. 63 at 





Fig. 54 



o there is no stress 
when the shaft is twisted ; in Fig. 54 
the stress may be calculated ; in 
Fig. 55 the stress is exceedingly great 
for even the smallest twist. 

96.* To show that the elastic 
strength (that is, the stress to which a 
material may be subjected before it 
will begin to take a permanent set) of 
Fig. 55. materials possessing ductility, like or- 

dinary metals, may vary to a great extent according 
to the state of strain which exists in the materials when 

* This paragraph is an abstract of a paper published by Professor 
James Thomson in the Cambridge and Dublin Mathefnatical Journal, 
November, 1848. - 
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no external loads are applied to them, let ns taJce a 
round bar of wrought iron perfectly annealed so that it 
has no internal strains when unloaded. Now let it he 
twisted until the outer portions get permanent set, and 
continue the twisting process untU each portion of the 
material, from circumference to centre, is strained beyond 
the limits of elasticity. When this is the case, the stress 
at every place is the -same as at every other, and it is easy 
to prove that the total resultant couple or torque of resist- 
ance at a section is one-third greater than it was when only 
the outer portions had acquired this stress. If now the 
twisting load be removed, it will be found that the outer 
parts of the bar are subjected to negative strain, and the 
inside to positive strain. If now the bar be .subjected to 
any twisting load less than that which we removed, and in 
the same direction, it will undergo no further change, will 
exhibit no further permanent set, and yet this load may 
be greater than the load which originally produced a per- 
manent set. It will, however, be found that half this 
load, if it twists the bar in the opposite direction, will 
produce permanent set. In fact, the bar in its new 
state has twice as much elastic strength to 
resist torsion in the one direction as in 
the other. It has two limits of elasticity for opposite 
kinds of twisting loads, and, if we are to avoid a new 
permanent set, we must take care that our twisting loads 
do not exceed these limits. Similar principles operate in 
regard to beams, and in general the effects are more ob- 
servable than in shafts subjected to torsion. We can in 
this way explain why it is that a new beam or shaft takes 
a permanent set with even small loads, 
since the process of manufacture may have given to portions 
of the material certain strains which they retain when the 
beam or shaft is unloaded externally. 

97. A shaft is usually subjected to both bending and 
torsion at the same tima The bending is due to its own 
weight, the weight of pulleys and wheels, and their 
driving forces. In a crank shaft it is of especial import- 
ance to consider the combined effect, but in ordinary 
shafting it may be neglected, for the reason that in 
designing a long line of ordinary shafting we really pay 
more attention to stiffness than to strengtL Thus it 
will be found that the practical rule given in Art 91 allows 
a cGtoiderable margin of safety as far as mere strength to 
resist torsion is concerned. In a long line of shafting, if 
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the power is given off at various places with some 
irregularity, it may even become evident to the eye that 
the shaft is perpetually twisting and untwisting, for of 
course the twist is proportional to the horse-power trans- 
mitted if the speed is constant. When this is the case, 
although the shaft may be strong enough, 
it is not stiff enough. A very long shaft some- 
times gets into a state of torsional vibration just in the 
same way that the cage-rope of a coal-mine gets into a 
state of longitudinal vibration, due to this want of stiff- 
ness. The nature of this vibration will depend on acci- 
dental causes, and should the impulses that give rise to it 
happen to repeat themselves at proper intervals, the vibra- 
tion may go on increasing until the torsion at some place 
may be saificient to produce rupture. In the same way 
a number of men walking from side to side of a large 
ship, just taking as much time in going from one side to 
the other as the ship takes 4)0 make a vibration, may 
make the rolling dangerous. 



CHAPTER X. 

BENDING. 

98. In Fig. 56 c D is a. beam canying a weight. We 
know that the beam transmits the weight to the walls, and 
that in doing so the 
beam is kept in a 
strained condition; 
we must consider 
what is the state of 
strain in the beam. 
To observe this it 
will be well to take 
a beam which is very Pig. so, 

visibly strained, a 

beam of india-rubber. A B is its appearance when 
lying on the table, and you draw upon it a number 
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of parallel lines in chalk or pencil, a h, c d, e f, <bc. 
Now if you support the beam at its two ends, and 
load it, jou will find that the lines a 5, c dj <&a, 
remain straight, but they ai*e no longer parallel You 
will find the distance a' c' to be less than a c, but 
h' d ia greater than h d. In fact, a' c' is compressed, 
h' d is extended. You will find also that along the line 
E F there is neither compression nor extension, e' p' 
remains of its old lengtl^ although it is no longer 
straight. If you consider each cross section of such 
a beam you will see that the upper part of it 
is in compression, the lower part of it 
is in extension, and there is a place in 
the middle where there is neither com- 
pression nor extension. Fig. 57 is an 
exaggerated drawing of the small portion of 
the beam between two such cross sections. 
a c dh shows -its original shape, ac' d'hh& 
its shape when strained. Evidently there is 
more compression at a c' than at I fn\ The 
f compression becomes less and less as we come 
nearer oh, then the extension begins and 
, becomes greater and greater as we get farther 
'^'°^ away from a h until we get to b d\ where it 
Fig. 57. is greatest If the material is likely to break 
in compression it will be most likely to break 
at a c\ If it is likely to break in tension it will be 
most likely to break at h d\ 

99. If we know the tension or compression at any place, 
such as t' or m', we can calculate what it is at any other 
place, for ilie strain is evidently proportional to tlie dis- 
tance from the middle. Thus if at c' there is a compres- 
sive strain of *002, that is, there is a compression of *002 
foot for every foot in length, then half-way between H 
and </ there is only a strain of OOl. There is the same 
strain at the same distance below h, but it is now an 
extension. The material resists being strained in this 
way, and the pushing and pulling forces which it 
exerts at the section c' d\ Fig. 56, are just the forces 
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required to balance all the other forces acting on the 
part e" D f" T (f . 

100. Ab c' d t (f IE a body kept at rest by forces, and 
which is no longer altering in shape, it is to be regarded as a 
rigid body.* Now what are the laws under which it is kept 
at rest) The forces acting on it must satisfy two conditions; 
Ist, they ought to balance, if they all be regarded as act- 
ing at one point ; 2nd, their turning momenta about any 
point must balance. It is this second condition which is 
more important just now ; the turning moments of all 
the pushing and pulling forces on section e' d' about any 
point, and it is convenient to take H as this point, must 
balance the turning 
momenta of all other 
forces applied to 
c' D T (f. Now we 
know what these 
other forces are ; they 
are the weight w, the 
weight of c' D T (f 
itself, and the support- 
ing force at T ; their 
resultant moment is 
called the bending 
moment at H. You 
will generally find 
that tlie forces acting 
on the section are not 
aU mere pushing and 

pulling forces. Thus in the model, Fig, 58, which shows 
a beam fixed at one end and loaded at the other ; part of 
the material has been removed, and instead of it we have 
inserted a chain or link A, which is only capable of exerting 

* In boolcs on mecluuiio yon mxj htve leod mncfa Bbont ri^d bodie* 
•ind ths Uwa of their eqailibriam, and jon may have thought that 
■nch bodies had uo exiatenoe ; bat you must Temember that we can 
regud a quantity of water, or t, piooe of iteel apring, or a rope, aa a 
rigid body for the time being. It it U being aet«d on by forcei, and ii 
ne Umt/P" Aanging if ihape. 
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a pull, and a rod b, which is only capable of exerting a 
push. It is found that two such forces acting on M N o f 
are not sufficient to keep it at rest; we also need an upward 
force at ic, which is equal to the weight w, together with 
the weight of M N o F itsell We see then that at such a 
section as M F of a beam we need pulling and pushing forces, 
but also to satisfy the first condition given above we need 
what is called a shearing force at h f. At h f the bend- 
ing moment is w x o F, together with the weight of 
M N o F X the distance of its centre of gravity from m f. 
This is to be balanced by the pull in the chain A or the 
push in the rod B, for these are equal, multiplied by the 
distance between their lines of action. If a beam is long, 
the shearing force exerted by the material at a section of 
the beam is usually not so important as the pushing and 
pulling forces, and in many cases it is neglected When 

a beam is very 
short the shear- 
ing force becomes 
more important. 
101. We will 
now take a case in which there is only bending moment 
to be balanced by the material at a section. Let A b 
(Fig. 59) be a strip of wood or metal originally straight, 
whose weight we shall neglect Fix or solder to the ends 
stout pieces of metal, and by means of cords and weights, or 
in any other way, exert couples on _ c 
these ends, as shown. Consider ^-., ^ 
now the equilibrium of any por- 
tion, say c D B (Fig. 60). At ^ 
the section c D we know that 
pulling and pushing forces must be exerted by the 
material which exists at the left of c d on the material 
which exists at the right of c D, and the moments of 
these just balance the moment of the forces F and 
f, and this is evidently the same at any section of 
the strip. The bending moment at any section is then 
the moment of the couple acting at either end. Let 
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US suppose this to be 20 pound-inches. Magnifying the 
section c D, as in Fig. 61, and representing the amounts 
of the pulling and pushing stresses by arrows, we see that 
as the siLin of all the forces one way must be 



»-«- 



n-*- 



equal to the sum of all the forces acting the 

other way, and as the stress at each place is 

proportional to distance from o, the part 

where there is no stress is a line through o at 

right angles to the paper (called the neutral 

ain8)j and this must pass through the centre of 

gravity of the section. 

102. One has an instinctiye feeling that this 
.mx^t be true, but it is difScult to prove it 
witiiout algebra. If p lbs. is the tensile stress 
per square inch at the distance one inch .r 
above o (or rather the line through o at right Jt - 
angles to the paper), then at the distance x 
inches above o the tensile stress is j? a; lbs., ^^* ^ 
and at the same distance beneafh o there 
is a compressive stress of p x lbs. If each little strip 
of area is multiplied by the pressure upon it per square 
inch, the sum of all the tensile forces ought to be equal to 
the sum of all the compressive forces. Thus, if a square 
inches is a very small area at the distance x inches from o, 
then the sum of all such terms BAp x a for places above 
o ought to be equal to the same sum for places beneath o. 
Hence, as j? is a constant multiplier, the sum of all such 
terms as jc a for places above o ought to be equal to what it 
is for places beneath o. But this is neither more nor less 
than saying that the centre of gravity is neither above nor 
beneath o. In fact, the line through o at right angles 
to the paper, that is, the neutral axis of the 
section, passes through the centre of 
gravity of the section. 

108. Now the force on any little portion of area is 
proportional to its distance above or beneath o, and 
hence the turning moment of this force about o is 
proportional to the square of this distance, but if every 
little a/rea of a section ia multiplied by the square of its 
distcmcs from the neutral aoois and the results added 
together, we get what is called the moment of inertia of 
the section, hence t/ie bending moment at a section is equal 
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to t^ie stress at one inch from o multiplied hy ths momeM 
of inertia of the section^ if all distances are in inches* 

The moment of the force p x a which acts on the area a 
about the neutral axis of the section i%p x a x x, or p x^ a, 
and the snm of all such terms for the section is p multiplied 
by the moment of inertia of the section. Hence, suppose 
we know the bending moment m at a section, and the 
moment of inertia i of the section, about the neutral line 
through its centre of gravity, then m -r i is the stress 

at one inch from the neutral line. If the 
extreme edge of the section is y inches from 

the neutral line, then y ^ is the greatest 

stress there, and must not exceed the break- 
ing stress of the material. 1 4- y has been 
calculated for a great number of sections of 
beams, and it is (^led the stzeng^ modulus 
of the section. The bending moment 
at a section divided by the strength 
modulus must /lot exceed the breaking stress of 
the materiaL The strength modulus for a rectangular 
section is^btP where b is breadth and d depth of the section. 
For a circular section the strength modulus is *0982 tfl it d 

is its diameter. For a hollow circular section it is *0982 

if D is outside and d inside diameter. The strength modulus 
is exactly the same for a hollow rectangle 
(Fig. 62) as for the section (Fig. 63), being 
B D*— b d* 




6d 



where b and b aro the outside and 







inside breadths, and n d the outside and inside | 

depths, of the rectangles forming the section.* i 

For a given amount of material we have the 

best arrangement for strength in either the 

Z form, or hollow rectangle, since here the ma- ^Us* 63. 

terial is found where most required, namely, in 

the top and bottom members, thus giving a greater moment 

of inertia than if collected near the neutral line. 

104. If, then, we would know what is the amount 
of the stress everywhere in a section, it is necessary 
to find the stress at one inch from o by dividing the 
bending moment at the section by the moment of 

* A list of these strength moduli will be found in Frof . Unwin'i 
** Elements of Machine Design.** 
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inertia of the section. Fortunately this moment of 
inertia has been calculated for us in several cases. To 
find it, if ike section is rectangular, multiply one-twelfth 
of ike breadth hy ike ciibe of tlte depth ; if the section 
is circular, multiply tlie fourth power of the diameter hy 
0*0491. To take a numerical case, suppose the bending 
moment to be 8,000 pound-inches at the rectangular 
section of a beam whose breadth is 2 inches and depth 
3 inches, the moment of inertia is 2x3x3x3-rl2, or 
4*6, hence the stress at one inch from the middle of 
the depth would be 8,000 -;- 4*6, or 1,778 lbs. per square 
inch ; and the stress at the top or bottom surfaces, 
which are 1*5 inch from the middle of the section is 
1,778 X 1*5, or 2,667 lbs. per square inch; in one case 
being a tensile, and in the other a compressive stress. 
If the section of the beam is such that the centre of 
gravity and neutral line are nearer the bottom than the 
top, then at the bottom there never can be as great 
a stress as at the top. Sometimes a material is such 
that it can bear much more compressive than tensile 
stress — cast iron, for instance. In the case of cast iron 
the section is made so that the centre of gravity is nearer 
the edge which is to be subjected to tension, in order 
that the tensile stress may never be so great as the 
greatest compressive stress. (See B, Fig. 69,) 

105. In Fig. 59 the neutral line which passes through 
the middle of every section, being neither extended 
nor compressed, is of the original length of the strip. 
Suppose it to be 1 foot long. When the beam is bent 
as in the figure, A B becomes longer than this, and a b 
shorter, yet their ends are in the same planes A a and b &. 
Thus tibe strip may be considered as a bundle of fibres 
lying in arcs of circles which have the same centre and 
subtend the same angle at that centre. If we know their 
relative lengths we can tell where the centre of the 
circle is. Now we know the stress per square inch on a 
cei*tain fibre, and* we know its original length, hence we 
can calculate its present length (see Arts. 49 and 51), 
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and its length is to the length of the neutral fibre as 
its radius is to that of the neutral fibre. In this way 
we find that the radius of the netUrcU fibre is numeri- 
caMy equal to the modulvs of elasticity of the material 
multiplied by the moment of inertia of the section, and 
divided by t/ie bending nuyment <U the section. 

- is the stress at one inch from the axis (see Art. 103), 

and a fibre all along the rod at one inch from the axis is 
extended proportionally to this stress. Its old length was 

one foot, therefore its extension of length is j -h e, a 

fraction of a foot (see Art. 49), if s is the modulus of 
elasticity of the material. Every fibre forms the arc of a 
circle. Now let r inches be the radius of the circle formed 
by the middle fibre, which is not strained, then r + 1 inch 
is the radius of the fibre we have been considering, and as 
their ends are in the same radii, we know that the lengths 
of the fibres are proportional to their radii The length of 
the unstrained fibre is 1 foot, and that of the extended one is 

1 -f — feet, hence 

r : r + 1 : : 1 : 1 + ? , 

from which we find that r = — , the rule g^ven above. But 

it is sometimes more convenient to put it in the form 

Ms=— , or M = Bi X curvature of the strip, rod, or beam. 

(See Glossaby for definition of Curvature.) Now if the 
strip in its natural unstrained condition had been curved, 
instead of being straight, you would have found in exactly 
the same way that m = b i x change of curvature, or 

M = B I (- ), if r. was the radius of curvature of the 

strip at any place when unstrained, and r is its present 
radius of curvature. 

Example, — A straight strip of tempered steel, 07 
inch broad, 0*1 inch thick (this represents the depth of a 
beam), is subjected to a bending moment of 100 pound- 
inches : find its radius of curvature. Answer : the 
moment of inertia of the section is 0*7 x •! x •! x •! -f 12, 
or '0000583. The modulus of elasticity of steel is, say 
36,000,000, and 36,000,000 x -0000583 4- 100 gives 21 
inches for the radius of curvature of the bent strip. 
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106. Elastio Cnrve. — If you take a straight uniform 
strip of steel and subject it to two equal and opposite 






CO 





4 



forces in the same straight line, the strip will assume one 
of the forms shown in Fig. 64, which all go under a 
common name — the elastic cwrve. Now consider the part 
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p B, Fig. 64 a. Neglecting its own weight, it is acted on 
by a force F at B, and at p there must be a force or forces 
to produce balance. There is a force at P tending to com- 
press the steel, but what is of more importance is the fact 
that F produces a bending moment at p, and the amount 
of it is the force x the distance p k. Now our strip is 
everywhere of the same material and section, and the 
only thing that can alter is its radius of curvature. 
This radius of curvature at any place we know to be 
greater when the bending moment is less, and less when 
the bending moment is greater ; in fact, the radius 
of curvature is inversely proportional 
to the bending moment, and this really comes 
to the fact that the radius of curvature at any place p is 
inversely proportional to the distance p k. 

r = — , or ——y if p is the force acting at b. Now e i 

and F do not alter, and hence r x p k ^ some constant 
number. 

You can obtain the shapes shown in Fig. 64 in two 
ways ; first, by taking a straight strip of steel and per- 
forming the operation ; secondly, by drawing the curves 
in a series of arcs of circles. Suppose we have calculated, 
as in the above example, that tJie modulus of elasticity 
of the material multiplied by the moment of inertia of 
its cross-section is, say, 200, and suppose we know that 
the force acting at B is 10 lbs., then we know that the 

radius of curvature at P is equal to 

""Sn. Q 200 divided by the bending moment 

/i/N at P> which is 10 X p K. In fact, the 

A//f1 radius of curvature at P is equal to 

yyc..^^ 20 divided by p k. Choose now in 

Fig. 65 the point c as the middle 

0/^ point in the strip. Suppose c d to 

be 4 inches, then the radius here 
is 5 inches. Take c o = 5 inches, and with o as centre 
describe a small arc, c e. Join e o and produce it. 
Now at E measure e f, and suppose you find it 3*4 
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inches; divide 20 by 3*4, and we get 6-88 inches, 
and set this new. radius off from E to o'. Take o' 
as a new centre, and describe the short arc e g of any 
convenient small length, and in this way proceed until 
the curve is finished. This is not a very accurate 
method of . drawing the curve unless the arcs are 
very short, and small errors are apt to have magnified 
evil effects, but I know of no better exercise to im- 
press upon you the connection between radius of 
curvature of a strip and the bending moment which 
produces it. You are therefore supposed to have 
actually drawn one such curve at least before pro- 
ceeding with your study of this subject. 

107. Parts of these curves happen to be the shape 
taken by liquids, because of their capillary 
action, between two solid plates. They are 
also the shapes of the arches which are best 
fitted to withstand fluid pressure Thus, 
for instance, in Fig. 66 the curved water 
from u to N is of the shape of the curve 
Pig. 64 e, from M to n, the free water level 
being the line A b ; and in Fig. 67 the jig. ee. 
middle line of the joints of the arch H to 
H is the same curve inverted. The water, whose pressure 

,^ . it resists, has as free 

PS^^^^^^^^P^^^^"^ water level the line ab. 



^^ ^ 108. When a strip 
^E^^=j^ of elastic material is 
EE^ bent, it not only alters 
■j=ii; its shape in the well- 
^^ known way, but it alters 
triir the form of its cross- 
pj g_ section. On the convex 

side of the strip the 
breadth becomes concave, and on the concave side 
of the strip the breadth becomes convex. It is very 
easy to try this for yourself on a broad strip of steel or a 
bar of india-rubber. These saddle shapes of the surfaces 
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are due to the fact that when each fibre is pulled it gets 
thinner as well as longer (see Art. 56), and when it is 
pushed it sets broader as well as shorter, and it is very 
curious th^ this action should not interfere perceptibly 
with the laws of bending as I have given them to you. 

108a. It may now "be interesting to consider the relation 
between bending and twisting. We have seen (Art. 105) 
that a coaple, m, applied to produce bending gives a 

cnrvature ^. Now i, the moment of inertia of a drcular 

section about a diameter, is ^^, hence the curvature la 

^ -t- ^^. "We have also proved (Art. 92) that a couple, m, 

applied to produce twisting in a cylindric shaft, gives an 

angle of twist ^ ^ ~*. 

Kow, if, in the above cases, the bending and twisting 
couples are equal, we have (see Art. 90) — 

Angle of Twist _> _5. __ _1 .i. 1 __ o-l-b ^i • jL 
Curvature ""2»~"2o * 2(a+b) ~* a ~ "^ a' 

Experiment shows that for isotropic substances the ratio 

— lies between o and -7. Hence, ^ is always greater than' 

unity. Therefore, twist must always exceed bending when 
the couples producing them are equal. 



CHAPTER XI. 

B£AMS. 

109. To be able to calculate the state of strain of 
a beam it is necessary to know all the forces acting on 
it from the outside ; these are the loads, which 
include the weight of the beam, and the supporting 
iorcea at its ends. If we know the loads, it is easy to 
calculate the supporting forces when a beam is sup- 
ported at the ends. The load may be concentrated 
kt one or more points, or it mly be distributed 
uniformly over the whole or part of the beam. 
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It may be a dead load or a live load. A dead load 
is one whicH has been applied very gradually, and 
remains pretty much the same for a long time ; a live 
load is one which has been more or less suddenly applied. 
Given the loads, we are always able to determine the 
supporting forces if there are only two, either by the 
ordinary rules of mechanics or by the graphic method 
described in Art. 143. When we know the necessary 
supporting forces at the ends of a beam, we can take 
care that there are suitable means of support for the 
beam. 

110. Methods of Supporting Beams. — In practice, 
whenever it is possible, the ends of abeam are not merely 
supported, but they are fixed by being built into brick- 
work or masonry, for it is known that fixing the ends 
strengthens and stiffens a beam very considerably (see 
Art 1 23). Thus also the cross-beams of a railway bridge 
are well fixed at the ends by means of bolts or rivets. 
Timber structures are always attached as riffidly as 
possible to their supports, ^d this is the cL with 
all structures in which there is no fear of unequal 
expansion by heat. A long iron beam merely rests 
upon masonry or timber supports, without being rigidly 
attached, because the iron expands during the summer 
and contracts during the winter, more than the timber 
or masonry, and every facility must be given for re- 
lative motion due to ^ese causes. Thus one end of a 
long iron roof-principal or iron girder generally rests 
4pon a carriage or frame supported on roUers. 

111. The supporting force at the fixed end of a beam 
is often rather indeterminate, but if one end rests upon 
a carriage we may regard the supporting force there as 
being nearly perpendicular to the plate on which the 
rollers rest, and this supposition enables us to find both 
supporting forces (see Art. 148). In what follows my 
attention is mostly devoted to beams which are horizontal 
and are supported by vertical forces at one or both 
ends. 
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112. When beams carry loads they are not usually 
subjected to the same bending moment everywhere, and 
the shearing force is also different at different places. 
Take any simple case— for instance, a beam A b, Mg. 68, 
supported at the ends, and loaded uniformly all along its 
length. If the total load is 2,000 Iba, then each upward 
supporting force at a and B is 1,000 lbs. Now at any pointy 
G, the bending moment is 1,000 x o b acting against the 
bands of a watch round c, minus the load on the part 
B multiplied by half the distance c a Erect a 
perpendicular, o e, and make its length represent, on 
some scale, the bending moment at c. Do the same for 
a number of points, and by joining the ends of all 
the perpendiculars you will get a curve which shows 

• at a glance the bending moment 

I everywhere. In Table I Y. the 

j^ ■ i ^ figures M M are diagrams of bend- 

A B iBfi; moment which have been 

*• calculated by the graphic method 

described in Art 143. When the upper parts of sections 
of a beam are in compression, the bending moment 
is usually measured from a b upwarda When the upper 
parts of sections of a beam are in extension, the bending 
moment is usually measured from ab downwards. Itwould 
have been difficult to give the bending moment in every 
case to the same scale, as the greatest bending moment 
in case L of the Table (p. 1 16) is twelve times the greatest 
bending moment in case VL (p. 118). Hence, if we 
regard the scale for case I. as 120 pound-feet per inch, 
the scales for the other cases are 60, 30, 15, 15, and 
10 pound-feet to the inch. 

lis. Again, the shearing force at o (Fig. 68) is simply 
the upward force at B minus the whole load on the part ca 
Set off on the perpendicular at o a distance equal to the 
shearing force there ; do the same for other points, and 
draw a curve showing the shearing force everywhere. 
To know the shearing force at every section of a 
beam is very important in railway girders, because the 
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lattice-work — that is, the struts and ties which connect the 
upper and lower horizontal booms — ^is proportioned to 
resist the shearing f oroa It is the same with the thin 
central web of a wrought-iron girder, if the girder is 
formed of plates of iron riveted together. But in small 
beams of cast iron or timber, and even in wrought-iron 
girders that have been rolled in one piece, the web is 
usually made so thick that it is unnecessary to try if it 
is strong enough to resist the shearing force. 

114. To resist bending moment, only those parts of 
a beam which are far from the neutral line are of 
much importance — hence, in iron beams we have two 
flanges far apart con- a b 

nected by means of the GB^s^BraBa 
web or by lattice- work. 
Thus, in Fig. 69, a is 
the usual section of a 
wrought-iron beam, and 
B of a cast-iron beam. 
The neutral line o o in 
each case passes through 
the centre of gravity of the section. All parts of 
the section below o o are subjected to tensile stress, 
all above o o are subjected to compressive stress. Because 
wrought iion will resist nearly as much tensile stress 
as compressive before it breaks, the two flanges of a 
are made equal in area. But inasmuch as cast iron 
will stand about 4| times as great compressive stress 
as tensile, the flange e e, subjected to tension, 
has about 4| times the area of d, which is the com- 
pressed flange. Thus, the total breaking stress on one 
of the flanges is equal to the total breaking stress 
on the other. Suppose the area <^ a flange is 10 square 
inches, and its breaking stress is 50,000 lbs. per square 
inch, then the total breaking stress on this area is 
10 X 50,000, or 500,000 lbs. If, now, the distance 
between the centres of gravity of the two flanges is two 
feet, we can say that l£e bending moment which will 
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destroy the beam if it acts at this section is 500,000 x 2, 
or 1,000,000 pound-feet 

115. When much of the material has been left near 
the middle part of the section, as it is in ordinary timber 
beams, it is not so easy to make the calculation, for 
although much of the timber is in a position where 
it is but little capable of resisting bending moment, 
yet it does resist to some extent. Again, in iron 
beams it is usual to shape them everywhere so that 
those sections where there is but little bending 
moment to be resisted are made with smaller flanges, 
or else flanges which are nearer together. If we have 
a diagram, such as we see in the various cases of 
Table lY., showing the bending moment at every 
part of the beam, we simply vary the section, so 
that it is just capable of resisting the bending moment 
which acts there. Now, timber beams, as a general rule, 
are everywhere of the same rectangular section. There 
is one place, the place of greatest bending moment, 
where such a beam is likely to break; we therefore 
calculate the size of the section to with- 
stand this greatest bending moment. 

116. Suppose we take a certain b^m which has every- 
where the same section, and we load it in various ways. 
Thus, the load may be hung from one end of the beam, 
the other end being rigidly flxed, say by being built into 
a walL When we say that the end of a beam is flxed, 
we mean that it is rigidly held in position, whereas when 
we say that a beam is supported at its ends, we mean 
that it is merely held up there. In Table lY. six ways 
are shown in which the same length of beam is supposed 
to be loaded. The total load is supposed to be the same 
in every case, and the length from a to B is supposed to 
be the same. Then, we see that when the beam is fixed 
at both ends, and the load spread over it, it is 12 times 
as strong as when one end is flxed, and the whole load 
hung from the other end. This means that if, with the 
beam flxed at one end, a load of one ton, hung at the other 
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end, is working load, then, when fixed at both ends, and 
the- load spread uniformly over it, the same-sized beam 
will carry 12 tons. Hence, if experiments are made on 
the strength of the beam when loaded in any of these 
ways, we know what its strength ought to be when 
loaded in any of the other ways. Now, a great many 
experiments have been made upon beams of rectangular 
section, supported at both ends and loaded in the middle, 
the third case given in the Table ; and from these experi- 
ments we know how to find the load which such a beam 
will carry. Having found this, we know that when loaded 
and supported in a different way, the beam will carry more 
or less according to the numbers in the column headed 
Strength, The rule which has been deduced from experi- 
ments on beams whose sections are rectangular is this : — 

A beam supported and loaded in any of the ways 
shown in Table IV. will break with a total load which is 
found by muUiplyvng together the breadth of the section 
in inches, the square of the depth in i/nches, the numh&r 
called strength in Table /F., the nvmber called strength 
in Table T/., and dividing tlie product by the length of 
the beam, A B, in feet. 

Example, — ^A beam of English oak, 20 feet long, 
9 inches broad, 12 inches deep, is faced at the ends. 
What load placed in the middle will break iti This is 
case V. of Table IV., and the relative strength is given 
as 2 in the same Table. Opposite English oak, in Table 
VI., we find the number 557 ; and hence, 9 X 12 x 12 
X 2 X 557 -5- 20, or 72,188 lbs., or more than 32 tons, 
is the answer. 

117. Suppose the breaking load on a beam of timber is 
found to be 32 tons, you would follow the usual practice 
if you really never placed on it a load of more than 
8 tons. Thus, you divide the breaking load by 4 to 
get the safe load, or the working load. This number 4 
is called a factor of safety. The usual factors of safety 
employed in structures generally are given in the follow- 
ing Table; — 
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TABLE V. 
Factors op Safety. 





ABeadLoad, 

does not 
Biter. 


A Live Load, or one that alters. 


MateriaL 


In Tem- 
porary 
Stractuxes. 


In Per- 
manent 
Stmctnxes. 


In Struc- 
tnres sub- 
jected to 
Shooka. 


Wrought Iron \ 
and Stoel j 
Cast Iron . . . 
Timber .... 
Brickwork . . . 
Masonry • . . 


8 

3 

20 


4 

4 
4 


4 to 6 

6 

10 

6 

20 to 30 


10 
10 



118. You must specially remember that it has been 
found by experience that if we have beams of the same 
material of rectangular section loaded in the same way, 
the strength is doubled if toe dovMe the breadth of tlie 
beam or haihe its length ; hvJt if we double the depth, toe 
increase the strength fotur times. 

TABLE VI. 
Beams Supported at the Ends and Loaded in the Middle. 



Nature of Material. 




Deflection. 


Teak .... 


S20 


•00018 


Oak 






450 to 600 


•00044 to -00020 


English Oak . 






667 


•0003 


Ash 






676 


•00026 


DQcCmX * 1 






618 


•00031 


Pitch Pine 






644 


•00035 


Bed Fine . 






460 


•00023 


Fir . 






370 


•0005 to -0002 


Larch 






284 


•00041 


Deal 






600 


•00023 


Elm . 


» 4 




337 


•00061 


Cast Iron 


> 1 




2640 


•000024 


Wrought Iron 




3470 


•000016 


Hammered Steel 




6400 


•000013 
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The niimbeiB given in this Table are merely the 
average values found by various experimenters. You 
may wish, however, to find for yourself whether they 
are correct or not. You are designing a beam of pitch- 
pine, say; then take a rod of pitch-pine, 1 foot long, 
1 inch broad, 1 inch deep ; support it at the ends, and 
load in the middle till it breaks ; the Table says that the 
load will be 544 lbs., but you may find it to be more 
or less than this. Remember also that it is 
near the middle that your beam is likely 
to break; this, then, ought to be the soundest and 
most evenly grained part of the timber if possible, and 
the specimens which yon try ought to be as nearly as 
possible the same kind of timber. 

119. When a beam is loaded in any way, you know 
how to find ihe bending moment at any W! ^d if you 
know tho modulus of elasticity of the material, and the 
moment of inertia of the section, you can find the 
curvature of the beam. You may draw a bent beam, 
then, in the same way as you drew the springs of 
Fig. 64, but the beam is so little curved usually that you 
wiU haVe difficulty in getting compasses long enough. 
In this case it is usual to diminish all the radii in some 
large proportion, remembering that the deflection of your 
beam as you draw it is increased in this proportion. 
For a beam fixed at one end and loaded at the oilier you 
would get a curve just like the portion s t in Fig. 64 c, 
8 being the fixed end and t the loaded end 

120. The important thing to know is the deflection 
of a beam — that is, ths grecUest yielding of cmypart of it. 

It can be proved mathematically, from what has been 
given in Art. 106, that if d is the deflection of a beam whose 
cross section is the same everywhere, w the load, l the 
length, I the moment of inertia of the section, and e the 
modulus of elasticity, and if all these are in inches and 
pounds, or in any other units so long as they a^ all in the 
same units, then 

wL» for a beam fixed at one end and loaded at 

ITi the other. 
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D SB ^ ^^* ^^^ ^ beam fixed at one end, and loaded 
8 ~3 ■ X uniformly. 

__ 1 WL» for a beam supported at the ends and 
16 3 ■ I loaded in the middle. 

^^51^ WL» for a beam supported at the ends and 
8 16 8x1 loaded uniformly. 

The third of thesty formulas is the one most needed. It is 
by means of this formula that the modulus of elasticity is 
generally determined. Thus in careful experiments with 
an iron beam, 1 inch broad, 1 inch deep, earned on supports 
24 inches asunder, suppose we find that a load of 2,000 lbs. 
produces a deflection of one-quarter of an inch. Now 

I for the beam is ^^^^^^ , or i. The third formula given 

above becomes -26 = 4 ^^^^J^f*^^ , and from this we 

find that b is 27,648,000 lbs. per square inch. 

Again, taking the fifth of the cases shown in 
Table IV., I find that 660 lbs. produced a deflection of 
0*22 inch in a beam of wood 24 inches long, 1} indi 
square. Here i = 1*76 x 1*76 x 1*76 x 1*76 -j- 12, or -781, 

and '^'^ = Y6 ^t^x'm^ ' ^°°^ ^^^ ^® find that B is 
938,656 lbs. per square inch; 

Again, from Table YI. we see that a beam of teak 
12 in^es long, 1 inch broad, 1 inch deep, gets a deflection 
of '00018 inch for a load of 1 lb. Here the moment of inertia 

of the cross section is ^ and -00018 = i ^^^^^^^^ from 

which we find that b for teak is 2,400,000 lbs. per square 
inch. 

121. Take a small beam, A B, Fig. 70, supported at the 
ends, and load it in the middle. Measure carefully the 
deflection or lowering of the middle point Tlus is 
called the deflection of such a beam. 'Now this distance 
will usually be small, and so you had better magnify it 
by letting the string c w pass over the little axle e, which 
carries a long pointer. This pointer will show on the 
scale p K a magnification of the deflection. You will find 
that the more load you place at c, the greater is the de- 
flection; and in fact that the deflection is proportional 
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to the load until your loads become great enough to 
produce permanent set, when (Art. 52) the deflections 
increase more rapidly than the load. K now you use a 
beam of the same material but of double the breadth, 
then for the same load you will get one-half the old 
deflection. If you use a beam of double the depth, then 




Fig. 70. 

for the same load you will get only one-eighth of the old 
deflection. Also, if you double the length of your beam, 
using the same load, you will get eight times the old 
deflection. A very instructive series of experiments 
may be made very easily in this subject, and you will 
not thoroughly understand the matter unless you make a 
few such experiments. It is found that a beam of pitch 
pine, 1 foot long, 1 inch broad, and 1 inch deep, sup- 
ported at its two ends and loaded in the middle, is 
deflected '00035 inch by a load of 1 lb. This explains 
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the numbers given in Table VI. It is found that if the 
same beam is fixed at one end and loaded at the other 
(first case of Table lY.), the deflection is 16 times as 
great, whereas if the beam is fixed at both ends and the 
load is spread uniformly (last case of Table IV.), the 
deflection is only *125, or one-eighth as great. This 
explains the " defection " column of Table IV. 

122. The rale, then, to find the deflection in inches of 
any beam loaded in any of the ways shown in Table IV. 
is this : — Multiply together the cube of tlie length in feet, 
the total load in pownds^ the nwmber called deflection 
in Table /F., and the number called deflection in 
Table VLy and divide the product by the breadth 
of the beam in i/nchesy a/nd by the cube of the depth vn 
inches. 

Example, — ^A beam 20 feet long, 10 inches broad, 15 
inches deep, of pitch pine, fixed at one end and having 
spread all over it a total load of 4,000 lbs. — what is its 
deflection 1 Here the number in Table IV. is 6, and in 
Table VI. it is -00035; hence we have 20 x 20 x 20 x 4,000 
X 6 X '00035 divided by 10, and again divided by 15 
times 15 times 15, which gives as answer 1'99 inch. 
The end of the beam would be deflected this distanca 

123. A beam is said to be stiff if its deflection is 
small, and we say that the stiffness of a beam supported 
and loaded in the various ways shown in Table IV. is for 

the various cases ^) -, 1, 1*6, 4, 8. In fact, a beam of 

16 6 

a certain length carrying a certain load is 128 times- 
stifler when it is fixed at the ends and loaded uniformly 
than when it is fixed at one end and loaded at the other 
end. 

It is well to remember that when we 
double the breadth of a beam we double 
its strength and also its stiffness, but if 
we double its depth we get four times 
the strength and eight times the stiff- 
ness. Beams required to be very stiff ought to be 
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very deep. Care most be taken, however, that they are 
laterally supported, else they will buckle. If you double 
the length of a beam you get half the strength, but you 
only get one-eighth of the stiffiaes& 

124. What about beams that are not rectangular in 
section 1 Suppose we have a beam of the same section 
everywhere, whose strength and stiffness we know, 
and suppose we want to know the strength and stiffness 
of another beam which has the same form of section — 
that is, suppose the new section is such that all the old 
latercU dimensions are increased in a certain ratio — ^then 
the strength and stiffness increase in this ratio ; if all 
the old vertical dimensions are increased in a certain 
ratio, then the strength increases as the square of this 
ratio, and the stiffness increases as the cube of this 
ratio. The effect of change of length is just the same 
as it was with rectangular beams, and we know the effect 
produced by different methods of supporting and loading 
the beam from Table lY. 

From Arts. 103 and 112 it ifl evident that the load which 
a beam will carry without breaking is proportional to the 
gtrength modulus of its section divided by the length of 
the beam. The deflection of the beam is proportional 
to the load multiplied by the cube of the length, divided 
by tiie moment of inertia of the cross section. 

125. At the Imperial College of Engineering, in 
Japan, we had a testing machine with which I have made 
a great many experiments with my studenta It in- 
creased the load on a beam at a uniform rate, and 
registered the load and deflection of the beam at every 
instant — that is, it drew a curve, each point of which 
showed the deflection and the load which produced it. 
Mr. George Cawley, instructor in mechanical engineer- 
ing at the college^ lithographed a number of these curves, 
taken by himself; and although the experiments were 
made on Japanese wood, so that the actual amounts 
of load and deflection are not of general interest^ yet 
the shapes of the curves are so interesting as to be 
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worthy of publication. With only one exception, two 
beams were broken and two curves taken for each 
kind of wood. The mean of these two curves has been 
given in Fig. 71 — that is, a curve lying between the 
two. The specimens were all free from knots. They 
were all 28 inches long and If inch square. The distance 
o w represents one ton, and the distance o d represents a 
deflection of 2 inches, so that the scale of the diagram 
is known. The load was in each case added to at a 
uniform rate, beginning with o, and the rate at which 
it increased was one ton in two minutes, and we see from 
the figure that practically only in three cases did the 
breaking of the beam take more than two minutes. 
The end of each curve shows where the specimen broke ; 
it is easy to see where the curve ceases to be a straight 
line — ^that is, where the law, " Deflection is proportional 
to Load,'' ceases to be true ; and this point is therefore 
the elastic limit. In some cases the load corresponding 
to the elastic limit is less than half the breaking load, 
and in some cases greater than this, but usually it may be 
seen that it is about one-hal£ 



CHAPTER Xn. 

BENDING AND CRUSHINa 

126. Stress over a Section. — When any portion of a 
column or beam or arch on one side of a section, b c, is 
acted upon by loads and supporting forces, we can 
generally And one force, representing the resultant of the 
stresses at the section, which will balance them alL I^ 
instead of a force, we merely get a couple, then the 
section is exposed solely to bending moment, and we 
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know now how to find the effect of this. If the force is 
parallel to the section, then we know that the section 
is either exposed to mere shearing strain or shearing and 
bending, as in a horizontal beam with vertical loads ; but 
if the force is inclined to the section, there will usually be 
shearing and bending, and besides this a uniform distribu- 
tion of compression or extension all over the section. In 
practice we generally find that com- , 
pression and bending alone 
have to be considered. Thus, 
if B c (Fig. 72) is the edge view of the 
section of an arch ring, and if P F is the 
resultant force in magnitude and direc- - -^^ ^ 
tion, and if o represents a line through 
the centre of gravity of the section at 
right angles to the paper ; then p k the resolved part of 
PF parallel to BC is the shearing force which must 
be resisted by the section, F k x o P is the bending 
moment at the section, causing the parts between 
o and B to be compressed, and the parts between 
o and c to be extended But besides this we must 
suppose the compressing force F K to be distributed 
over the whole section. This will increase the com- 
pression over the part o b, and will diminish the 
tension over the part o 0, ^hicb mere bending would 
have produced. 

127. Thus, in Art. 103 we saw tiiat o b .^^^^, where i 

is the moment of inertia of the section about the axis 
through o, is the compressive stress at b, due to mere bend- 

ing moment, and to this we must now add -- if >a is the 

area of the section. Hence, the resistanoe to crushing of 
the materia], per square inch must be greater than 

Of course the tensile stress at o is 

^^ TW'OW IV 

0, ■■ -" -— . 

I 4 
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If the section is of such a nature that we never wish 
any portion of it to resist tensile stress, this second expres- 
sion must be 0, or less than 0. This is usually assumed to be 
the case in stone or brick bridges, and it is easy to diow 
that if the section is rectanguJar it leads to the general 
condition that o f ought never to be more than one-third 
of o B or o c ; in fact, that the resnliant force p f must 
fall within the middle third of every Joint of the atone 
work. If it foils outside the middle third of the joint, 
you will have to depend on the resistance of the cement of 
the joint to tensile stresses, and this is not usually regarded 
as a safe thing to do. 

128. Btrnts and Pillars. — I disposed much too easily 
of the compression of a strut in Chap. YI. At short 
distances from the ends of a bar subjectied to pull, the 
tensile stress is pretty uniformly distributed over the 
cross section, and whether the bar is long or short the 
material 'has nearly as much freedom to get uniform 
tensile strain in one case as in another. But this is 
different in struts. If a strut is long it breaks by 
bending; if it is just so short that we know there 
is no bending, the load per square inch that will 
break it may be taken as representing its resistance 
to crushing; but even this is not such a resistance 
as a cube of the material would offer. If we take 
a much shorter column, say a thin disc, the way in 
which the load is applied may be such as to prevent the 
lateral spreading which always accompanies compression, 
and a much greater load is required to crush the 
material than might have been expected. If a number 
of specimens of cast iron are taken one-quarter inch 
square, the first being a cube and the last being 1 inch 
in length, it will be found that the load which they 
will support diminishes gradually from 72 tons per 
square inch to 45 tons. After a certain height is 
passed the rupture seems to be produced rather by 
sliding along an oblique section than by mere crushing 
at a cross section. 

129. When a strut or column is of considerable length 



dlftp. XII.3 



STRENGTH OP STRUTS. 



131 



it usually bends before it. breaks. Professor Gordon 
designed a formula baised on this assumption which 
fairly well represents the results of experiments, and 
although it is known not to satisfy the facts of the 
case so well when elastic strength has to be considered, 
yet it is so easy of application, and is, on the whole, so 
correct, that I give it in preference to the more correct 
rule, based on the theory of Euler, which 
will be found in Professor Unwinds 
" Machine Design." 

Usually the total load divided by the 
area of cross section is regarded as the 
stress on the material, but by Art. 126 we 
see that to this must be added the stresses 
produced by such bending as the strut 
undergoes. The result is that the stress 
on the strut as usually calculated must be 
increased by a fraction of itself which 
depends on the square of the length of 
the strut divided by the moment of 
inertia of the cross section regarded as 
the cross section of a beam. The practical rule becomes 
then — For a strtU whose ends are hmged, or a colvmin 
whose ends are not fixed, as A, Fig. 73, the breaking 
load in pounds is equal to the breaking stress per square 
inch given in Table VII. multiplied by the area of cross 
section in square inches, and divided by 1 + n b where n 
is given in Table IX. and b is given in Table VIIL 



Pig. 73. 



TABLE VII. 



Bxeakiiig Stress, in pounds 
per square inon« 



Gastlron 
Wrought Iron 
Timber . 



80,000 

86,000 

7,200 
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TABLE VnL* 

Value of B for atrutt of the eeetione shown in Table IX. The Jiret 
column gUtee the length of the strut divided by its least lateral 
dimension. 



Length divided hj 


Bfor 


Bfor 


B for Strong 


LatenU Dimensum d. 


Cast Iron. 


Wrought Iron. 


DryTimher. 


10 


0-748 


0132 


' 1- 


15 


1-68 


0-300 


3-6 


20 


3-00 


0-532 


6-4 


25 


4-64 


0-832 


100 


30 


6-76 


1-200 


14-4 


35 


9*20 


1-632 


19-6 


40 


12-00 


2-132 


26-6 


45 


18-72 


3-332 


40-0 



TABLE rX. 

Values of n for struts and pillars of the following sections : — 



Square of side d^ or rectangle with smallest 
side d . 



Hollow rectangle, or square with tiiin sides 



Circle, diameter d 



Thin ring, external diameter d . 



Angle iron, smallest side d 



Cruciform, smallest breadth d . 




* Modified from Profetnor Fleeming Jenkin's article on Bridges in 
the ** Encyclopssdia Britannica.*' 
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If we want the breaking load for a strut whose ends 
are not hinged, it is necessary to find in what way it 
tends to bend, and to use the above rule regarding 
the strut as hinged at two points of contrary flexure. 
Thus in Fig. 73 the strut or column b is as strong 
as a strut hinged or rounded at both ends, whose 
length is only a b. The rule becomes — For a strut fixed 
at both ends^ calculate by the above rule, but take n 
one fourth of what I have given in Table IX. For 
a strut, one end of which is fixed and the other is 
only hinged, calculate the breaking load as if both 
its ends were hinged, then, calculate as if both its 
ends were fixed, and take the mean value of the tw^o 
answers. 

180. The Teeth of Wheels.— When toothed wheels 
drive each other, their teeth tend to break like little beams 
fixed at one end. It is usual in considering their strength 
to regard the pressure between two teeth as acting at 
a comer, because this may accidentally occur, and it is 
the most trying condition. There are usually two pairs 
of teeth in contact at once, so we consider that only half 
the total horse-power has ever to be transmitted by one 
pair of teetL This transmitted horse-power, multiplied 
by 33,000, divided by the circumferential velocity of the 
wheel per minute, is of course the pressure in pounds 
which each tooth has to withstand. Imagine the tooth 
to tend to break at a section making 45° with the depth, 
just as we know it would break if the comer were struck 
smartly with a hammer. This consideration leads to the 
rule, that the pitch is proportional to 
the square root of the pressure, 
divided by the greatest safe stress per 
square inch to which the material may 
be subjected. 

131. Flat Plates. — A plate, round or square, either 
merely supported or firmly fixed all round its edge, 
will carry a total load uniformly spread over it 
which is simply proportional to the square of the 
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thickness, and is not dependent on the area of the 
plate. Fixing the edges adds a quarter to the strength. 

182. Similar Btrnctures Similarly Loaded. — If a 
girder is loaded mainly by its own weight, then any other 
girder made to the same drawing but on a different scale 
would be a similar structure similarly loaded ; and this is 
the name given to all structures made from the same 
drawings but to differeDt scales, if their loads are in 
the same proportions to the weights of the structures 
themselves. It will be found that in all cases the stress 
at similar places is proportional to the size of the struc- 
ture — that is, the weakness of the structure 
is in direct proportion to its size. 

This is easily seen if we imagine the structure to be 
such a simple one as a rod, a, Fip^. 74, carrying a weighty 
ball, w. If there is another such arrangement, 
of twice the size in every direction, tiie area 
of cross section of the rod would be four times 
as great, but the load to be carried would 
be eight times as great, and therefore the 
stress per square inch at a section would be 
twice as great — that is, the larger rod and ball 
would be twice as weak. As the stress would 
be twice as great and the length of the rod 
twice as great, the extension would be four 
times as great The extension of the rod 
per foot in length would only be twice as 

Fiff 74. S"^^^^ ^ ^^® same way a beam of cast 
iron, 1 inch square and 1 foot long, is 1,700 
times too light to break with its own weight, whereas a 
beam of cast iron whose length, breadth, and depth are 
in the same proportion, if 1,700 feet long and 1,700 
inches square in section, would break with its own 
weight. The deflection of similar beams 
similarly loaded is proportional to the 
square of their dimensions; but the 
deflection per foot of length is only 
proportional to their dimensions. 
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CHAPTER XIII. 

GRAPHICAL STATICS. 

133. The basis of all applications of mathematics in 
Physics and Engineering is the fact that any physical 
phenomenon which is directional (such as a force, a 
velocity, an acceleration, a stress, the flow of a fluid, &c.,) 
may be represented in a most perfect manner by a straight 
line. The general application of the geometry of the 
straight line to all physical calculations is a science 
called QtbotemianSj and it certainly is not my object to 
teach you any of the methods employed in this study 
to denote the relations of lines to one another. But 
with a box of drawing instruments and a sheet of paper, 
it is easy, by actually drawing the lines and measuring 
lengths, to solve many problems which would otherwise 
require a considerable knowledge of mathematics. This 
sort of graphical calculation having proved useful, it has 
attracted the attention of men who have leisure enough 
to make an elaborate study of its methods. It has unfor- 
tunately been dignifled with the name of a new science. 
It has become a complicated weapon with which these men 
can attack all sorts of problems which are much more 
easily solved in other ways ; and the result is that, instead 
of our having a few useful pages anywhere devoted to the 
subject, we have large treatises, adorned with numerous 
steel engravings, whose complications of lines frighten 
the student. It has been the same with many other 
useful processes ; a few persons devote their attention to 
them and fiind that they are all-powerful, and every 
writer on the subject thinks it his duty to show how all 
sorts of problems are attacked. For instance, how few 
workmen know how to divide or multiply numbers or 
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square or extract square roots by means of the slide rule ! 
How few educated engineers, even, are able to make use 
of it ! The owner of the instrument shop in which it 
is sold is seldom able to explain its use. It is known 
that very complicated problems can be worked out 
on it, but it is also known that to learn the working 
of these would require more time than it is worth while 
to devote to them, and, besides, they would be readily 
forgotten, whereas it is not sufficiently well known 
that the really useful processes of the slide rule can 
be taught to any man in a few minutes. 

134. I shall begin this subject of Graphical Statics 
by giving some definitions, and indicating some pro- 
positions which can be proved by actual drawing. I 
shall speak of forces^ because you have been accustomed 
to treat forces in the following way. I should have 
preferred merely to talk of lines, and to let 
' these lines stand for any directional physical 
property. 

185. Forces Acting at a Point. — The 
line A B (Fig. 74a) represents a force in 
direction by its own direction, in aimourU 
by its length to any scale we please, and in 
Pi^. 74a *^w«« by its arrow-head, which shows that 
the action of the force is from a to b. It 
would not be correct to call this the 
force B A, because this is opposed to 
the sense of the arrow-head. The 
forces A o, o B, o c, o d (Fig. 75), all 
act upon a small body, b, or their 
lines of action when produced all pass 
through a point, o, in a large rigid 
body. The amount of each force is 
shown by the length of the line, repre- 
senting it to some scale of so many 
pounds to the inch. Now to add these 
forces together in the most perfect manner — ^that is, to find 
a force called their remUant^ which shall be exactly equiva- 
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lent in its effects to all the above forces acting together — 
we draw a polygon (Fig. 76a). Each side of this polygon 
is parallel to and proportional to a force in Fig. 76 ; thus, 
the side A corresponds to the force A o, and the arrow- 
heads agree, and lastly the action indicated v^ 
by the arrow-heaas is concurrent from A x"^^ 
round to d. Fig. 75a is always called The X j> 
Force Polygon. When it is unchsedy as it ^^>^^ 
is in the present case, we know that the ^^^^^^"^ 
forces a o, &c. (Fig. 76), are not in equi- yy 

librium. To keep AO, OB, &c., in equilib- p. ^^^ 
rium a new force, called the equilihrant (see 
Glossary, Art. 2 18), must be introduced corresponding to 
the side e (shown dotted), which will close the polygon, its 
arrow-head being concuiTent with the others. Now if we 
want the resultant of A o, o B, o 0, o d, it evidently acts 
through o and corresponds to E,Fig. 76a, but with arrow- 
head reversed. The resultant of a number of forces is 
eqv/ol and opposite to their equilihrant. 

Prove now the following propositions by actual 
drawing : — 

1st. The resultant of any number of forces does not 
depend on the order in which thej are drawn as sides of 
the polygon. 

2nd. Any lines or forces whatever which form a 
closed polygon in any given order will form a closed 
polygon if drawn in any other order. 

3rd. In adding forces we may first find the resultant 
of some of the forces, and then add together this resul- 
tant and all the rest of the forces. The answer will 
always be the same, however we may group the forces 
before adding them. 

136. The Link Polygon. — ^We shall now consider 
forces which do not necessarily act through one point. 
Take, for example, the forces 1, 2, 3, 4 (Fig. 76). Draw 
the unclosed force polygon T, 2', 3', 4' (Fig. 77) with its 
sides parallel to and proportional to the forces, and the 
aiTow-heads concurrents Now the dotted line h a, 
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with its arrow non-KX>nciirrent with tho rest, is parallel to 
and proportional to the resultant of all the given forces. 
But this does not tell us where the resultant force is 
situated, although it tells us its direction and amount 

From any point, o (Fig. 77), draw a line to the junc- 
tion of r and 2' (it is easier to say draw the line o 1' 2'), 
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o 2' 3', &c., to all the angles of the force polygon. I^ow 
construct a new unclosed polygon, with its comers on 
1, 2, 3, 4 (Fig. 76), and its sides paraUel to 1' 2', o 2' 3', 
&a (Fig. 77), its last side being parallel to oa, and its 
first parallel to 6b, We have now found the point, 5 
(Fig. 76), where the first and last sides of the link poly- 
gon meet, The resultant of the forces 1, 2, 3, 4, passes 
through this point, 5, and corresponds to the closing side, 
6a, in direction and magnitude. The new polygon is 
called THE LINK POLYGON of the forces relative to the 
pohy o. The position of A, the point at which we start 
to draw the link polygon, may be chosen anywhere, and 
hence there may be any number we please of link polygons 
for a given position of the pole, o. Again, there ai^e any 
number we please of link polygons corresponding to any 
other position of o, and we can choose o where we please. 

Suppose we find that when we are given the forces 1, 2, 
3, 4 (Fig. 78), and we draw the force polygon (Fig. 79), and 
any hnk polygon (Fig. 78), that these are both closed, let U8 
prove that titie forces are in equilibrium. 

A system of forces acting on a rigid body is not affected 
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by introducing any number of forces which separately 
balance one another. Now let a force represented by the 
length of the line o 1' 2' Bct at the point a in the direction 
B A, its sense being shown by the arrow-head near a, and 
let an equal force act at b in the direction a b, its sense 
being opposite to that of the force at a. These two forces 

are in equilibrium with one another, 
\!d and they cannot therefore affect the 
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original system of forces in any way. Similarly, the forces . 
shown by the arrow-heads in b o, c d, d a are introduced 
every pair btdancing one another. 

Now we see that the three forces at the point a are 
in equilibrium with one another, because they are parallel 
to and proportional in amount to the sides of the triangle 
m ft (Fig. 79), and corresponding arrow-heads would run 
right roimd the triangle. Similarly, there is equilibrium at 
every other comer of the link polygon a b c d ; hence all the 
forces are in equilibrium, and hence the forces, 1, 2, 3, 4, 
taken by themselves, must be in equilibrium. 

The theorems which we wii^ students to prove by 
construction can be proved to be generally true, reasoning 
' from the fact that a number of forces acting at a point 
can only have one resultant. 

187. We see, then, that the force polygon alone is 
sufficient to find the resultant of any number of forces if 
the forces meet at a pointy but we need also the link 
polygon if the forces do not meet at a point. 

The link polygon really shows that the sum of the 
turning moments of the forces 1, 2, 3, 4 (Fig 76) about 
any pomt is equal to the moment of the resultant aoout the 
same point. The force polygon pays no regard to turning 
moments of forces ; it merely tells us about the resultant of 
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the foroet, nipposing that they all passed through the same 
pomt. 

188. Yon ought to test the truth of the following 
statements by actual drawing : — 

1st. The deteimination of the resultant of any 
number of forces is independent of the order in which 
we draw them in the force polygon and draw between 
them the sides of the link polygon. 

2nd. In adding forces we may first find the resultant 
of some of the forces, and then add together this resultant 
and all the other forces. The result will always be the 
same, however we may group the forces before adding 
them. 

3rd. If the force polygon of a number of forces 
is closed, and if we can draw a closed link polygon, 
then all the link polygons we may draw will also be 
closed. 

4th. If any other pole be taken in Fig. 77, and 
another link polygon be drawn and a new point 5 
(Fig. 76) is found, both of the points so found lie in a 
straight line parallel to 5 a of Fig. 77. 

Toa will also find, and it is easy to prove, that the 
locus of the point in which any two sides of the link 
polygon meet is parallel to the line which closes the 
corresponding portion of the force polygon. Again, if b is 
taken as pole instead of o, the last side of the link polygon 
is found to be in the direction of the resultant of the forces 
1, 2, 3, 4 ; and, generally, any side of the link polygon is in 
the direction of the resultant of the corresponding number 
of the given forces. Thus, if d is taken as pole, 4 5 
would become the resultant of the forces 1, 2, 3, 4, and 
3 4 becomes the resultant of the forces 1, 2, 3. It is evident 
from this that the direction of the resultant of any two 
lines or of any number of lines which meet at a point 
passes through their point of intersection. 

A system of forces may not reduce to a resultant force, 
but be equivalent to a couple. When this is the case the 
force polygon is closed, and the first and last sides of any 
link polygon that may be drawn are parallel to one another. 
You may also find it worth your while to prove by construc- 
tion this statement ; If two link polygons are drawn for two 
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positions of the pole o, the corresponding sides of the two 
polygons meet in points which He in a straight line 
parallel to the line joining the ^o positions of the 
pole o. 

139. If you have been able to make a few drawings such 
as I have been speaking about, and so take an interest in this 
easy and instructive method of working mechanical exer- 
cises, you ought to work by means of it a few such 
exercises as the following : — In Fig. 80 a b represents a 
ladder whose 

centre of gra- ir—^ 1 w 

vity is at G, 

and weight \ '' '' '' / 

300 lbs. A 
stringfastened 
to it at c in 
the direction 
c o keeps it 
in equilibrium, 
its end a rest- 
ing on the 
smooth wall Fig. 80. Fig. 81. 

o A, and its 

end B on the smooth floor o b. Find the pull in the string 
and the reactions at a and b. 

The forces acting on the ladder are shown by the 
arrows. Draw y x (Fig. 81) vertically to represent the 
weight of the ladder. Draw x o parallel to o c, and take o 
anywhere in this line. Use o as pole of the force polygon. 
Join o Y. Now the link polygon is m n p ic, and drawing 
o w parallel to i» m, and w z parallel to b m, we find 

that Y X z w is the force polygon. The 
lengths of X z, z w, w y represent the 
forces at c, at b, and at a. 

140. Again, the centre of gravity of a 
number of masses or a number of areas 
may be found easily by this method. 
Thus, let there be masses or areas, mi, m^, 
&c., whose centres are at the points 1, 2, 
&c. (Fig. 82). Draw the parallel forces 
11, 22, &c., in any direction proportional 
to mi m^, &c., and find the resultant by 
the above method. Suppose m n to be the 
direction of the resultant. Now repeat the 
process, taking the parallel forces of the same magnitudes as 
before, but in a different direction, and let m p be the direction 
of the resultant. Evidently m, where these lines meet, is the 



\ 




Fig. 82. 
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centre of gravity of the masaes or areas. This method 
may often prove useful, for areas especially. Thus, to 
find the centre of gravity of any given area, divide it into 
any suitable number of parts, so that the centre of gravity 
and area of each part may be found easily. If we divide 
the area by parallel lines, these lines may be drawn 
equidistant, and the area of each part is approximately 
given by the length of the line which separates it from 
either oi its oeighbours. A repetition of the process 
has been employed to detennine the moment of inertia 
of the area about any given line. 

lU. 1 do not advise students to adopt this link polygon 
method oi finding centres of gravity or of calculating 

moment of inertia. A practical 
engineer will always apply the 
urdinazy formula to find the 
centre of gravity of an area, 
llius, if you want the centre of 
gravity of the figure m n o p 
(Fig. 83), draw two parallel lines, 
o H, K o, touching the figfure at 
two opposite sides. Draw a line, 
K o, at right angles to o h, and 
divide it into any number of equal 
parts, each equal to d. Draw the 
lines A B, CD, &c., parallel to o h, 
so that they are at the distance d 
apart, the distance from a b to oh, or from t z to k o 
being ^. It is evident that if n x p is a line parallel 
the centre of gravity, then approximately 




to OH 



o x=id. 



ab_+_8cd_+_5b» + &c. 

AB+OD + XV-i- &0. 



We have thus obtained one line through the centre of 
gravity, and in a similar way we may obtain another 
such line, and their point of intersection is the centre of 
gravity required. 

In the same way we may obtain the moment of inertia i 
of any area about any line ; or, as is often the case, suppose 
we wish to find the moment of inertia of m n o p about 
N X p, a line which passes through the centre of gravity. 
Evidently the moment of inertia about o h is approximately 

i = ^(ab + 9cD + 26Kr + &o.) + ^X Area. 

Now, it is well known that the moment of inertia of 
an area about any line it equal to its moment of inertia 
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about a paralM line tkrouyh iti emirt of gravity, togtther 
toith tki product of the ana into the tquare of the dietanee 
ittween tht tvjo linee. Hence, Uie moment of inertia 
about N X F i« 

I,-I-Ol'.rf(AB + Cl> + BF+ Sec). 

It iri]l be foond in pniotice that tbia easy way of c»irj- 
ing out simple ideas is better than tbe complicated use of 
the link polygon method tor finding moment of inertia. If 
the area may be divided into rectonglea whose Bides are 
parallel to and perpendicular to the axis, we need not sub- 
divide these rectangles. It ^ B 

most be remembered that the I ~ j 

moment of inertia of a »ct- " f -j M 

angle about any axis is equal J \. 

to the area of the rectangle 
multiplied by the square of the 
dislance of ila centre of gravity 
from this axis, plus the moment 

of inertia of the rectangle 57 J v, 

about a parallel line through 0.^ u 

it« centte of giavity. Thus, 

the rectangle A bod (Fig. 84) is known to have aboot n-kit 

the moment of inertia — °^° ■ so that the moment of 

inertia of the rectangle about o' o' is 

The stndent will find it good exercise to take a few sec- 
tions of angle-mm, T-iron, rails, and other specimens of 
rolled iron, and find the position of f«ntre of gravitv of each 
section, and the moment of inertia of each area about any 
line through the oaotre of gravity. The exact forms ought 
to be taken from real specimens. If the area is symmetrical, 
one line through the centre of 
gravity can always be found 
by mete inspection. 

143. When the momenta of 

Inertia of an area about any 

|l three axes through a point are 

i known, the moment of 

g inertia about any other 

" axis through the same 

" point may befonnd; because 

if a distance be measured from 

1 the point along an aiis which 

IMc. 85. is eqoalh) the reciprocal of tiie 
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radius of gyration of the area about the axis, the extremities of 
all such measured distances He in an ellipse. The principal 
axet of the area are in the directions of the major and minor 
axes of this ellipse. Thus, if for any area, m n p s (Fig. 85), 
the least moment of inertia is about an axis, oa, and is 

-^, and if the greatest moment of inertia is about o b, and is 

-^, then A B a'b' being an ellipse whose major and minor 

axes are a a' and b b', the moment of inertia about an axis, 

DC, is ^. This theorem of Poinsot's is proved in all 

elementsii^ treatises on dynamics. The student will find it 
useful to prove it by actually finding the moments of 
inertia of any area about a number of axes. 
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s. 



Fig. 86. 



EXAMPLES m GRAPHICAL STATICS. 

143. Dia^ams of Bending Moment. — Let ab (Fig. 

86) represent the length of a 
beam which has three verti- 
cal loads—l, 2, 3. To find 
J the vertical supporting 
forces at A and b, draw 
the unclosed force polygon, 
5 K L (Fig. 87) — ^before the 
student arrives at this part 
of the book he will probably 
have drawn other force poly- 
gons where all the sides were 
really in the same straight 
line— 1, 2, and 3 (Fig.87), 
representing in direction 
and magnitude the three 
loads of Fig. 86. Choose 
any point, o. Join ok, o 1 2, o 2 3, and o L. Now 
draw the link polygon (Fig. 86), beginning at any 





H 


Pig. 87. 


N 



3 

L 
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point, a, in the vertical from A, and ending in the point b. 
Now a 6 is the side wanting' in the force polygon. Draw 
o N (Fig. 87) parallel to ab (Fig. 86). Then L N is the 
amount of the supporting force at b, and nk is the 
amount of the supporting force at A. Also, draw any 
vertical line, s T (Fig* 86). Then tlie length s T, intercepted 
by the aides of the force polygon, represents the bending 
moment of the beam at any povrU, p, on some scale which 
it is easy to find. 

To prove this. Draw o h horizontally. The moment at 
any point, p, due to the supporting force, nk at a, is 
N K X A p ; and this is equal to o h x f t, for, by similar 
triangles, 

aT: TF : : ON : KK, 
and therefore 

AP : TF : : OH : NK. 

This second proportion gives n k . a p equal to o h . t p. 

In the same way the moment at p, due to the force 1, 
is o H . F s ; and hence the true moment at p, being the 
difference of these, is o h . s t. We see, then, that if, for 
example, the beam is drawn to a scale of 

1 foot, represented by x inches, 

and if the loads are drawn to a scale of* 

1 pound, represented by y inches, 

then s T is the bending moment at p, on a scale such that 

1 pound-foot is represented by || indiea. 

If the load is not concentrated at a number of points, it 
is usual to imagine it divided into a number of loads, each 
of which acts at one point. The diagram of bending 
moment is drawn in the way which I have just described, 
and then for the polygon with its straight sides we sub- 
stitute a curve which touches all the sides of the polygon. 

After you have found a diagram of bending moment, if 
yon wish to see the effect of additional loads, draw a 
diagram for these loads as if they acted alone, but take 
care that the horizontal distance, o h, is the same as before. 
Add together the ordinates of your two diagrams to get 
your new diagram of bending moment for all the loads. 

144. Shape of a Loaded Beam. — ^When we know the 
bending moment at every cross section of a beam, it is easy 
to draw its shape, the vertical dimensions being increased in 
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any scale we please. -Biyide the bendinff mement at every 
pUoe by fhe modulus of elasticity and by the moment of 
mertia of the cross section there, uid draw a diagram which 
shows at every place the value of m -r- b i. Beg^trd this as 
a diagram which shows the amount €d a new kind of 
continuous load per foot in length of the beam. Draw a 
new diagram as the diagram of holding moment was drawn. 
This shows at every place what has been the amount of 
vertical yielding ox the beam. If the scale of bi is 
diminished, the scale of the deflection of the beam is 
increased in the same proportion. The proof of the 
proposition cannot easily be given without the use of 
mathematical expressions, which I prefer to keep out of 
this book. 

146. Hinged Btmctorea.— Before giving you the easy 
rules by which we find the forces acting in structures built 
up of a number of tie-bars and struts hinged together, 
such as roof-principals and iron girders, I thiiu: it advisable 
to mention a few facts about the geometry of certain fig^ures 
which consist of points joined by straight Unes. They are 
such that ; — 

First J we are able to resolve them into a number of 
closed polygons. Second, each side in a figure is a side of 
two polygons, and only two. Thirdy from each point there 
come at least three stmight lines. Fourth, each line passes 

B A 

C 

B 





Fig. 88. 7e Fig. biC 



through at least two points. If a line passes through three 
points or more we must consider its segments as distinct 
sides. Thus, o a b o d b f (Fig. 88) is a figure which satisfies 
the conditions ; it consists of seven points, joined by twelve 
lines, and it contains seven closed polygons or mangles. 
Also A B D o o' (Fig. 89) is a figure consisting of six points 
joined by twelve lines ; to satisfy condition (2) given above, 
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we mnst not oonsider A b c d as one of the polygons, we only 
take into account the eight triangles. 

It will be found that in aU figures satisfying the above 
conditions the number of closed polygons plus the number 
of points equals the number of sides plus two. This is 
proved by taking any suitable figure and adding a 
new side; it is found that the sum of the number of 
dosed polygons and the number of points is also increased 
by unity. ^Diis is, indeed, the relation between the number of 
races, summits, and edges of a polyhedron, and all the 
fijpnires of whidi we speak may be regarded as projections 
of polyhedra. 

146a. Straifi^ht-line figures generally may be divided 
into : — 1. Deformable figures, or those which may alter in 
shape, the lines retaining their ori^final lengths. 2. Figures 
perfectly stiff. 3. Figures which would be perfectly 
stiff, even if we removed one or more lines. It may 
be shown that a figure >v 

belongs to class 1, 2, X n. 
or 3, according as the / ^\^^ 

number of its sides is C >v 

less than, equal to, or \ y 

greater than,, double \ / 

the number of points \ / 

minus three. It is ^^-^..,.^^/ 



Fig. 90. 




Fig. 91. 



evident that in a 
fig^ure of the third 
cUss the lengths of 
the extra lines may be ^ 
expressed mathemati- 
cally in terms of the 
other sides. Thus, if 
there are a points, h 
sides, andtf polygons 
in any figure, we 
generally find that 
Siere exist d - 2 a+ 3 
necessary conditions 
regarding the lengths 
of the sides, and if these conditions are not satisfied the 
figure has no existence. 

If in a given figure b — 2 a + 3 is negative, then 
2 a— b— 3 further conditions must be given, to add lines to 
the figure before it can become stiff. 

Thus, Fig. 90 is deformable (class 1) ; Fig. 91 is stiff (class 
2) ; Fig. 92 contains one extra side (dass 3) ; Fig. 93 
contains four extra sides (dass 3). 




Fig. 92. 



Fig. 98. 
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146. In every problem in Graphical Statics it will be 
found that we are concerned with two fig^u^es which have a 
certain reciprocal relation to one another. We shall now 
define this relation. 

Two figures are said to be reciprocal to one another 
when to each line in one figure there corresponds one 
parallel line in the other figrnre, and the lines which meet in 
a point in one figure correspond to the lines forming a 
closed polygon in the other figure. Thus Fig. 76 and 
Fig. 77 are reciprocal, and Fig. 78 and Fig. 79 are reciprocal. 

It may be diown that unless a figure satisfies the con- 
ditions given in Section 146 it cannot have a reciprocal 
figure, but that all figures which satisfy those conditions do 
a£nit of reciprocal figures. Thus Figs. 88 and 89 admit of 
reciprocal figures. So also that a figure composed of any 
number of closed polygons, a b c d e, a' b' (/ d' e', &c., with 
the same number of sides, a a', b b', &c., being joined, shall 
admit of a reciprocal figure, it is necessary and sufSdent 
that the points in which all agreeing sides meet, if produced, 
shall lie in a straight line. Thus, the points where a b 
and c D meet, a' b' and c' d', a" h" and d' d'', etc., aU lie in 
one straight line, and so for the other sides. We observe, 
therefore, that any number of link polygons obtained from 
the same forces may form a figure which admits of a 
reciprocal figure. 

Generally, we may say ; — ^that where any figure com- 
posed of points joined by straight lines shall admit of a 
reciprocal figure, it is necessary and sufficient that it is the 
projection of a polyhedron witii plane faces. 

That a given figure shall admit of one, and only one, 
reciprocal figure, it is in general necessary and it is 
sufficient that it contains one extra line. If it does not 
contain an extra line, then it is necessary for it to satisfy one 
condition, if it is to have one and only one reciprocal figure. If 
it is def ormable, it only admits of a reciprocal figure when 
it satisfies as many conditions plus one as there are new lines 
to be traced to render it stiff. If it contains two or more 
extra lines, it admits of any number of reciprocal figures. 

In fact, a figure admits in general of none, or of one, or 
of any number of reciprocal figures according as the number 
of its points is greater than, equal to, or less than, the 
number of its dosed polygons. 

There are exceptions to these rules, whidi I shall not 
enter into. 

147. In any structure, such as the principal of a roof 
and many girders of bridges, formed of many different 
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bars, if we assume that each bar is subjected to direct pull 
or direct push — ^that is, if we assume that the forces with 
which a bar may act at the two joints at its ends are 
in the line joining those two joints— then it is easy to 
calculate the direct push or pull which each bar has 
to resist when the structure is loaded. This is assuming 
that the external loads are all applied at the joints of the 
structure, and that these joints are really- the centres 
of frictionless hinges. 

In actual practice, however, the joints are usually 
stiff — that is, the bars are really subjected to bending 
and shearing stresses as well as to direct compressive or 
tensile stress. But it is found that the strength of many 
structures, when tested, is approximately the same as 
if they were hinged structures. 

The conditions which enable us to calculate the stresses 
in a hinged structure are :— 

1. Ail the external forces are in equilibriom with one 
another. 

2. The pulls and thrusts and loads acting at any one 
joint form a system of forces which are in equilibrium 
with one another. 

3. A piece connecting two joints pulls or pushes one 
of the joints with the same force with 
which it pulls or pushes the other. 

Having determined the amoimt 
of pull or push in each bar, we can 
find the most suitable cross section 
to give the necessary strength, if we 
know the material, by using the results B 
of §§ 57 and 128. To illustrate what 
we mean by a joint, find the stresses 
in the two pieces, o A and o b (Fig. 
*94), which have a hinged joint at 
o, when there is a vertical load of ' 
2,000 lbs. at o. The piece o a acts 
upon o with a certain force, and so does o b, and 
the three forces balance. Draw a triangle ' (Fig. 95), 




Fig. 95. 
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with its ndes parallel to o o, o b, and o a, in sucli a way 
that the side e represents on some scale the force of 
2,000 lbs. The direction of o c, being a puU downwards, 
shows the direction in which we must draw the arrows 
concurrent round the triangle eba; then b represents to 
the same scale the force in ob, and the arrow shows 
its action on o ; thus we see o b pushes o, so we call 
o B a 8trtU. We also know that at the other joint of 
o B, say B, the piece o b exerts a pushing force of amount 
6. Similarly, a o is a tie — ^that is, it exerts a pull upon 
o of the amount a. 

148. Let us now consider the roof-principal shown in 
Fig. 96. Certain loads are given acting at the joints, 




^^r' 



Fig.M. 



and we know that the structure is supported by two forces 
or reactions at its two ends. Our first step is to find 
these two supporting forces. They must be in equili- 
brium with all the external loads. 

Now, it is well known that we must be given either 
the direction or the arnxmnt of one of these supporting 
forces, else the problem becomes indeterminate. It is 
usual to be told that one or other supporting force is 
vertical This condition is arrived at in practice by 
having at one end of a structure a little carriage with 
wheels resting on a horizontal plate of iron. 

The notation which we use is due to Mr. Bow« It 
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very materially simplifies the process of calculatioiL You 
observe that every space between two forces in Fig. 96 
is indicated by a letter. The line which separates the 
space A from the space b is called a b, and corresponds 
with the line a b in Fig. 97. A point is indicated by 
the letters of the spaces which meet at that point. Thns^ 
a o H is the end of the roof-principaL 

Suppose the supporting force at the point F o p is 
known to be vertical We must first find Jhe amount of 




the force fg, and the direction and amount of the 
force A a. 

Draw the force polygon, A b o d e f, Fig. 97. We see 
that to close it we need two lines to join f and a. Now, 
one of these, F o, is vertical Take o as pole. Join o a, 
OB, oc, OD, oe, of in the usual way. Draw the link 
polygon, shown dotted in Fig. 96, commencing at a o h. 
Now, o G (Fig. 97) is parallel to the last side of it^ and thus 
we find F G and G A, the supporting forces at the end of 
the principal Having found the two supporting forces, 
F G and G A, we proceed as follows : — We have the closed 
force polygon, abodbfga. The arrow-heads shown on 
this force polygon are not to be rubbed out during 
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the calculation, and in practice we mark them in ink* 
All other arrow-heads which we draw on Fig. 97 may 
require to be rubbed out, and ought only to be marked in 
pencil We must begin our calculation at a joint where 
only two pieces meet, and where one force which acts 
there is given. Now at the joint A G H we know the force 
AG. In Fig. 97 draw a h and G H parallel to the pieces 
A H and QB. oi Fig. 96. Put arrows on the sides of the 
triangle G a H concurrent with the arrow on G A. Now 
we see by the arrows that the piece ah pushes 
the joint with a force represented to scale 
by the length of the line ah (Fig. 97). We 
know, then, that A h is a stnU^ since it pushes, and we 
know the total pushing force in it. Similarly, h G is a 
tie, and the total pulling force in it is repre- 
sented by the length of the line HG^in 
Fig. 97. 

We now rub out the arrows which we are supposed 
to have drawn in pencil on the lines A h and H G (F^. 97), 
and proceed to the joint A b i H. It must be remembered 
that although the pieces ah and bi are in the same 
straight line, we regard them as two separate pieces. 

Now we know the force A b, we also know that the 
force with which the piece ah pushes the joint is 
represented by the length of the line ah (f^. 97). 
Draw, then, H i and B i (Fig. 97) parallel to the pieces 
h I and B I (Fig. 96). We have thus a polygon, a b i h. 
The force ab (Fig. 97) tells us how to pencil arrow-heads 
concurrently round this polygon. When we do this we 
iiixd that the piece bi pushes the joint with a force 
represented by ihe line b i (Fig. 97), so that b i is a strut 
Also I H is a strut, in which the stress is represented 
by the line i H (Fig. 97). We proceed in this way from 
joint to joint, always taking care to rub out our pencilled 
arrow-heads when we proceed from one joint to the next. 
The lengths of the lines in Fig. 97 give the magnitudes 
of the forces in the pieces of the structura It is easy to 
prove that, if no mistake is made, no discrepancy will 
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appear when the drawing is being finished — that is, when 
we are returning to the joint with which we began. 

K in Fig. 97 the points K and i are found to 
coincide, this evidentJj means that the piece Ki is un- 
necessary in the structura If, again, we find that we 
cannot close one of our little polygons in Fig. 97, we 
ought to proceed to new joints, and, possibly, when we 
again consider the joint with which we had difficulty, we 
shall be able to close its polygon. If we still find 
difficulty, it must be caused by two or more joints, and 
the pieces connecting these are evidenuly unnecessary to 
the structure. If we find in Fig. 97 two points with the 
same letter, we evidently require to add a new piece 
to the structure, which will exert a force equal to the 
distance between these two points. 

No explanation in writing wiU enable the student 
to master this beautiful method of determining the 
stresses in structures. He must select structures, apply 
loads to the joints, and calculate the various stresses 
for himseli When he has made four such calculations, 
he will know nearly all that can be said on the subject. 

149. Boofa. — It is not my object here to describe the 
construction of a roof or a bridge. For such information 
the student must examine real structures for himself; he 
must read Tredgold's treatise on roofs, and examine 
many good drawings of roofs and bridges. 

Suppose, for instance, that he finds a roof ^ somewhat 
like his own, to weigh — including possible snow, &c. — 
20 lbs. per square foot of horizontal area covered. 
Suppose his principals are to be placed 8 feet apart, 
the span being 50 feet, then each principal has to 
support about 

8 X 50 X 20, 01 8,000 lbs. 

Now, if Fig. 98 is the shape of his principal, as 
A B, B 0, CD, and D E are all equal, we may suppose that, 
however the roof covering may be supported by the prin- 
cipal, the piece of rafter, a b, or any other of the divisions, 
supports 2,000 lbs. The joint b gets half the load on a b 
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Tig, 9^ 



and half the load on B o ; oonBeqnently, the load at the 
joint B is taken to be 2,000 lbs., and similarly for o and d. 
The joints ▲ and e do not need to get loads, because we 

have a^rwards to calculate 
the total forces at A and e 
hj the link-polygon method. 
When the above verti- 
cal loads have been given 
to the joints, we have to 
consider wind pressore on one side of the roo£ If 
we suppose, as wo reasonably may, that 40 lb& per 
square foot is the greatest pressure of wind ever 
likely to occur on a surface at right angles to the 
direction of the wind, then the normal pressure per 
square foot on roofs of the following inclinations may be 
taken from the following table, which is obtained from 
Hutton's experiments. 

TABLE X 
Normal Fresture of Wind agauut Boofi. 



Angle of Boot 


Normal 




Pns^nra 


6« . . . 


. . 60 


10® . . , 


. . 9-7 


20« . . , 


. . 18-1 


80*» . . , 


. . 26*4 


40? . . , 


. . 83*8 

1 • B 



Angle of Bool Konna 


60* . 


. . . 381 


60® 


. . . 400 


70* 


. . . 400 


80* 


. . . 400 


90<» 


. . . 400 



Thus, if the portion of one slant side of the roof 
between two principals has an area of 240 square feet, 
and if the inclination of the roof is 30% \ 
say, then 240 x 26*4, or 6,336 lbs., has to be Rv 
supported by each bay. Transferring this 
to the joints, we see t^t at b (Fig. 99) we 
have l^e vertical load z b, or 2,000 lbs., 
due to weight of roof, snow, &c., and also 
YB,<x one half of 6,336 lbs., normal to the 
roof, and due to wind. Complete the parallelogram, and 
evidently z B is the load at the joint B which we must use 
in our (^culation& 




Fig. 99. 
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The student will find that if a roof-principal can only 
be supported by a vertical force at a certain, end, the 
stresses in the structure are greatest when the other side 
of the roof is acted on by the wind. 

I would advise eveiy student to design at least one 




timber and one iron roof, making detail drawings of all 
the joints, etc., referring much to books and drawings, 
and wilting out complete specifications. The following 
examples of stress diagrams (Figs. 100, 101, 102) may 
be useful for reference 
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160. Every joint in a real structure is usually a 
stiff joint ; so that every piece may really be subjected, 

to bending, as well as to direct 
compressive and tensile stresses. 
A general method of taking stiff- 
ness of joints into account is 
quite unknown ; but as we have 
discussed bending we see pretty 
clearly what is the effect of a stiff 
joint, and in some cases we are 
able to make calculations on the 
subjectb It may generally be 
assumed that the strength of a 
structure is greater if the joints 
are stiff than if they are merely 
hinges. This is hot always the 
case, and, from the indeter- 
minateness of the problem of 
finding the stresses in a structure whose joints are stiff, 
many largp bridge trusses are at present made with 




Pig. lOL 




Pig. 102. 

nearly all their joints hinged. In roof-principals the 
'jciints are made stiff, rather for the purpose of stifening 
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the whole structure — ^that is, increasing its resistance to 
change of shape — than for the sake of strength. In 
a roof all joints of struts are usually made stiff. What 
we shall now say is of more importance in bridges than 
in roofs. 

If two or more pieces of a structure are in a straight 
line with one another at joints where they meet, it is 
usual for strength to make the joints between them 
quite rigid. Thus the pieces A h and b i of Fig. 96, or 
A B and B c of Fig. 98, ought to form one bar. But this is 
only useful when the pieces in question are struts, and our 
reason for the continuity of the pieces is that a strut is 
stronger when its ends are fixed than when its ends are 
not fixed. Thus the piece B i (Fig. 96), will resist a 
greater thrust if it is continuous with A H and c K 
than if it were hinged with these pieces. (See Art. 
129.) It is not good in all cases to fix the end of 
a strut by rivets, &c., instead of a hinge ; because the 
benefit due to fixing an end may be more than counter- 
balanced by the evil effects of bending introduced to the 
strut through the joints by a tendency to change the 
angle which the strut makes with the piece to which it is 
fixld. The common sense of the engineer wiU always 
enable him to decide as to the judiciousness of fixing the 
end of a strut. 

161. Sections of Structures. — ^It is often of Consider- 
able importance to 
find immediately the 
stresses in pieces of a ., al 

structure which are not 
near the ends. If we 
can draw any surface 
which will cut through 
the pieces in question, 
we can calculate the 
stresses in these pieces 
directly, supposing the pieces are only three in number. 
Thus, the section a E (Fig. 103) cuts the pieces b A, b c, 
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and D E. Now not only the whole stnicture, but every part 
of it is kept in equilibrium. What forces keep the part 
A H B in equilibrium 1 They are the known forces at b, f, 
and H, together with three unknown forces whose direc- 
tions are baa', b c o', and d e e'. Given the directions of 
three forces which equilibrate a number of k}iown forces, 
we know that they may be determined in magnitude by 
the link-polygon method. Sometimes the link-polygon 
method is more troublesome than the following : — ^To find 
the push or pull in d e e'. We know (Art 23) that the 
moment of the force in e e' about the point b is equal to 
the sum of the moments about b of all the external forces 
(for the forces in the directions A a' and co' have no moment 
about B, since they pass through it). Let the algebraic 
sum of the moments of the external forces be actually cal- 
culated, multiplying numerically each force by its per- 
pendicular distance from b. This sum, divided by the 
perpendicular distance from b to E e', will give the force 
in E e'. If the algebraic sum gives a moment tending 
to turn the structure about b against the direction of the 
hands of a watch, the force in E e' is a pulling force acting 
from E towards e', and therefore the piece n E is a tie. 

It will be observed that if we wish to know the 
stress at any section of any loaded structure, we must 
consider that the parts of the structure on any one 
side of this section are in equilibrium. Thus, if A and 
B are the two parts of the structure, consider the 
equilibrium, say, of B. Now, b is kept in equilibrium by 
the external forces or loads which act on b, and 
by the forces which act on b at the section. Of 
course it is A which causes these forces to act on b 
through the section ; but in calculations concerning them 
we do not need to consider a or the loads on A. 
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CHAPTER XV. 

SUSPENSION BBIDOBS, ABCHBS, AND BUTTRESSES. 

162. Loaded Links. — ^LetAG,OD,Di^aiidBBbefoar 
links hinged together at o, d, and e, and snpporied some- 
how by hinges at A and b, and, neglecting the weights 
of the links themselves, let x^ y, and z be forces acting 
at the three joints, so as ^ 
to make the links take 
the positions shown in 
Fig. 104. Take any 
pointy o (Fig. 105), and 
draw lines om^ oriy opj 
and oq parallel to the 
links, and from any 
point, m, in om, draw 
m n parcdlel to the force 
z, n p parallel to the 
force y, and p q parallel 
to the force x; then it 
is easy to prove that 
the lengths of the lines 
m n, n py and p q are proportional to the forces 
z, y^ and Xy and liie tensile forces in the links are pro- 
portional to the lengths of the lines om^ony op^ and 
o q. For it is evident that the three forces at e, keeping 
the joint in equilibrium as they do, must be proportional 
to the sides of the triangle omn. If you put arrow- 
heads on om and on concurrent with the one already 
on m n, you will see that the bars b e and D E do not pu£Ji 
the joint e, they pull it and are tie-bars. Thus, then, 
the lengths of the lines in Fig. 106 repre- 
sent to some scale all the forces acting 
at the joints o, d, and b. 
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153. Loaded Chain. — If, now, we want to find the 
pull in every part of one chain of a suspension bridge, 
and to draw the shape of the chain, it is first necessary 
to know the weight of the bridge at every place. 
This weight is probably supported by two chains, so, 
as we have only one chain to deal with, we only take 
half the weight of the bridge. We will suppose that 
there is no long girder or other support for the bridge 
but the chain. It is usual to suspend the supporting 
beams of the roadway from the chain by vertical iron 
rods, placed at equal horizontal distances from one 
another. We may imagine the roadway to be as 
heavy at one place as another, so that the pull in all 
the rods will be the same. Suppose there are ten 
rods, and in each a pull of 20 tons. Draw ten 
equidistant vertical lines (Fig. 106) to represent the 
rods. We must get another condition before we can 
draw the chain. Let it be this, that the chain in 

the middle where it 
is horizontal shaU 
be capable of with- 
standing a pull of 
200 tons. Now draw 
o H horizontally 
(Fig. 106a), and 
make its length on 
any scale represent 
200 tons. Make HA 
and H B on the same 
scale represent each 
100 tons (if your 
chain is to be 
symmetrical), and 
divide them up so that each portion represents 20 tons — 
that is, the vertical load communicated to the chain 
by each tie-rod. Now join o with each point of division 
in AB. Suppose now that p (Fig. 106) is one point of 
support of the chain, draw va (Figt 106) parallel to o A 
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(Fig. 106a), a c parallel to o o, cd parallel to o D, and so 
on till you reach the point q, which I suppose to be on 
the same level as p. Of course, the points of support, 
p and Q, may be anywhere on the lines a p and m q. It is 
quite evident from what you have already learnt that the 
pull in any part of the chain is represented by the 
length of the line from o, which is parallel to it in Fig. 
106a, and it is also evident that the chain ^sidll take this 
shape without any tendency to alter. 

154. We began by assuming a pull of 200 tons in the 
part /h, where the chain is horizontal. We might have 
assumed a pull of 300 tons in /A ; this would have caused 
the chain to hang in a flatter curve. Assuming a pull of 
100 tons in/h, we should have obtained a greater 
difference of level between p and A. 

It will be found that in the present case, where the 
load is supposed to be uniformly distributed 
along the horizontal, the links would jnst 
circumscribe the curve called a parabola. 
With any other distribution of load they will fit some 
other curve than a parabola, but in any case you know 
now how to draw the shape of such a chain, and to 
determine the pull in any part of it 

165. Arched Bib. — If instead of a hanging chain you 
wanted to use a thin arched rib to support your roadway, 
then if you have numerous vertical rods by which to hang 
your load to the rib, and if the distribution of the load is 
known, you can draw the curve of the rib in exactly 
the same way, but it will now be convex upwards of 
course. With uniform horizontal distribution of your 
load you will get a parabolic rib. The difference between 
the two cases is this : a slight inequality in your loads 
or a temporary alteration will oixly cause the chain 
to take a slightly different position for the time, and 
it will get back to its old shape when the old loading 
is returned to ; whereas the arch is in a state of unstable 
equiUbrium, and as it is very thin, so that it cannot 
resist any bending, a slight change of loading will very. 
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materiaJly alter its Bhape and it will get destroyed. 
Such a rib or aeries of struts is either stayed with 
numerous diagonal pieces or else it is made very niasdve, 
BO that should the line lilie r hq (inverted), which is 
supposed to pass everywhere along its axis, deviate a 
little from this position, the rih may resist altera- 
tion of shape by refusing to bend. 

166. The load carried by an arch may either be 
hung from it by means of tie-rode, or eke it may rest 
on die top of the arch, the weight being carried from 
the different parts by 
means of struts or pillars 
of iron, ston^ or brick, 
or the arch may be 
levelled np to the road- 
, way by means of a solid 
.^ mass of masonry, or 
^ merely by one or two 
pillars of masonry and a 
filling-in of earth. It is 
rather difficult in a stone 
or brick bridge to say 
esactly what is the load 
on every portion of the 
arch, but it is guessed 
at, and a curve or link 
polygon, such as P A <}, 
Fig. 106 (inverted), 
drawn. It is shown in 
Art 127 that in a stone 
or brick arch it is daugeroos to have the arch so thin 
that the line p A q (inverted) passes anywhere ont- 
dde the middle third of the arch ring. Thus, in 
Fig. 107, we have a section of a stone arch, the 
various stones or voussmrs, as they are called, being 
separated by joints of mortar or cement. Now divide 
each joint into three equal parts and draw two polygons, 
nt m m and nnn, marking oat the middle third of 




rif . 1071. 



Chsp.Xy.l MASONRY ARCH. 163 

every joint. Let us suppose we know the weight which 
each Youssoir supports, including its own weight (it is 
usual to consider the arch as one foot deep at right 
angles to the paper), and let these weights be the 
weights «?„ w^ &c., shown in Fig. 107. Now draw the 
force polygon, Fig. 107a; it happens to be all in one 
Yertical line, the forces being all vertical. And now 
we come to the drawing of our link polygon, but we 
are stopped at the outset by not knowing what is 
the thrust at the crown of the arch. 
The pull at the middle of our suspension bridge chain 
was quite definite, but the thrust at the crown of the 
arch may be what we please, and the arch will remain 
stable if the link poly^n which we draw never passes 
outside the middle third of any of the joints.* Suppose 
we draw any symmetrical liA polyg<Jn to begin with, 
by bisecting a ^ in H (Fig. 107a), draw H o horizontal, 
and take o anywhere we please. Now o h will be the 
thrust in the crown of our arch, if this link polygon is 
the correct ona Join oa, o 1 2, o 2 3, <kc. Now start from 
any convenient point in w^, Fig. 107, say E, within the 
space which contains the middle thirds of all the joints. 
Draw E D, Fig. 107, parallel to o 4 5, Fig. 107a; draw d c, 
c B, B A, A p, in succession parallel to the corresponding 
lines in Fig. 107a, and so also for e f, &c., to k q. If any 
of the lines so drawn passes outside the space m m, n n, 
you must choose some other point e to begin at, and 
if you find that no choice of e will allow the link polygon 
to lie altogether within the space 7n.m, nn, then you 
must choose another pole, o, in Fig. 107a, until at length 
you find, as in the figure, a link polygon, p e.q, which 
cuts within the middle third of every joint. The lengths 
of the lines in Fig. 107a tell us the forces acting at the 
joints of Fig. 107. Thus oa. Fig. 107a, is the force p a, 
Fig. 107, the resistance of the abutment of the bridge. 

* It is obvious ftlflo that the link polygon wherever it crosses a joint 
miist make an angle so near a right angle with the joint that there 
can be no slipping or rapture by shearing there. 
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Again, the length of o4 5 is the force acting in the 
direction e d between the stones £ and D. 

167. Professor Fuller has made the work of drawing 
such a link polygon very easy. It can be shown that if 
a number of link polygons are drawn in Fig. 107 for 
different lengths, OH, Fig. 107a, then the vertical dis- 
tances between the points A, B, c, d, &c., are in the 
same proportion in all the link polygons.* Beginning 
with the first load w^, draw (Fig. 108) A 1' 2' 3' 4' 5' E, 
the half of any link polygon corresponding to P A b c d e 
in Fig. 107. Divide A s into any number of 




Fig. 10& 

equal parts ; I choose six. Erect perpendiculars at 
1, 2, 3, 4, 5, s. Draw horizontal lines from 1', 2', 
3', &c. ; draw any inclined straight line of convenient 
length, E Tj draw vertical lines firom 1", 2", 3*, <fec. 
From the points where the verticals 1 1', 2 2', &c., cut 
m m and n n, draw horizontals to cut the corresponding 
verticals from 1", 2", 3", &c. Join the points so found 
by the curves m m" and n n'\ then, just as the straight line 
E T represents a link polygon, mw"»w" represents the 
area bounding the middle third of all the joints, and 
any link polygon will be represented on 
the right hand side by a straight line. 

* See Art. 143. Each link polygon is really a diagram of bending 
moment supposing the loads were actin^g on a horizontal beam, 
and the scale of each diagram is proportional to the scale of o H. 
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Now draw a straight line lying altogether within the 
space m W w" n. If you can draw several, then draw 
that one which is steepest, in this case c T. Project this 
over to the left hand side, and yon will find that you 
have the link polygon, which supposes the least thrust at 
the keystone. The corresponding force polygon has its H 
less than the OH of A E in -the proportion s c to s E. 
The proof of this is easy. When the arch is one of 
wrought or ca«t iron, we have to find in just the same 
way tho link polygon which falls nearest the axis of the 
rib everjrwhere. But we are not now bound to the 
middle third of the section, because the iron will with- 
stand tension as well as compression. Art 127 indicates 
how, when you have found the link polygon which passes 
most nearly through the middle of the iron rib every- 
where, you can calculate the strength at every section. 

158. In any arch which abuts against its supports at a 
plane surface, as a masonry arch does, the supporting 
forces and the link polygon are really indeterminate, 
although masonry arches in their settlement generally allow 
us to assume that the rule given in Art. 157 is true. In 
iron arches it is very important to have more definite in- 
formation, and this is afforded by hinging the ends of 
the arch to the abutment At a frictionless hinge the 
supporting force must pass through the centre of the 
hinge, and in such a case, if we assume that there is 
absolutely no yielding in the abutments, the bending in 
the arch everywhere will be such that the horizontal 
motions everywhere get equalised. This gives a simple 
rule to find the correct link polygon or line of resistance 
for an iron arch, for which the reader must be referred 
to Professor Fuller's paper on the " Curve of Equilibrium 
for a Rigid Arch under Vertical Forces."* 

159. Buttresses. — To find the force which acts from 
one stone to another in a buttress, it is necessary to 
know the force acting on every stone from 

* " Frooeedings of the InBtitution of Oivil Engineers," Tol. 40. 
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the outside, and also the weight of the 
stone. Find the resultant of these two forces for each 
stone, and draw the link polygon whose first side is the 
force on the top stone. In Fig. 109 fabkpIs the link 
polygon so drawn. Each side of it shows the resultant of 
the forces acting at every joint, and the length of the 
corresponding line in Fig. 110 shows its amount. Thus, 
the resultant of the forces acting at the joint s T is 
shown by the direction of the line b k, and its amount is 
shown by the length of the line o ^ in Fig. 110. 

If we see that any of the sides of the link polygon 




Fig. 109. 



Fig. 110. 



passes outside the middle third of the corresponding joint 
between two stones, we know that part of that joint will 
be subjected to tension, a condition to which we suppose 
that a common masonry joint ought not to be subjected.* 

* In many cases it will be fonnd well to magnify all the horizontal 
components of all the forces, magnifpng the horizontal dimensions of 
all the stones in the same proportion. In this way the points in 
which each side of the link polygon outs each joint may be found more 
accurately. 
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CHAPTER XVI. 

8PIBAL SPBmOS. 

160. As an example of the bending of a strip of 
material, whioih might have been considered after Art. 106, 
let us take the case of a flat spiral spring, sudi as the main 
or balance spring in watches. Let n p m (Fig. Ill) be such 
a spring, fastened to a case at n, and to an arbor or axle at 
u. When no forces are acting on the spring it has a spiral 
shape. Suj^pose that in this case, at a point p, the radius of 
curvature IS r^ and that when the spring is partly wound 

np there is at p a radius of curvature r, then is the 

change of corvature at p, and we know that the bending 
moment which produced this change of curvature is 

equal ^ " (^ *" rj > ^^e^ ^ ^ the modulus of elasticity of the 

material and i is the moment of inertia of the cross section. 
(Thus, taking b at 36,000,000, if the br eadth of the spring is 
0*2 inch, and its thickness ^^ ' ^s^^ /f 

0-03, then bi is 16-2.) Now y^ y. 

■appose the arbor to have /^ V "\ 

turned through the angle ^ ^^' ^\r y* 
X o o (which I shall call a), /^ A \o 

from the unstrained condi- / MjLj 1 

tion. "What axe the forces I ^9^ / ^ 

acting on p M and the arbor P \ N /' 

Whatever these f prces may V^ \ ^/ 

be, they must be in eqm- ^*- — ^«^ 

librium. If these forces \q 

were changed there would Fig. ill. 

be an alteration in the 

shape, but so long as these forces do not change, the shape 
and position of things do not alter. This is why we can 
apply to tiie spring, p m, and the arbor the laws of forces 
acting on rigM bodies. So long as pmo does not alter 
in shape, it obeys the laws of rigid bodies. 

161. Now, the foroes acting on the arbor may be very 
numerous — pressure of the pivots, pull of the fuzee chain, 
or presBure of teeth of wheds— but whatever they may 



168 PRACTICAL l[ECHAinC& [Chap. ZVL 

be, we know that they can be represented by one force 
acting at o, the centre, together with a 
couple, c. If the spring is not in cootact with the 
top or bottom of its case, and if the coils are not in 
contact with one another, no other forces act on the spring, 
M p, except at p. The piu-ticles of steel on one side of the 
section at p are acting on the particles on the other side ; 
but whatever the forces at each of the particles may be, we 
know that the total effect at f is the same as that of one 
force and one couple. We cannot easily say what the force 
is, but if r is the radius of curvature at p, and if r^ was the 
radius of curvature at p when the spring was unstrained, 
then the couple at p is what we have fdready called the 
bending moment; — 

Ebf /I ^ 1\ 
12 \ r rj/ 

Let us suppose, for simplicity, that the spring is every- 
where of the same breadth and thickness, and let us 
use the letter e instead of 

Ebt« 
12 

which is now, of course, the same everywhere. The 
couple at p is then 

\r To/ 

The only forces acting on p m o are — 

A force at o, of amount/, in the direction of, say. 

A couple at o whose moment is~c. 

A force at p. 

A couple at p whose moment is given above, and is 
positive. 

Now, we know that the sum of the moments of all the 
forces about any point must be nothing. Take all the 
moments about the point p. The force at p has then no 
moment, and is to be neglected, and we have 

In fact, 

Let p Q be a short distance measured from p along the 
spring. Multiply every term of the above equation by p q, 
and we find 
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Now, when p q is very small it may be regarded as the arc 

of a circle whose radius is r ; consequently ^ simply means 

the angle between the radius, or normal at p, and the 
normal at a ; in fact, it means the small angle which the 
tangent at p makes with the tangent at o. 
Thus 

PQ PQ 

r tq 

simply means the change which has occurred in the angle, 
between the direction of the spring at p and the direc^on 
at a. If now instead of considering what occurs at the 
point p, we take the point q, we sl^ get just a similar 
equation for another httle length of the spring. Suppose 
we do this for every short length of the spring, and 
add up our results ; we shall find that the sum of all terms 
such as 

PQ P^ 

r Vo ' 

means the change which has been produced in tbe angle, 
between the tangents to the spring, at its two ends, 
Thus, suppose the arbor has turned through the angls 
A, and suppose that, whether or not the point of fastening 
at N has been moved, the direction of the spring at 
N has on the whole changed through an angle b; then 
we find that the sum of all the above-mentioned terms 
amotmtsto a— b. (a may be called the amount of wind- 
ing up of the spring; :b may be called the amount of 
yielding in the fastening to the case.) Hence the sum of 
all the left-hand sides of all such equations as the above 
iae (a— b). 

Now let us consider the right-hand sides of the equa- 
tions. Evidently the sum of all such terms as oxpq 
will be X length of spring ; say o L -The sum of all such 
terms as /x p h x p q is, as you will find in any elementary 
book on mechanics, equal to / multiplied by the length 
of the spring multiplied by tiie perpendicular distance of 
the centre of gravity of the spring from the line o f. This 
is, of course, the length of the spring multiplied by 
the moment of the force / about the centre of gravity of 
the spring. Summing up our results, we find that if the 
force on the arbor through the pivots, &e., has a moment 
about the centre of gravity of the spring of the amount a, 
if the length of the spring is /, if the angle turned through 
by the arbor from the unstrained position is Ay and if b is 
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the angular yielding at n, and o is tke oonple with which 
the arbor tends to unwind itself, then 

# (▲— b) ■• c/— o/; 
or 

c= I (a-b) + o. 

The term o depends on the position of the centre of 
gravity of the spring. 

162. If the coils are numerous, each will be nearly 
circular, and the centre of gravity of the spring will nearly 
be at o, and o becomes insignificant, so that the equation 
becomes 

0= |(A-B). 

If the spring is so rigidly fastened at its ends that there is 
no change of direction relatively to the barrel 

c=J A, 

and the couple exerted by the spring, in trying to unwind 
itself, is simply proportional to the amount of turning of 
the arbor, or the amount of winding up. If, then, the 
centre of gravity of the spring always remained in the 
centre of the arbor, and if l£e spring were rigidly fastened 
at N and m, we should have the coaple exerted simply 
proportional to the angle of winding; and this is the 
condition for perfect isochronism in the balance spring. 
I need hardly say that this condition can never be per- 
fectiy satisfied. If we use a fuzee, the main spring 
may be fastened as we please ; but suppose we want the 
couple exerted by the spring to be nearly constant, for 
various amounts of (vinding up, it is evident that the angle 
B ought to increase as fast as a ; that is, there ought to be 
a very considerable amount of yielding in the fastening of 
the spring to itb case. The same effect will be produced by 
exerting considerable pressure on the arbor at its pivots, or 
in some way causing the arbor and its case to be not quite 
concentric with one another. 

The watchmaker's usual plan to get moderately good 
isochronism is to make one of the above errors tend to 
correct another ; that is, by allowing a greater yielding or 
greater stiffness of the outer attachment counteract the 
results due to centre of gravity of the spring not remaining 
exactiy in the axis of the balance. 
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163. Thus we see that by applying the law given in 
Art 1 61 to the case of a flat spiral spring fastened to a case 
at its outer end, n, and to an arbor or axle at its inner end, 
M, we find that if the spring is riveted iirmly both at N 
and M, and if it is so long and its coils so nearly circular 
that its centre of gravity is always nearly in the centre 
of the axle, then, when partly wound up, the spring tends 
to unwind itself with a turning moment which is pro- 
portional to the amount of winding up. This is the case 
in the balance spring, and it is this condition that gives 
to the balance its character of taking almost exactly the 
same time to make a small swing as to make a great one. 
(See Art. 180.) When the end n is not riveted, but merely 
hinged or fastened in any way that will allow it to turn 
about N, tlie unwinding tendency is not proportional 
to the amount of winding up; it is proportional to 
the difference between the angle of winding and this 
angular yielding at N. If the strip is everywhere of the 
same breadth and thickness, the unwinding tendency 
is proportional to the moment of inertia of its own 
section — that is, to its breadth and to the cube of its 
thickness; it is also proportional to the modulus of 
elasticity of the material used, and is inversely propor- 
tional to the total length of the strip. Suppose you wind 
a cord round the barrel 
or case containing a 
mainspring of a watch 
whose arbor is fixed 
firmly, and, using a 
scale-pan with weights, 
you find the turning 
moment of the spring 
for various amounts of winding up. If you plot your 
results on squared paper, you will find that the points 
lie in a curve like AO, bo, oo, or do of Fig. 112, 
whereas for a balance spring we should get nearly a 
straight line through o. 

hi Fig. 113 is represented an instrument which I have 
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been in the habit of using in my laboratory, to Hhov the 
connection between the turning moment and the angular 
winding in a flat spiral spring. Different weights used 
at the end of tlie string give different readings of the 



pointer. By means of such an apparatuB, we are enabled 
to verify tJie laws described above. When we have 
performed one set of experimenta witb a spring, another 
set may be made on the same spring with its length 
diminished or increased by means of the arrangeoient 
for clamping, shown in Fig. 130. In this way we can 
experiment with springs of different breadtlis and thick- 
nesses, as well as of different materials. 
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e length. I will now take up 
in whidi uicro ia no bending. Fig. Ill 
fOiowa a, cylindric spiral t'piiag* wh<»e 
coils are very flat. BeBides ita own 
weight, it IB acted upon by two equal and 
opposite forces in the direction of its aiia, 
the supporting force at M Hjid a weight at 
M. Now let UB conmder He equilibrium of 
the portion of the spring from any point 
p to M. Buppoae the wire cat at p 
by a plane passing through the aiis ; 



thia I 



1 will 1 



ariy a cross section normal to the axis 
of t^e wire, as the spirals sre more and 
more nearly horizont&l. Let us regard 
it as a nni- rnal cross section of the wire. 
Now, whatever may be the stresses at 
thia cross section, they must balance all 
the other forces acting on p u— namely, 
the force r at h, which is axial, and 
the weight of p m, which is very nearly 
axial. If we neglect the weight of 
p H, we have only to balance tho forco 
p acting at m. To do so we evidently , 
need a shearing force, r, at p, distributed 
over the section, and a twisting torque 
which is equal to p. p«. It is easy io 
show that the Bheor is of much lees im- 
portance than the torsion. Again, since 
F H is the same for every psri; of the 
spring, every section of the wire is acted 
on by the same twisting couple, just 
as the Bhaft of Fig. 46, or the wire of 
Fig. 43, and its strength is calculated 
in the same way. Now, what is tho 
amount of motion at u in consequence 
of this twist ? As the wire is eveiywhere 
twisted, just as if it were a sbaight wire. 
fastened at one end whilst at the other 
end there were a force, p, acting at the 

* Our authority on this subject is a paper 
by Professor James Thomson in the Cam- 
Midge and Dublin Mathematical Journal, 
Nov., 1848. 
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end o[ an aim whoM length is equal to p h the radius of the 

c«ila of the niTing, the Hmount of the motion of h ia just 

the same aa the motion of the end of such au arm attached 

to the straight wire. 

165. We have, then, the following pretty illnBtration 

(Fig. 1 15), which serves to keep the rule for spiral springs 

in our memory. Let two pieces of the same wire of the 

same length be taken ; one of them kept straight, fixed 



firmly at a, and fastened at b to the ai 
of a pulley which can move in bearings. 
cord, o, &,Btened to the rim of this pullc 
carries the npper end of a spiral spring, d 
formed of the other piece of wire, the d 
meter of its coils being equal to the diamet 
of the puUey. Evidently, if a weight, w, 
placed in the scale-pan, a point b gets jusi 
double the motion of a point o, for e gets c's 
motion as well as i^e lengthening of the 
spring. The scales r and g and the little 
pointers are for the purpose of mulring exact 
measurementa. It ia interesting to note 
how accurately the law is fiilfilled, even in a roughly- 
constructed piece of apparatus such as any one may easily 
put up for himself. 

166. £xercUe. — A spiral spring of charcoal iron spring 
wire, O'l inch diameter, 21-6 inches long, its coib having 
a radius of 13 inch, is extended by a weight of 10 lbs. 
Supposing that a piece of wire of the same material 
1 inch long and 0'05 inch diameter, gets a twist of 24'2 
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degrees winh a cwisting moment of 2 inch-pounds, what 
is the extension of the spring ? We see that if the trial 
wire were of twice the diameter the twist would be 
24*2 -5-16, or 1 '51 degree, and with a twisting moment of 
13 inch-pounds, which is 6-5 times as great, the angle 
would be 9 '82 degrees, and on a wire 21*6 times as long 
would be 212* degrees, or 3*7 radians, and the arc of a 
circle whose radius is 1*3 inch, subtending this angle 
is 3*7x1*3 or 4*8 inches, the answer. 

167. In designing a C3^1indric spiral spring it is very im- 
portant to know thti greatest elongation it will bear without 
taking a permanent set. If the material has internal strains 
given to it during its manufacture — and this it is very dij£- 
cult to prevent in steel springs, unless great care is taken in 
tempermg, and it is almost impossible to prevent in brass 
springs, because the elasticity added in manufacture is often 
regarded as a necessary quality which ought not to be 
destroyed by any annealing process — in this case the 
reader must keep in mind the considerations of Art. 96. 
Otherwise, let s be the greatest shearing stress per square 
inch which the material can resist without getting a per- 
manent set. Let m be the greatest twisting moment which a 
round wire of radius r can bear without getting a permanent 
set, we see from Art. 93 that 

«t s iirsf* (1) 

Now 8 will be approximately known from Table HI, or m 
may be found by experiment for a given wire by any 
person who wishes to make a spring ; and whether m or « is 
used in a formula, you now know how to calculate one when 

g'ven the other and the size of the wire. If, then, we 
ive a spring made of wire whose radius is r, and if the 
radius of the coUs as measured to the centre of the wire 
from the axis of the spring is a, we see that when w is the 
greatest weight with which the spring may be elongated 
without producing a permanent set, 

^~7-'-^ (2) 

being independent of the. length of wire employed. 

fVom Art. 92 we see that if n is the modulus of rigidity 

' of the material, a the greatest angular twist, in radians 

which we oan give to a wire of radius r inches'and length 
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ono inch, and m the twisting moment which produces this 
twist, then 

^-^r*' (3) 

m being what we have previously measured or calculated. 
N is approximately known for a material from Table III., or 
A may be found by experiment for a given wire; and 
whether a or n is used in a formula, you now know how to 
calculate one when given the other. 

Putting the result of our reasoning in Art. 164 into an 
algebraic form, we see that a load, w, wiU elongate the 

spring by the amount 

2wlo» 

and hence the greatest elongation which can be given to the 
spring without its getting a permanent set Ib 

,. 2lam la< /.% 

'Aa, or — ^, or — (4) 

Combining (2) and (4), we see that when a spring is 
siaretched to its elastic limit, the mechanical energy stored 
up in it, which is called its '* resilience,*' being half the 
product of w into the elongation, is 

miA, or -^— , or ;^^ (6) 

168. Many interesting methods may be taken to express 
in words the meanings of these results. Thus, the second 
expression in (5) shows that the work which we can store 
up in a spiral spring is simply proportional to the weight 
or quantity of material in it. It would be easy to show 
that we can store more energy in a spring formea of wire of 
circular section than in one of equal weight of the same 
material whose wire has any other than a circular section. 

169. The following readings of our formulsa may prove 
to be useful : — Ist. If r, the radius of the wire, and a, that of 
the coils, be fixed, the elongation produced by any weight, 
w, will be proportional to /, the length coiled up to form the 
spring. 2nd. If a wire of a certain length and radius be given 
to form a spring, the elongation produced by a certain 
weight, w, w^ be proportional to the square of the radius 
which we may adopt for the coil. 3rd. If the radius of the 
wire be fixed, and the length of the spring when closed, so 
that the coils may touch one another, or, what is the same, 
the number of coils be also fixed, I must be proportional 
to a, and therefore the elongation due to a weight, w, will 
be proportional to the third power of the radius which we 
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may adopt for the coil. 4th. Tf the length of the wire 
and the radius of the coil be fixed, the elongation due to 
a weight, w, will be inversely proportional to the fourth 
power of the radius of the wire which we may adopt. 
6th. With a g^ven weight of metal and a given radius of 
the coil, the dongation due to a weight, w, will be propor- 
tional to /*, or inversely to r*, since / must be proportional 

We see that the ultimate elongation is — 1st, proportional 
to the length of the wire, if the radius of the wire and 
that of the coil be fixed. 2nd, proportional to the radius 
of the coil, if the length and the radius of the wire be fixed. 
3rd, Inversely proportional to the radius of the wire, if the 
length of the wire and the radius of the coil be fixed. 

It will be found that a weight hung at m (Fig. 114) will 
tend to turn as the spring lengthens, unless the coils of the 
spring are very flat. Tlus is due to the fact that the cross 
sections of the wire are really subjected to bending as well 
as torsion. 

170. We can cause the strain in such a spring to consist 
altogether of bending, if, without exerting any axial force 
such as I have shown in Fig. 114, we exert a couple about 
the axis such as we exerted on the wire in Fig. 43. The 
wire in Fig. 43 would be twisted, but the wire in Fig. 1 14 
is subjected everywhere to bending without any twisting or 
with only a very little twisting, due to the fact that the 
coils are not perfectly flat. 

If 00 is the radius of the coils to the centre line of the 
wire when unstrained, and the length of the coiled wire 
is /, then the number of coils multiplied by the circumference 
of each is the total length, so that the number of coils is 
l-7-2irao» If now the moment of inertia of the cross 
section of the wire about the axis through its centre about 
whidi it bends is i, and if m is the moment which acts 
at the unfixed end of the spring to twist it, then the new 
radius, a, of every coil is obtained from our knowledge of 
the fact given in Art. 160. 

M = E I X change of curvature, 

"•"="(1-^)' 

B being the modulus of elasticity of the material.* 

*liB&c{'-»-12fora wire of rectangular section, d being the 
dimension in iiiches of the section, measured radially out from the 
axis of such a spring ; I is v d^ -r 64 for a wire of circular sectiop 
i»f diameter d. 
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From this we hsTe 

where % wae the original number of windings, and n is the 
new number of windings. But one additional winding 
means that the unfixed part of the spring has moved through 
360 degrees, or 2 v radians ; and hence if A is the angular 
motion of the unfixed end of the spring in radians, 

. 2vxZ 

We see that it does not depend on the radius of the 
coils. For a spring of round wire of diameter d, the angular 
motion due to a taming moment, m, is 

A =128 Ul-r-Bd\ 

171. From these oonsiderations it is evident that 
It spiral spring like Fig. 115 when it lengthens 
under tiie action of a weighty has all its wire 
subjected to torsion. The spring itself is extended, but 
the wire of the spring is twisted. Again, if we subject 
the spring to torsion as a whole, the strain really going 
on in the wire is a bending strain. Usually, a spiral 
spring, as its coils are not perfectly flat, has its wire 
subjected to torsion principally, and a little bending as 
well, when the spring is extended; and when the spring is 
twisted as a whole its wire is mainly subjected to bending, 
but there is also a little twist in it. The extension 
of a spiral spring is proportional to the pulling 
force, and also to the length of the wire and to the 
diameter of the coils ; it is inversely proportional to the 
fourth power of the diameter of the wire if the wire is 
round. The twist given to a spiral spring 
is proportional to the moment of the twisting forces, it 
does not depend on the size of the coils; it is pro- 
portional to the length of wire, and inversely proportional 
to the fourth power of the diameter of the wire if the 
wire is round. 
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CHAPTER XVLI. 

PEBIODIO MOTION. 

172. When, after a certain interval of time, a- body is 
found to have returned to an old position, and to be there 
moving in exactly the same way as it did before, the 
motion is said to be periodic, and the interval of time 
that has elapsed is said to be the periodic time of the 
motion. Thus, if a body moves uniformly round in a 
circle, the time which it takes to make one complete 
revolution is called its periodic time. 

173. When a body moves uniformly in a circle, as, for 
instance, the bob of a conical pendulum (see Glossary, 
Art. 236), if we look at it from a point in the plane of its 
circle, it seems merely to swing backwards and forwards in 
a straight line. Thus, it is known that Jupiter's satellites 
go round the planet in paths which are nearly circular, 
but a person on our earth sees them move backwards 
and forwards almost in straight lines. Now if we were 
a very great distance away from the bob of a conical 
pendulum in the plane of its motion, we would imagine 
it to b moving in a straight Une, and the motion which 
it would appear to have — slow at the ends of its path, 
quick in the middle — ^would be a pure harmonic motion. 
To get an exact idea of the nature of this motion — in 
fact, to define what I mean by pure harmonic motion — 
draw a circle ao'lo" (Fig. 116), and divide its circum- 
ference into any great number of equal parts. Draw the 
perpendiculars b'b, c'c, &c., to any diameter. Now, if 
we suppose a body to go backwards and forwards along 
AOL, and if it takes just the same time to go from a 
to B as from b to o, or from any point to the next, then 
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its motion is said to be ft pure h&rmonic motion. Thia 
sort of motion is nearly what we observe in Jupiter's 
satellites ; it is almost exactly the motion of the bob of 
any long peudulum or the cross head of a steam-engine ; 
it is the motion of a point in a tuning-fork, or a stretched 
fiddle-string when it is plucked aside and set free ; of 
the weight hung &om a spring balance when it is 
vibrating ; of a 
cork floating on 
the waves in 
water; and of the 
free end of a rod 
of metal when 
the other end is 




and the rod ii 
set in vibration 
it tells 



aU 



the 
nature of the mo- 
tion, when such 

motion is of its 
mplest kind. 
Thus, for esam- 
Fig. uo. pie, a cork float- 

ing on water may 
really have a very complicated motion, but if the wave 
ill tixe water is of ita simplest kind, the cork goes 
up and down with a pure harmonic motion. If you 
study the (igure which you have drawn, and tien 
watdi the vibration of a very long pendulum, you will 
learn about this kind of motion what cannot be learnt 
by reading. 

174. Now let me suppose that the body takes one 
second to go from a to b, or from b to c, or from any 
point to the nest in Fig. 116. Then the length of AB 
in inches TepreteTita the average velocity between the 
points A and a, and in the same way we get the average 
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velocity anywhere elsa Thus, in the figure from which 
the woodcut is drawn I find 



Velocity from 


A 

to 

B 

0-34 


B 

to 
c 

1-00 




to 

D 

1-69 


D 

to 

B 

2-07 


to 

1* 

2-41 


F 

to to 
e 

2-59 2-69 




to 

H 

2-41 


H 

to 

I 

2-07 


I 
to 

1-59 


J 
to 

X 

1-00 


K 

to 

L 


Is in inches \ 
per second j 


0-34 



176. You will observe that the velocity increases as 
the body approaches the middle of the path, and 
diminishes again as it goes away from the middla Now 
the increase in the velocity of a body every second is called 
its acceleration, and I want you to observe what is the 
acceleration at every place. You see that the velocity 
changes from '34 to I'OO near b in one second — that 
is, the acceleration near b is '66 inch per second per 
second. Similarly subtracting 1 -00 from 1 '59 we find the 
acceleration at c to be 0*59, and so on. Now make a table 
of these values, and place opposite them the distances of 
the points b, c, <fec., from the centra In this way I 
find from my figure the following Table of Values : — 



^ 




Displacement 


Distance from to 


Acceleration at 


divided by 
Acceleration. 


B is 9-66 


B is 0*66 


14-6 


c is 8*66 


c is 0*59 


14-7 


D is 7-07 


D is 0*48 


14*7 


B is 600 


B is 0*34 


14-4 


F is 2*69 


F is 018 


14-4 


IS 


IS 




o is 2-59 


o is 0*18 


14-4 


H is 5*00 


H is 0-34 


14*4 


I is 7-07 


I is 0*48 


14*7 


J id 8-66 


J is 0*69 


14*7 


K is 9-66 


K is 0*66 


14*6 



From this it is evident that when the distance of a 
point from the centre is divided by the acceleration 
at the point, you get about 14*6 in every case- 
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that is, the acceleration at a place is pro- 
portional to the distance from the centre. 
This curious property is characteristic of the kind of 
motion which I am describing. If, again, you draw a 
number of figures, such as Fig. 116, and divide the 
circles into very different numbers of equal parts, you 
will find that in every case the following law is true : — 
The periodic time of a pure harmonic 
motion — that is, the time which elapses 
from the moment when the body is in a 
certain condition until it gets into exactly 
the same condition again — is equal to 
6*2832 multiplied by the square root of 
the ratio of displacement to acceleration 
given in the third column of the above Table. Thus, in 
the Table we find the mean value of the ratio (adding 
all the quotients and dividing by their number we get 
14*56) to be, let us say, 14*6. Now the square root 
of 14*6 is 3-82, and this multipHed by 6*2832 is 24 
seconds, which we see by inspection is liie periodic time 
in Fig. 116. 

The acceleration is always towards tbe middle point — 
that is, whilst a body is leaving the middle, its velocity is 
being lessened, when it is approaching the middle its 

velocity is being increased. The 
velocity at the middle is equal to 
the uniform velocity in the circle 
from which we imagine the harmonic 
motion to be derived^that is, the 
velocity in the middle is equal to 
8*1416 times the distance a l divided 
by the periodic time. 

Suppose the body to be at Q, Fig. 
117, moving with a pure harmonic 
motion m the path a o l. Describe 
the circle, draw qp perpendicular 
to A L, then p is the position of a body wMch has cor- 
responding uniform circular motion, llie acceleration at 
0, is equal to the resolved part along o l of the centripetal 
acceleration at p in the direction p o, which is known to 
be V* -7- p o where v is the uniform velocity of p. 
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The resolved part of this in the direction q o is evidently 
obtained by multiplying by qo and dividing by po, and we 
get for the acceleration of q, v^ x qo -f- p o^, so we see that 
the acceleration of a is proportional to q o. The accelera- 
tion at L or A, the ends of the path, is of course greater 
than anywhere else, being v^ -;- p o. 

If at any place, a, we divide the displacement by 

the acceleration, we get q o -f- ^^^, or p o* -r- v', and as v 

is the circumference of the circle 2ir« po, divided by 
the periodic time t, we have 
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We see then that if the force acting on a body and 
cansing it to move is always proportional to the distance 
of the body from a certain point, and acts 
towards that point, the body gets a pure 
harmonic motion, and we have a rule for 
finding the periodic time. 

176. Example. — In Fig. 118, a is a ball 
of lead weighing 20 lbs. carried by means 
of a spiral spring whose own weight may 
be neglected, let us suppose. Find by 
experiment how much the spring lengthens 
when we add 1 lb. to the weight of A oi 
shortens when we subtract 1 lb. from the 
weight of A. Let it lengthen or shoi'ten 
OOl foot. Evidently, if ever A is 001 foot 
upwards or downwards from its position of 
rest, it is being acted upon by a force of 

1 lb. tending to bring it to its position of 
rest We know also (see Art 171) that if 
A is 0*02 foot or 0'03 foot above or below 
its place of rest^ there is a force of 2 or 
3 lbs. trying to bring it back. We see 
then that the up and down motion of 
A must be pure harmonic. When the 
displacement is, say 0*02 foot, the force acting on A is 

2 lbs., and the acceleration of A is force 2 -^ mass of a, 




Fig. 118. 
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and as the mass of A is 20 -^ 32-2, or 0*621, the acceleration 
of A is 3 '22 feet per second per second when it is displaced 
0*02 foot from its middle position. Now employing tho 
rule given above, divide 0*02 by 3*22 and extract the 
square root, then multiply by 6*2832, and we get 0*495 
second, or about half a second as the periodic time of 
the swinging balL If you make experiments you wiU 
find that, unless the coils of the spring are very flat 
indeed, and the rigid support of A exactly in the axis, 
the ball has a tendency to turn and to vibrate laterally, 
which will somewhat disturb your observations if you are 
making careful measurements of the length of swing. 

177. Example, — The Simple Pendidum. — ^A simple 
pendulum consists in an exceedingly small but heavy body 

suspended by means of a long 
thread whose weight may be 
neglected, capable of swinging 
backwards and forwards in short 
arcs. Thus, in Fig. 119, s is the 
point of suspension, s P a silk 
thread, P a small ball of lead. P 
wQl move backward and forward 
along the path a o L with a motion 
which is pure harmonic, provided 
the thread is so long and a L so 
short that A L may be regarded as 
nearly straight, because the force 
acting on the ball at any time in 
the direction of its motion is pro* 
portional to the distance of liie 
ball from o. To show that this 
is so, resolve the vertically acting 
weight of the ball in the direc- 
tion of its motion along A o. You find that it is 
not quite proportional to A o unless A o is very nearly 
straight, but if this slight discrepancy is neglected the 
force urging the ball towards o is the weight of the ball 
multiplied by o a and divided by s a, the distance from 




Fig. 119. 



Chap. XVIL] THB SIMPLE PENDULUM. 185 

the point of support to the centre of gravity of the 
ball. As a matter of fact, the nature of 
the vibration does not depend on the mass 
of the ball; but, to fix our ideas, let us suppose that 
the weight is 2 lbs., then the mass of the ball is 2 -r 32*2, 
and acceleration along A o is the force -s- mass, or 

g^ the force -r ^^ the mass, so that the acceleration 

is 32-2 X A o-rS A. 

Now our rule is to divide A o by the acceleration at 

A, and this gives ^k ; extract the square root, and 

multiply by 6*2832 for the periodic time of oscillation of 
the pendulum. The general rule for a simple pendu- 
lum swinging in short arcs is then : - 

Time of a amplete o8cillation=6'2S32AJ ^^^ 'JJ^^''^^'^ 

* 32*2 

The time of one swing is half this. The number 32*2 
expresses the eflfect of the force of gravity at London. At 
any other place on the earth's surface it would be difierent 
— ^that is, at different places on the earth a 
given pendulum has different times of 
oscillation. For instance, a pendulum taking 2 
seconds for a complete oscillation at Paris, that is, taking 
1 second for one swing, called a seconds pendulum, if 
swung at Spitzbergen would gain 94 seconds per day, 
and if swung in New York would lose 30 seconds per 
day, provided the pendulum did not alter in length in 
being taken from one place to the other. Evidently 
when a pendulum gets longer it oscillates 
more slowly; hence in summer, when the pendulum 
of a common house-clock expands with heat, it goes more 
slowly, and in winter it goes more quickly, unless the 
position of the bob is adjusted. A pendulum which is 
self-adjusting — that is, which is so constructed that it 
remains of the same length whatever be the temperature — 
is called a compensation pendulum, 

178. Eocample, — In Fig. 120, b represents a strip of 
steel fixed firmly in a vice at c, with a heavy ball A 
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fastened at its free extremiiy. Find the force in pounds 
which will increase the deflection of A by 0*01 foot; say 
that it is 1 lb. We know that a force of 2 or 3 lbs. will 





Fig. lao. 



cause an increased deflection of twice or three times this 
amount, and as the force acting on the ball in any position 
is proportional to its distance from its position of rest, the 
baU wiU swing with a pure haimonic motion. H we 
can neglect the weight of the strip of steel, and if the ball 
is small, in comparison with the length of the strip, its 
time of vibration may be calculated in exactly the same 
way as that of the ball in Fig. 119. 

179. Fasample. — Suppose that b c (Fig. 121) is a 
bent glass tube of uniform section containing a liquid 

which can move without friction in the tuba If the 
liquid be disturbed so that the level is higher in B than 
in c, it will continue to swing about its position of equili- 
brium, that is, the position in which the 
liquid is at the same level in both limbs 
of the tube. Thus, if c is '01 foot below 
the proper level, and b is *01 foot above 
this level, the force which tends to cause 
the liquid to return to its proper level is 
twice the weight of the liquid o b. Sup- 
pose the weight of the liquid is 10 lbs. 
per foot in length of the tube, then the 
force acting on the liquid is 02 x 10, or 
•2 lb. If the whole length of tube filled 
with liquid is 6 feet, then the weight of liquid which 
has to be set in motion is 60 lbs., and its mass is 
60 -f 32*2, or 1 863 ; hence the acceleration is -2 -r 1 *863, 
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or 0*107 foot per second per second. The displacement 
is '01, and, working by our old rule, displacement divided 
by acceleration is '0935. The square root of this is 
•3058, and multiplying by 6*2832 we get 1 -92 second as 
the periodic time of the oscillation. 

You will find it easy to prove that the liquid 
swings in the same time as a simple pen- 
dulum whose length is half the total 
length of the liquid in the tube, and that 
it is the same whatever be the density of 
the liquid — that is, whether it is mercury or water. 

If tp lbs. 18 the weight of liquid per foot in length of the 
tube, if ^ is the displacement o b or o c, the force causing 
motion is 2 d w, ti a is the total length of liquid in the 
tube, the weight of liquid moved is a Wy and its mass 
is a tc -r ^, if ^ is 32 *2, -which represents the effect of gravity. 

^V AJI Q J9. £% 

Hence the acceleration is 2 rf w -5- -— , or -— ^, and the 







displacement divided by acceleration \a d-^ ---^, or 



2 0. 



80 that the periodic time is 2 t a/ y • •?"• 

180. It will be observed that in all these cases of 
vibration of bodies there is a continual conversion going 
on of one kind of energy into another. At each end of 
a swing the body has no motion \ all the energy is there- 
fore potential, whether it is the potential energy of a lifted 
weight or the potential energy of strained material. In 
the middle of the swing the body is going at its greatest 
speed, and its energy is kinetic. At any intermediate 
place the energy is partly potential and partly kinetic, 
but the sum of the two remains always the same, 
excepting in so far as friction is wasting the total store. 
Now in time-keepers the office of the mainspring is 
to give just such supplies of energy to the balance as are 
necessary to replace the loss by friction ; and we have to 
ask the question — At what part of the swing 
of a pendulum or balance can we give to 
it an impulse which shall increase its 
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store of energy without disturbing its 
time of oscillation? The answer is this. Ifablow 
is given to the bob of a pendulum when it is just at its 
lowest point, energy is given to the pendulum ; we give 
it power to make a greater swing, but the time which ifc 
will take to make this greater swing is just the same as 
the time it would have taken for a smaller swing. This 
middle point is the only point at which we can give an 
impulse to the bob without altering the time of its 
swing. In the lever escapement, and in other detached 
escapements of watches, the impulse is always given just 
at the middle of che swing. 



CHAPTER XVIIL 

OTHEB EXAMPLES OF PERIODIC MOTION. 

181. When the periodic motion of a body is not pure 
harmonic, we find that by imagining the body to have 
two or more kinds of pure harmonic motion at the same 
time we can get the same result. Thus, it is.known that 
a float, employed to measure the rise and fall of the tide 
by marking on a moving sheet of paper with a pencil, has 
a motion which is periodic and not pure harmonic. Thus, 
if horizontal distances represent the motion of the 
paper (unwound from a barrel by means of clockwork), 
and therefore represent time, and if vertical distances 

mean the rise or fall of 
water-level in feet, we 
get such a curve as is 
Pig. 122. shown in Fig. 122. 

Now this is not a pure 
harmonic motion, for if you plot on squared paper the 
distances oA, ob, oc, o d, o e, op, <fec. (Fig. 116), for 
equal intervals of time, you will get a curve like Fig. 123, 
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which is easily recognised, and is called a curvt of sines. 

But it has been found that if you take certain curves of 

sines whose periodic times aria — 1, the semi-lunar day ; 

2, the semi-solar day, 

and some others, and 

draw them on squared 

paper, and add their 

ordinates together, you 

will get the curve shown 

in Fig. 122. In the very Fig. 123. 

same way you can com- 
bine pure harmonic motions to arrive at any periodic 

motion. A good way of combining pure harmonic 

motions experimentally 
is to let a body hang 
from a string which 
passes over two or more 
movable, and the same 
number of fixed, pulleys. 
These pulleys are pivoted 
on crank pins, and their 
pivots are made to re- 
volve at any desired rela- 
tive speeds, and each 
gives to the body a pure 
harmonic motion by its 
action on the string. 
The body gets a motion 
compounded of the mo- 
tions of the pulleys, and 
if it is an ink-bottle or 
pencil pressing on the 
paper on a revolving 
paper roller, we get a 
time curve of the periodic 
motion. This is the prin- 
ciple of the construction 

of Sir William Thomson's Tide Predicting Machine. 




Fig. 124. 
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182. When a body can swing east and west under the 
influence of forces which ha>e no tendency to move it 
except in a direction due east and west, and if forces act- 
ing due north and south can make it swing in their 
direction, then both sets of forces acting together on the 
body will give it a motion compoonded of the two 
simpler motion& Thus, a ball a (Fig. 124) is suspended 
by a string, pa, which is knotted at p to two other 
strings, PS and Ps', equal in length, and fastened at s 
and s'. The ball may swing in the direction N o s as if 
it were the bob of a pendulum hung directly from the 
ceiling at p', but it may also swing in the direction sow 
at right angles to N o s , and if it does so it swings as if the 
point p were the fixed end of the pendulum A p. When 
it swings under the influence of the two sets of forces 
tending to make it move both ways at once, the motion 
of A is compounded of the other two simpler motions. 
If PA is one-quarter of the length op', then the east 
.1 and west swing takes 

"* " " " half as long as the 

*• north and south swing. 
_ If PA is one-ninth of 
OP', then the east and 
west swing takes one- 
third as long as the 
north and south swing. 
The motion of a is 
sometimes very beauti- 
ful, and the experiment 
is easily arranged 

183. The motion is 
quite easily represented 
on paper. Thus, in Fig. 
125, a' k is the north 
and south direction, and a m, at right angles to it, is the 
east and west direction. Let the points 0, 1, 2, (&a, in 
each of these lines be found as in Fig. 116. Let the bob 
be supposed to go from to 1 in a'm in the same time as 
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it goes from to 1 in am. You will observe that I have 
twice as many points in am as in a'm, showing a slower 
oscUlation in the direction a m. You can begin to number 
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Fig. 126. 

your points anywhere, remembering that when the bob 
completes its range it comes back again in the opposite 
direction. Now put marks where the east and west 
lines meet the north and south ones, drawn through 
corresponding points. It is evident that the curve 
drawn through these successive marks is 
the real path traced out by the ball when 
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acted upon simultaneously by the two sets of forces urging 
it in a north and south, and an east and west direction. 

If you have the same number of points in a' H as 
in AH, you will get a circle, ellipse, or straight line, 
as in A, B, 0, Fig. 126. This represents the motion of a 
conical pendulum free to swing in every direction. Again^ 
D, E, F, and many other curves that might be drawn, 
represent the case which I took up in Fig. 125, where one 
vibration is twice as quick as the other. If Uie time of 
vibration in A H is to the time of vibration in a' M as 2 
to 3, we get curved paths like G, i, J, and so on. In 
experimenting with the pendulum. Fig. 124, it will 
usually be found that slight inaccuracies in the lengths 
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Pig. 127. 

* 

of the cords will cause a continual change to go on in the 
shape of the path traced out by the ball 

We can produce these motions by spiral springs, and 
in other ways. Thus, for example, if we use instead of 
vhe strip of steel, in Fig. 120, a combination of two strips, 
B and b', as in Fig. 127, so that the heavy bright bead a 
is capable of vibrating in two directions at the same time, 
you will get the same combinations of pure harmonic 
motions, depending on the point at which b is held in 
the vice c. 

184. When a body has a periodic rotational motion 
about an axis like the balaoice of a watch or a rigid 
pendulum, we must no longer speak of the force causing 
motion, and the mass of the body, and the distance 
of displacement ; but if we substitute for these terms, 
moments of forces, moment of inertia of the body and 
angle of displacement, we have exactly the same rule for 
finding the periodic time of oscillation. The periodic 



Chap. XVin.] ROTATIONAL PERIODIC MOTION. 193 

time is 6-2832 times the square root of the angular 
displacement of the body at any instant, divided by the 
angular acceleration at that instant. And we know 
that angular acceleration may be calculated by dividing 
the turning moment acting on a body by the moment 
of inertia of the body. A point in the balance of a 
watch swings in circular arcs, but if you only take 
account of the distances which it passes through, and 
suppose it moved in a straight line instead of in the arc 
of a circle, the motion is very nearly pure harmonic. If 
there were no friction or other forces acting on the 
balance except the turning moment of the balance 
spring (see Arts. 162-3), and if the moment of the spring 
were always exactly proportional to the angular dis- 
placement of the balance, the motion would be pure 
harmonic. 

We saw in Art. 162 that the turning moment of the 

spring is ^-oT'^) if b is modultis of elasticity of the 

spring, b its breadth, t its thickness, and / its length, and if 
A is the ang^ilar displacement in radians. 

Angular acceleration is this moment divided by moment 

of inertia i of the balance, or y^y -. 

Hence, angular displacement a, divided by angular 

leleratio] 
balance is 



1 2 1 1 

acceleration, is ^yI^i so that the periodic time of the 



T = 6*2832 



/l21i. 



Increasing the moment of inertia of t?ts balance or the 
length of the spring m^akes the vibration slow. Increasing 
tJie breadth and, what is still more important, vncreasvng 
His thickness of ike spring makes the vibration quick. As 
we saw in Arts. 162-3 that our calculation of the turning 
moment of the spring is not quite right, that the dimen- 
sions of the balance and spring alter with temperature, 
and that above all the elasticity of the steel alters with 
temperature and with its own state of fatigue, the 
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rule given in the note is not perfectly true, nor can any 
balance be regarded as taking exactly the same time 
for its oscillation in different lengths of arc. At the 
same time it is of great help to the watchmaker to know 
that with considerable, although not with perfect ac- 
curacy, the time of vibration of a balance is proportional 
to the square root of the length of the spring, and so on. 
For example, suppose the spring is 3 inches long, and 
the balance makes one swing in 0*251 second, How if he 
wishes it to make a swing in 0*25 second, be must 
shorten it in the ratio of -251 x '251 to '25 x '25, or in 
the ratio -063001 to -0625, so that the length of his 
spring ought to be 3 x '0625 -r -063001, or 2-976 inches— 
that is, it ought to be shortened -024 inch. In the 
same way he can calculate the effect of adding little 
masses at any distances from the centre of the balance, 
so that its moment of inertia may be increased, and 
the balance made slower in its swing. The same law 
tells him how he can compensate the balance, so that 
when in summer the steel of the spring loses its elasticity, 
some of the mass of the balance will come nearer the 
centre, in order that the moment of inertia may diminish 
in the same proportion. 

185. Compound Pendulum. — ^The simple pendulum 
described in Art. 177 is not like the pendulums used in 
practice. In these the bob is not so small that we can 
consider it bs a point; the long part is not a thread 
but a stiff rod of metal or wood, and there is usually 
a knife-edge for support, about which it can turn with 
little friction. In common clocks, however, the top 
end of the pendulum is a thin strip of steel held firmly 
in the chops, but the easy bending of this strip is such 
that we may imagine the pendulum to move freely 
about an axis. Employing our general rule of Art. 184 
we find how to calculate the time of vibration. This 
compound pendulum vibrates in the same time as a 
certain simple pendulum, called the equivalent simple 
pendulum, whose length you ought to find by experiment. 
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In Fig. 128 let s be the aofU o/nupenaion, a the oentre of 

gravity, and P a point in the contmuation of the line B a 

such that B P is the length of the eqiiivatent simple 

pendulntn. Then P is called the centre 

of oiciUation, and it is also known to ' 

be tie ceTUre of percmaion of the 

pendulum (aee Art. 200). It can be 

proved that if the pendulum be 

inverted and made to vibrate 

about a parallel axis through 

P, it will vibrate in exactly 

the same time as it doea about 

a; and it was in this way, by 

inverting a pendulum which had two 

knife-edges, and adjusting these until 

the pendulum took the same time to 

vibrate about one as about the other, 

and then measuring the distance be- 
tween them, that Captain Kat«r found 

the length of the simple pendulum 'if. 128. 

which vibrates in a given time. This 

method is still employed in gravitation experiments 

everywhere to find the value of g which is 33"2 feet per 

second per second at London. 

If B is the aiii of suipemrion, a the centre of gravity, 
w the weight of the peuduluin, then the moment with 
which gravity nrgee the pendulum to return to its position 
of rest is w X o H, bat if the angle e s o he measured in 
radisog, end if it is very small, tbia oioinent is almoet 
exactly equal to w x e o x angle o » n. The angular 
acceleration ia obtained by dividing this by i, the moment 
of inertia of the pendulum about a, and o ' * 



ori>=e'2832 



fsj W-BO llIlKlaOBH+» 

ys; 



calcuIatioDB being made in poonds and in feet. 

When we examine this formula we see that it may he pat 
in another form. Find a point x, such that if all Uie mass 
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of the pendulum were gathered there, its moment of inertia 
about s would be the same as at present ; in fact, such 

that MTa ^® TDsaa of the pendulum x s k^ would be equal 

to I. The distance s k is called the radius of gyration of the 
pendulum (see Art. 142), and our role now becomes, 

T« 6-2832 y/^ ^^^ 

where ff is 32*2. 

In the simple pendulum, s k and s o are equal, and if 
you make them equal you will find this to be the same rale 
which is given in Art. 177. However, in an ordinary- 
pendulum, s K and s o are not equal, but s k^-t-s a is equal 
to some length such as s p, and our rule becomes 

t = 6-2832a/— (3) 



V- 



Evidently b t is the length of the imaginary simple 
pendulum which would vibrate in the same time as our real 
pendulum. The imaginary point f has been called the 
centre of oscillation, because when the pendulum is inverted 
and made to vibrate about an axis through p it vibrates in 
the same time as before.* 

* To prove this it is necessary to return to equation (1). We know 
that I is equal to the moment of inertia of the body calculated as if 
all its mass existed at a, together with the moment of inertia of the 
body as it is at present, but calculated about an axis through o 
parallel to the present axis — that is 

I = - s o* + - *», 
9 9 

where k is some length unknown to us just now, being the radius 

of gyration about the axis through the centre of gravity. £ule (1) 

becomes 



T = 6-2832 



or T = 6*2832 



I L 

W-SG 



That is, the length of the simple pendulum which will vibrate in the 
■amd time is s 0+^^ and we have already found it to be s P in 
equation (3), so that op= *^»orQPxS o = k\ But in the very sarnie 
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186. ExaTTvples, — ^The bar of Fig. 129 with two adjust 
able masses may be hung at one end of a wire, the other 




Fig. 129. 

end of which is fixed to the ceiling. By twisting and 
untwisting the wire the bar will oscillate with a motion 

way, if we considered tlie pendulum as vibrating about p, we should 
find the length of the equivalent simple pendulum to be greater than 

}fi 
o p by an amount equal to — , and we know that s o is equal to this 

amount, so that s P would as before be the length of the equivalent 
simple pendulum. The axes of osciUcUion and suspension are therefore 
interchangeable. 
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which is much more nearly pure harmonic than that o£ 
the balance of a watch. My students experiment with 
Buch a bar ; they can adjust the weights a and b at any 



Fig. 130. 

distance from the axis (there is an engraved scale on the 
bar), so that the moment of iaertia can be varied. They 
can fasten the bar at the end of a wire, or they can use 
it as in Fig. 130, with a flat spiral spring, or as in Fig. 
129, with a cjlindric spiral spring; and the rate of its 
vibration gives one of the best ways of investigating the 
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twisting moments of wires and such springs when strained 
through given angles. . 

In the case of a wire the twist always tends to bring 
the bar to its position of rest with a moment which 
is proportional to the cmgle of displtzcemsnt from this 
position — ^it is this property which causes the motion 
to be pure harmonic. This mxmvent is also proportional 
to the fourth power of the diameter of the vyi/re, and it 
becomes less as t/ie length of the wire is increased. By 
means of a circular scale and a pointer we can measure 
the extent of each swing, and this is found to decrease 
gradually, due to friction with the air and the internal 
fiiction or viscosity of the metal. The amount of 
diminution of swing gives us a means of determining 
the viscosity, and the apparatus can so easily be fitted 
up, that no person who wishes to understand the pro- 
perties of materials can be excused from making these 
experiments. 

If the length of the wire is / inches, its diameter d, 
and if N is its modulus of rigidity (see Table III.), 
then from Art. 92 we see that the moment with which 
the wire acts on the bar, when its angle is a from the 
position of rest, is 

If the moment of inertia of the bar is I (we are 
neglecting the fact that the wire itself has some mass 
which has to be set in motion), then the moment, divided 
by I, is the angular acceleration, and using this quotient as 
denominator and a as numerator, extracting the square 
root, and multiplying by 6*2832 or 2ir, by the general rule 
of Art. 184, we find the square of the period of a complete 
oscillation to be 

^■~ »d* • 
When motion is slow, the friction in fluids is propor- 
tional to the velocity, and any friction which foUows this 
law is called fluid friction. A great many vibrating bodies 
tend to come to rest by the action of sudh friction as this ; 
and it is found that if the friction is proportional to the 
angular velocity, then the logarithm of the ratio of the length 
of one swing from the middle position, to the next swing in 
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the same direction, is nearly equal to k times the periodic 
time. Hence, this logarithmic decrement, as it is called, is 
proportional to the £iotion oo-efficient. If we observe 
twenty-one elongations on one side of the' middle position, 
then one-twentieth of the logarithm of the first elongation 
divided by the last, is k times the periodic time of oscilla- 
tion. 

ExerexM, — Bifilar Su8i>e]isioii. — In many measuring 
instruments a body is suspended by two thin wires 
nearly vertical. If the vertical length of each of these 
is ly the distance between their ends at the top, a, and at 
the bottom, 6, and the weight of the body, «7, it is easy 
to show that for a small angular displacement, a, the 
moment tending to bring the body to its position of rest 
is very nearly (neglecting tension of the wires themselves) 

-y-iTA. 

Find the time of vibration of such a body when its moment 
of inertia is known. 

Exercise, — A magnet, turning on a frictionless pivot at its 
centre of gravity, is sub;|ected to a turning moment, ha, 
due to the earth's magnetic action, if it makes only a small 
angle, a, with its position of rest. Find the time of a 
vibration if the moment of inertia is known, and show 
that the square of the time of vibration 
of the magnet in different places is in- 
versely proportional to h« 

187. Stilling of Vibrations. — ^When a pure harmonic 
motion is represented on paper in the manner described 
in Art. 181, we have a curve of sines. The curve may 
be obtained by producing the lines bb*, cc', &c., of Fig. 
116, cutting them at right angles by equi-distant hori- 
zontal lines and joining the successive points of inter- 
section so found. It may also be drawn by finding from 
a book of tables the sines of 0", 10°, 20°, &c., and 
plotting and sin 0°, 10 and sin 10°, 20 and sin 20°, 
&c., on a sheet of squared paper. 

A curve of sines expresses the fact that, if d represents 
the displacement of a vibrating body from its middlo 
position after an interval of t seconds since it was at the 
middle of its course, then 

</ = A sin B ^ 

where a is the greatest displacement of the body from its 
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middle position. This displacement is nsually called the 
amplitude of the vibration. 

If T is the time of a complete vibration, it is easy to see 
that the equation is 

i/=Asin^^. 

T 

If we make the bob of a pendulum terminate below, 
in a tube which can act as a pencil holder, and in which 
a well-fitting pencil can slide freely, and if we move a 
sheet of paper at a uniform rate underneath this pencil 
at right angles to the direction of motion of the pencil, a 
curve of sines will be traced out, if the pendulum swings 
without friction. But in practice we always find that, 
what with the friction at the poiat of support, friction 
with the atmosphere, &c., a pendulum's swings get 
smaller and smaller, that is, the amplitude of the 
vibration gets less and less as time goes 
on, until the pendulum at length comes 
to rest. 

This motion is not a pure harmonic motion, but within 
certain limits each swing may be regarded as very nearly 
a pure harmonic motion. Practical men who deal with 
oscillating bodies, such as pendulums, ships, tuniag forks, 
magnetic needles, and suspended coils of wire, usually 
assume that the motion during each swing is a pure har- 
monic motion. The frictional resistance to motion of any 
ordinary vibrating body in a fluid medium, or of a magnetic 
needle vibrating near any body capable of conducting 
electricity, is almost always such that the quicker the 
motion the greater the friction (see Art. 244), that is, fric- 
tional resistance is proportiocal to speed, and in this case it 
is not difficult to show that instead of the law 



we have the law 



rf=A8in2f < (1), 

rf = A e '** sin — < (2). 

That is, if the strength of the spring or other governor of 
vibration, and the character of the vibrating body are such 
that without friction the law would be (1), then, when the 
vibration is damped by frictional resistance of the above 
character, the law of the motion becomes that given by 
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equation {2). Here A; is a constant which depends on the 
character oi the friction. Thus k is greater when a pen- 
dulum swings in water than when it swings in air. Also, 
Ti, the periodic time of the vibration, is no longer the same 
T as it was for undamped vibrations, and the relation 
between t and t^ is 

■? = -5? **■ *i? ^^' 

or if 11 is the number of undamped vibrations per second, 
and fh the number of damped vibrations per second, then 

»._„,. + -» (4). 

In order to get exact ideas on this subject of the damping 
of vibraticmB, the student ought to plot on squared paper a 
curve such as o a'b'c'd'b'Pg'h'i, Fig. 131, which cor- 
responds with equation (2). Thus, let us suppose that a 
body undamped in its vibrations gets an impulse which 
sends it from its position of rest in such a way that its 
amplitude is 10 inches, and let the time of a complete 
oscillation be 1*6 second. Then the law of its motion 
would be 

J ,n • 6-2832 . 
rf = 10 sm— j:g- t, 

rf = 10 sin 3-927* (6) 

where diain inches, t in seconds, and the angle 3*927 1 in 
radians (see Glossaby, Art. 230).* 

If now the friction is such that k = 0*7, we find from (3) 
that the time of a vibration is practically unchanged. Find 
therefore the ongiual curve of sines by calculating the 
second column of the following table. The numbers of the 
first two columns plotted on squared paper would represent 
the undamped vibrations. But for damped vibrations the 
numbers of the second column have all to be multiplied by 

€~^'*, and if we denote this multiplier by the letter a?, we 
see that 

X being e~^" 
log a? = -0*7* log c, 
or log X = -0*304*. . 

* We may write (5) in the form 

(2 = 10 sin 225& 
In this case the angle 225* is expressed in degrees. 



or 
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I have calculated x for the various values of ty and placed 
the results in the third column. Multiplying, therefore, 
the respective numbers of the second and third columns 
together, we get the fourth column of numbers, and plotting 
the numbers of the first and fourth columns on squared 
paper, we find the curve which shows the 
nature of the damped vibrations. 



•■ 




10 sin 8-927t, or 








t 

in seconis. 


10 Bin 225t, if 

angle is taken in 

degrees. 


^-0*7« 


f"^^*10sin8-927t 
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Some students may find it as instructive to first draw 
a curve of sines, then draw the lo^rithmic curve, corres- 
ponding to column three, on the same sheet of squared 
paper, and multiply the ordinate of one curve by that of 
the other to get the ordinate of the real curve which 
exhibits the damped vibrational motion. This is what 
has been done in Fig. 131 ; oabodefohi is 
the curve of sines, l P Q is the logarithmic curve, 
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showing how rapidly the amplitude of the vibration 
diminishes, and o a' b' c' d' e' f' g' h' i is the curve 
which represents the actual motion of the vibrating 
body. In this figure the logarithmic curve is drawn to 
such a scale as seemed convenient for showing its pro- 
perties distinctly. It would be very easy to dilate on 
the nature of the resulting curve o a' b' &c., but this 
book is written to help students who are earnest enough 
to calculate the above numbers and plot the curve, and 
when they perform these operations they will have very 
clear notions about the motion we have been investigating, 
so I think it would be mistaken kindness on my part to 
describe it further. 

Exercise. — ^A heavy disc, suspended by a -wire, vibrates 
in each of a number of fluid media, its periodic time of 
vibration in all bein^ sensibly the same, or 1*5 second. 
The ratio of the amplitudes of two successive swings in one 
direction being 0*9 in one fluid (that is, the second swing 
being only nine-tenths of the first, and the third being only 
nine-tenths of the second, and so on) and 0*8 in another 
fluid, and 0*7 in another, what numbers will express the 
relative viscosities of these fluids ? 

Here we have 

0*9 = r^'** for the first fluid, 
BO that -log 0*9 «= 1 -bk log c. 



or A; ss 



-log 0-9 



1*6 log €» 

that is * = 0*07. 

In the same way A; = 0*16 and k = 0*24 for the other 
fluids, and hence 7, 16, and 24 are the required numbers 
expressing the relative viscosities, as measured by the 
vibrating disc method. 

A very slowly swinging disc and pointer will enable 
you to plot the complete curve from actual observations. 
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CHAPTER XIX. 

THE EFFECT OF A BLOW. 

188.* Have you ever considered how it is that a blow 
of a hand hammer will indent a steel surface, whilst a 
steady force applied to the same hammer-head would 
require to be very great to produce any indentation) 
The pressure between the hammer and the steel is very 
great, and it must be all the greater because the time of 
contact is very short Indeed, if a hammer weighs 
2 lbs., so that its mass is 2 -r 32*2 or 0621, and if, just 
before touching the steel, its velocity was 10 feet per 
second, then you know from the principles of mechanics 
that its momentum was 10 x "0621, or '621. Now, if 
one-ten-thousandth of a second "elapses from the time of 
actual contact until the hammer's motion is destroyed — 
that is, until the elasticity of the steel is just about to 
send the hammer back again a little — ^the momentum 
•621 is destroyed in *0001 second, hence the average 
force acting between hammer and steel during this short 
time must have been "621 -f "0001, or 6210 lbs. It is 
certain, however, that this average force is less than 
what the force actually was for some very small portion 
of the time. You will observe then that we cannot 
tell the average force of an impact unless we know 
two things — ^first, the momentum, and second, the time 
in which it was destroyed. Now the duration of 
an impact depends greatly upon the nature of the 
objects which strike one another, and we see that the 
average force of a blow is less as the time is greater. 

* In Art. 63 I have touched on this subject from the strain-energy 
point of view. It might have confused the student to treat tho 
subject from two different points of view in one place. This is my 
reason for the separation. 
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Sometimes, instead of a great force acting for a very 
short time, what we require is a smaller force acting for 
a longer time. For instance, when cutting wood we 
obtain this result by using a wooden mallet and a chisef 
with a long wooden handle, because the force required to 
make the chisel enter the wood is not very great, and we 
wish this force to act for some time, so that much wood 
may be cut at one blow. In chipping, we have the time 
short, because considerable force is required to cause the 
chisel to enter metal. The duration of an impact de- 
pends on the shape of the bodies and their masses, and 
on the rigidity of their materials. 

Why is it that in driving a nail into wood your 
blows seem to be of no effect unless the wood is thick 
and rigid or unless it is backed up by a piece of metal 
or stone ? It is because the wood yields quite readily, 
and so prevents the hammer losing its momentum 
rapidly. There are few subjects in which people are so 
apt to have erroneous ideas as in this one of impact. 
Thus a man will speak of \he force produced by a weight 
falling through a height without having any idea of the 
tvme during which the motion of that weight is being 
stopped, in fact, without considering what time the 
weight is allowed for delivering up its energy. Now, a 
little consideration will show that the mean force of the 
blow will be quite different according as the weight falls 
on a long and yielding bar or on a short and more 
rigid one. If we could imagine bodies to be formed of 
perfectly unyielding materials, then the slightest jar of one 
against the other would produce an infinitely great pres- 
sure between them, and in the blow produced by a falling 
body there may be every gradation from exceedingly great 
pressures to very small ones, depending on the yielding 
power of the body that is struck. Everybody is acquainted 
with the sensation produced by suddenly placing one's 
foot on a level floor when one was preparing for a step 
downwards. The downward momentum of the body 
is suddenly destroyed, and great pressures have to act 
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in all the bones of the body. Carriages are hung on 
springs for the purpose of preyenting their losing or 
gaining momentum with too great rapidity when the 
carriage wheels pass over obstacles. When we are sitting 
on a hard seat in a third class railway compartment, and 
the carriage gets a slight jerk upwVds, momentam ia 
given much too rapidly to our bodies for perfect comfort, 
and to sit on cushioned seats is preferable. A cannon 
ball is safely, because comparatively slowly, stopped by 
sand-bags or bales of cotton 

189. Example. — ^A pile driver of 300 lbs. falls through 
a height of 20 feet, and is stopped during 0*1 second, 
what average force does it exert upon the pile ) A body 
which has fallen freely through a height of 20 feet has ac- 
quired a velocity equal to the square root of 64*4: x 20, or 
35*89 feet per second. Itsmomentuin is 300 -r 32*2 x 35*89, 
or 334*4, and this divided by 0*1 gives 3,344 lbs., 
the answer. From the instant when the motion of the 
driver ceases to diminish, the force exerted by it is its 
own weight. The average force of friction in pounds 
between the pile and the ground multiplied by the 
distance in feet through which the pile descends during 
the stroke is equal to 300 x 20, or 6,000 foot-pounds, if 
we neglect the loss due to vibrations of the body and the 
ground in the neighbourhood, and if we also ignore the 
fact that the weight really descends a little farther than 
20 feet. 

190. Suppose a body A to strike another B, and that 
we can neglect the actions of outside bodies upon them 
botL If A loses momentum, b must gain the same 
amount because their mutual pressures are 
equal and opposite during the time of 
impact. It is our knowledge of this fact that enables 
us to calculate the motions of bodies after they strike one 
another. Again, for the same reason, if from any internal 
cause the parts of a body separate from one another, 
either violently or gently, the total momentum remains 
as it was, it is only the relative momentum which alters. 
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Hence, when a shell bursts in the air, some parts move 
in the same direction more rapidly than before, but 
others less rapidly; one part may double its velocity 
and another may drop nearly vertically, its forward 
motion being stopped, but, on the whole, the total for- 
ward momentum is what it was originally.* 

191. ExampleB. — If a cannon were perfectly free to 
move backward when the shot leaves it, the backward 
momentum of the cannon would be exactly equal to the 
forward momentum of the shot Thus, if a shot of 
20 lbs. leaves a cannon whose weight is 2,240 lbs. with a 
velocity of 1,000 feet per second, the velocity of the 
cannon backward would be 1,000 x 20 -f 2,240, or about 
9 feet per second, neglecting the fact that the gases 
leave the gun also with a certain momentum. When a 
ship fires her broadside, each gun runs back, communi- 
cating, as it is stopped, its momentum to the ship, which 
heels over in consequence. A gun firing the above shot 
of 20 lbs. directly backwards from a ship whose total 
weight is 600 tons gives to the ship so much momentimi 
that its speed is increased 9-^-600, or '015 foot per 
second. We see, then, that a ship might propel herself 
by means of her guns. The steamship Waterwitck had 
powerful steam pumps, wherewith she brought a great 
quantity of water in nearly vertically, and sent it out 
backwards on the two sides below water level The 
momentum given to the water backwards was equal to 
the momentum given in the other direction to the ship. 
It is on this principle that Hero's steam-engine and 
Barker's mill work, the momentum given to jets of fluid 
passing out of certain pipes being equal to the momentum 
given in an opposite direction to the pipe from which 
the fluid passed. In all such cases the propelling 

* Of course the kinetic energies of the parts of the shell added 
together are greater than they were before the shell burst ; we are 
now merely speaking of the momentum. The total momentum of 
two equal bodies going in opposite directions with the same velocity 
U notlung, whereas their total kinetic energy is double that of one of 
them. 

O 
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force in pounds is numerically equal to the momentum of 
the fluid which passes out in a second Thus, if from 
a vessel moving with a velocity of 14 feet per second 
water comes through orifices of 4 square feet in area with 
a velocity (relative to the orifices) of 20 feet per second, 
then the quantity passing out in one second is 4 x 20, or 
80 cubic feet, that is 80 x 62-3, or 4,984 lbs. Now re- 
collecting that this water was first brought in and is 
now sent out, what is the velocity which we have really 
impressed upon it in the process ) At the beginning it 
was motionless with respect to the sea; it now has 
a velocity of 20 - 14, or 6 feet per second with 
respect to the sea, so that the momentum given to it is 
its mass 4,984 -f 32*2 multiplied by 6, or 9287: hence, 
as this momentum is given every second, 928*7 lbs, 
is the propelling force exerted on the ship. In one 
second the ship moves through 14 feet, so that the 
useful mechanical work done is 14 x 928*7, or 13,002 
foot-pounds. We have given to 4,984 lbs. of water a 
velocity of 6 feet per second, the kinetic energy of this 
water is wasted, and this kinetic energy is ^ of 4,984 -r 
32*2 X 6 X 6, or 2,786 foot-pounds. In fact, we have 
altogether spent 15,788 foot-pounds, and 13,002 of this 
have been usefully employed, so that the e£&ciency of the 
method is 13002^15788, or 0*824, or 82*4 per cent. 
As a matter of fact, however, the friction in pumps and 
pipes usually causes a third of the indicated horse-power 
of the engine to be wasted, so that the true efficiency of 
this method of propulsion is § of the above, or 0*549, or 
64*9 per cent., neglecting the efficiency of the cylinder of 
the engine itself. You will remember a fact which has 
come in casually here — ^if the water leaves any turbine, 
water-wheel, or any propeller of a vessel with a velocity 
relative to the still water into which it passes, or if it 
has any other form of energy, this energy has been 
wasted. After studying the above calculation, you will 
have no great difficulty in understanding how we find 
the horse-power given out by turbines. 
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192. By calculation you will find that, when two 
free and inelastic bodies strike, the momen- 

\ turn communicated from one to the other 

is their relative velocity multiplied- by 
the product of their masses and divided 
by the sum of their masses, and this 
quotient divided by the time of impact 
gives the mean pressure. This pressure acts 
equally on both, of course, but it may not hurt both 
equally. If the bodies are surrounded by water like 
ships, they can no longer be regarded as free bodies, 
and it is not easy to tell you in a few words how much 
mass you must add to the bodies to represent the mass 
of the water, which has also to undergo change of 
motion. In the case of a ship, the mass of water to be 
moved broadside on is much greater than when the ship 
is struck stem on. 

193. A body falling into a liquid sets it in motion, 
and this motion appears at distant places more and more 
nearly instarUcmeov^ly as the liquid becomes more and 
more incompressible. The nature of this motion is 
known to us if we know the velocity of yielding at the 
place of contact, and from this the total momentum 
given to the liquid. This represents a very considerable 
pressure applied at the place of contact, and this pres- 
sure becomes greater as the velocity of the body before it 
touches the liquid increases. Hence a cannon ball fired 
at sea rebounds from the water as from a rigid body. 
Hence also a man diving unskilfully, as he falls prone on 
the water, gets a very unpleasant shock, whereas a 
skilful diver enters in such a way as to make the 
momentum of the moving water as small as possible, and 
to make the creation of this momentum gradual. 

194. Let us consider what takes p]iice when two free 
ivory balls come together. There is a certain instant 
after they first touch when they move together just as if 
they were composed of soft clay — ^then they act on each 
other with their greatest iSressure; they are in their 
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most strained condition, and supposing no loss by internal 
friction, the strain in the balls represents an amount of 
stored-up energy (see Arts. 62, 63) equal to the kinetic 
energy which the bodies have lost It is very important to 
remember this fact, that if bodies are to return to their 
old states after the collision, we must suppose that during 
the collision there is a storage of kinetic energy in the 
form of strain. All the kinetic energy will not be given 
out again, nor can we say that it is all stored, b^use 
there is a sort of internal friction causing part of the 
strain energy to be converted into heat when any change 
occuHL Now, if the whole of the stored-up energy is 
confined to one portion of the body, the strain may be 
too great. Thus, a steel rod 1 square inch in section, 1 
foot long, will store up 167 foot-pounds of strain energy 
in its stretched condition before it breaks. For suppose 
breaking stress to be 100,000 lbs. per square inch. This 
will occur when there is a lengthening of *0033 foot, 
so that the energy stored up is the work done by a force 
whose average amount is 50,000 lbs. acting through *0033 
foot^ or 167 foot-pounds. If 2 feet of the same rod 
stored up this same amount of energy, there would 
only be 83 foot-pounds in each foot of its length, and 
it is easy to see that the stress is no longer the breaking 
stress of 100,000 lbs. per square inch, but only 70,700 lbs. 
per square inch. As we store the same 
amount of energy in smaller and smaller 
portions of a body, it is evident that we 
must approach a condition of fracture. 

196. We see, then, that at the place where contact 
occurs, two bodies, A and b, are strained ; but if A is of 
some very elastic material, such as tempered steel, the 
strain energy is conveyed very rapidly to ev6ry part of 
the body, whereas if B is a feebly elastic body, the strain 
aocmnulates at one place, leaving the rest of the body 
unstrained, whilst at this place the strain may produce- 
fracture. This slowness to communicate 
strain to the rest of the body may also 
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be produced by the shape of the body. For 
instance, a rod struck sidewise or a thin plate struck 
in the middle does not so immediately communicate 
its strain to the remote parts as a rod struck end- 
wise. Again, the nature of the parts of A and b 
in contact may be such that not only does the strain 
energy leave this part of A rapidly, but immediately in 
the neighbourhood of the place of contact there is a 
greater capacity to bear strain energy without rupture 
than is the case with b. Thus, when ship A rams the 
broadside of ship B, the side of b is bent inwards and the 
strain energy produced is accumulated near the place of 
contact till fracture occurs, whereas, not only is a's stem 
able to transmit to all parts of a with great rapidity the 
strain energy which must be stored up in the whole 
mass, but at the stem itself the material of A is capable 
of withstanding greater stresses than the material of b's 
side. Suppose, however, that a's stem is not of steel, 
still b's iron or wooden side will be perforated if A has 
enough velocity ; a's stem may also be damaged in the 
impact in such a case. 

196. A candle may be fired, it is said, through a thin 
deal board with very little injury to its shape, and the 
usual explanation of this phenomenon given in books is 
that the candle has not time to get broken. This expla- 
nation is not satisfactory ; it is a little too vague. If we 
had the board in rapid motion, and striking the candle in 
the same relative position, the candle having previously 
been at rest, would the candle perforate the board 1 
There cannot be any doubt that it would. Hence it is not 
the body struck which must in every case get hurt ; the 
pressure on one is equal to that on the other. Suppose 
ship A rushes at ship B when b is broadside on, and 
rams her, b will probably be sunk, even if she is a much 
larger and better ship than A. But suppose that B is 
able to meet her adversary stem to stem, if they are 
equally strong they will equally injure one another, 
and if B is the stronger a will suffer the most This 
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case differs veiy much from that of the candle, because 
we can assume greater strength even for slowly applied 
pressures from stem to stem of the ship A than from 
side to side of b; whereas the strength of the candle 
for slowly applied pressures cannot be compared with 
that of the wood which it punches from the board. 
What is meant by the usual explanation, " The candle 
has not time to get deformed ? " Why has not the soft 
candle time to get broken, and yet the wood has time to 
get torn asunder ? The fact is, the wood, if it were slowly 
pressed, would communicate its strain energy to every 
part of the board and its supports ; but this communi- 
cation takes an appreciable interval of time, however 
suddenly the pressure may be applied, or however great 
it may be. As the strain energy U rapidly produced 
it becomes accumulated near the place of contact to 
such an extent as to produce fracture of the wood. Kow 
the point of the candle is subjected to the same pressure 
as the wood, and begins to get spoiled in shape— that is, 
it is compressed — and this compression produces a lateral 
spreading. In the meantime, however, the compressive 
strain energy is communicated very rapidly backwards 
along the candle, and the spreading and spoiling goes 
on along its entire length, but is small at any point, 
since it is distributed over the whole mass. Practi- 
cally therefore the spoiling occurs only at the point of 
the candle since time is needed for fracture of the 
material. 

197. An earthquake, when it acts on a house, usually 
tends to move it through a distance of probably a very 
small fraction of an inch, but it does this in a very short 
time — that is, the house gets a considerable velocity. The 
mass of the house multiplied by the greatest velocity and 
divided by the short time during i^hich the momentum is 
being communicated, gives the pressure which the founda- 
tions of the house are subjected to. Now, when the foun- 
dations are not very rigidly connected with the ground, the 
time of commimication of the momentum is lengthened. 
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and the pressure is consequently diminished. This is the 
usual Japanese plan of providing for earthquake effects. 
Unfortunately, the very means taken to diminish the 
pressure on the foundations also diminishes their capa- 
bility of withstanding pressures, and it has not yet been 
decided what sort of a house^ is best fitted to withstand 
destructive earthquakes. Want of rigidity, combined 
with strength or toughness in the materials, and especially 
the quality of internal friction in the materials, so that 
vibrations may rapidly die away — these are the qualities 
needed. They are found in steel, wrought iron, and 
wood, and especially in wicker-work, in a less degree in 
cast iron and in brick or stone set in cement, and less 
still in brick and stone set in bad mortar. 

198. When you in some way understand the possi- 
bility of a candle perforating a board, you will be able to 
comprehend how sand, when blown in air against 
tempered steel, is able to abrade it; how the emery 
wheel and grindstone going at great velocities are able to 
cut into hard metals, and how in California a jet of 
water going with very great velocity is used for mining 
purposes instead of iron tools. 

199. Quasi-Rigidity produced by Rapid Motion. — 
A top when not spinning can with difficulty be balanced 
on its point, and i£ lefb to itself it almost instantly falls : 
whereTwheu it is spinmng the effect of dighUy tilting 
it out of the perpendicular is not to make it fall, but to 
make it take a slow precessional motion. 

There is a piece of apparatus called a gyrostat, which 
is, in a more or less peHect form, to be found in every 
mechanical laboratory, and the student ought to experi- 
ment for himself with this apparatus on the curious 
effects of quasi-rigidity which manifest themselves in 
tops and other spinning bodiesL If he has a slight ac- 
quaintance with astronomy he will be interested in 
tracing the connection between the behaviour of a tilted 
top and the precession of the earth's eqidnoxes. 

When a circular sheet of drawing paper is mounted 
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like a very thin gi^indstone on an axis, and is gradually 
made to rotate rapidly, it is found to have become quite 
rigid, that is, it greatly resists bending as if it were made 
of steel. In the same way a long loop of rope, hanging 
round a high pulley, which gives it a quick motion, 
takes a certain form which it is very difficult to alter, 
as may be shown by striking it with the hand or with 
a stick : it resembles more a rigid rod than a flexible 
rope 

Again, in the well-known lecture-experiments on 
smoke rings, we see that these little whirlpools of air 
have many properties in common with elastic solid bodies 
on account of the partial rigidity which is due to their 
i*apid motion. 

It would be beyond the scope of an elementary book 
like this to explain these curious phenomena, and I 
merely direct the attention of students to these instances 
in order to incite them to make experiments, and to seek 
for the explanation of what they observa 

200. Motion Produced by a Blow. — When a body 
subjected to a blow is quite free to move in any way, 
unless the blow acts through its centre of gravity, the 
body will not merely move as a whole, but it will 
revolve. When the blow acts in a direction through 
the centre of gravity there is no rotation produced. 
It is usual in such a case to consider the motion of 
the centre of gravity of the body, and the motion of 
the body about an axis through its centre of gravity, 
for it is known that any motion whatsoever of the body, 
consists of a combination of two such motions. It is 
found that the kinetic energy communicated to a body 
by means of a blow is best calculated in the follow- 
ing way, if we know the nature of the motion : — 
First, find the kinetic energy, as if every portion of 
the body had the motion of the centre of gravity. 
Secondly, find the kinetic energy of rotation as if the 
axis of rotation through the centre of gravity were fixed 
in spaca Add these two results together. We may 
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rt^ard from another point of view the instantaneoua 
motion of & body when it is struck, namely, na a 
rotation about some axis wiiich 
does not itself move. This is 
only the case for an instant ; 
LQunediately ^terwards we must 
regard the body as moving abont 
another fixed axis. If a body 
is hinged so that it can only 
move about a fixed axis, it is 
always possible to find fho point 
at which the body may be 
struck, and the direction of the 
blow, which will tend to produce 
an instantaneous rotation about 
this particular axis, and there- 
fore to produce no pressure at 
the hing& Thus the balUglie 
pendulum, of Fig, 132 is always 
struck in anch a way, and the 
point in which it is struck is 
called the "centre of percus- 
eioD." An easy way to find the 
centre of percussion is as fol- 
lows : — Miike the body vibrate 
like a pendulum, about its axis 
of suspension, under the action 
of gravity. Now find the length 
of the eguivaknt litnph pendur- 
him. This is the dis- 
tance of the centre of 
percussion from the; 
axis. In a tilt hammer all , 
blows ought to be delivered 
from this centre of percussion fi^. m. 

if we wish to have no pressure 

on the bearings. A crickot-bat or a rod of iron tingles 
the hand when we strike a blow with it, unless we 
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happen to strike at the centre of percussion. For a rod 
of iron free to move about one end, the centre of per- 
cussion is at two-thirds of the waj towards the other 
end. (See Art 185.) 

201. The Ballistic Pendulum of Fig. 132 is a contri- 
vance which enables us to measure the velocity of a bullet. 
It consists of a mass of wood, A, forming part of a 
pendulum. The bullet is fired into it, and the wood 
swings backwards in consequence. The bullet is fired 
into that part of it which will cause no jar to be given 
to the pivot B. The momentum existing in the bullet 
before it enters the wood belongs now to the whole mass 
of which it becomes a part c is a silk ribbon which is 
pulled through a moderately tight hole by the swing 
of the pendulum, and the length of ribbon pulled through 
is found to be proportional to the momentum of tibie 
bullet before entering the wood. 



CHAPTER XX. 

THE BALANCING OS* MACHINES. 

202. If a wheel is fixed eccentrically on its shaft, or 
if to a shaft there is attached any object whose centre of 
gravity is not exactly in the axis when the shaft rotates^ 
centrifugal force causes pressures on the bearings of 
the shaft which are always in the direction of the centre 
of gravity of the rotating mass. In this case there is 
said to be a want of balance. If you wish to observe th0 
effect produced by such want of balance, mount an axle 
to which a wheel is keyed on any support which is not 
very firm ; fix a small weight on one of the arms of the 
wheel, and rotate it rapidly. You will find that, even if 
the weight is small, surprising effects are produced, and 
show themselves in a shaking of the supports ; and the evil 
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effects are four times as great at 200 revolutions per minute 
as at 100 revolutions per minute. Centrifugal 
force is proportional to the mass of a 
rotating part multiplied by tlie distance 
of its centre of gravity from the axis of 
rotation, multiplied by the square of the 
number of revolutions per minute. 

203. If a number of bodies are attached to a shaft and 
are whirHng round with it, each of them exerts a force on 
the shaft which can be calculated, and the resultant effect on 
the two bearings may easily be determined. If the axis 
of rotation passes through the centre of gravity of all the 
rotating parts, the pressure on one bearing is equal and 
opposite to the pressure on the other, and by properly 
placing the masses the pressure on the bearings may be 
reduced to nothing. Thus it is evident that when two 
masses are directly opposite to one another on a shaft, 
their centrifugal forces may be made to balance one 
another. When not opposite they cannot be made to 
balance, but two ma^ses^Ly balan^ one which is directly 
opposed to the resultant force of the two. When there is 
neither pressure on the bearings nor tendency to change 
the direction of the axis, it is said to be the permarient 
aods of the rotating masses. All axes of rotation in 
machines ought to be permanent axes. When this is 
the case in a locomotive engine, and it is suspended like 
a pendulum bob, by two ropes fastened to the driving 
shaft, and made to work, there are no visible oscillations. 

204. The balancing of a machine consists in adding 
masses in such positions, or re-arranging the positions of 
the existing masses, so that the centrifugal forces due to 
their rotation are just able to balance the otherwise 
unbalanced forces which act on the various shafts. The 
student will find that the study of one problem in 
balancing will make him familiar enough with the method 
of calculation for its application to almost any other case 
which is likely to occur in practice. The most usual case 
for the student to take up is that of the locomotive 
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engine, because want of balance in the locomotive is 
capable of producing very serious effects indeed. 

206. Example. — It has been shown by experiment that 
the application of suitable balance weights is attended by a 
sensible reduction of resistance on railways at high speeds. 
Ijocomotive engines unbalanced cannot attain as high speeds 
as when balanced, with the same consumption of fuel. There 
are two separate sets of unbalanced forces acting on the 
crank shaft of a locomotive. (1.) The centrifugal force of 
the crank, crank-pin, and as much of the connecting rod as 
may be supposed, roughly, to follow the path of the crank- 
pin (say one-half of it). The mass or weight of each of 
these multiplied by the distance of its centre of gravity from 
the axis, divided by the length of the crank, gives the mass 
which, on the crank-pin, would produce the same centrifugal 
' force. Let this weight be called w lbs. In designing 
engines it is better to trace out the curved path of the 
centre of gravity of the connecting rod, and calculate 
exactly the nature of the pressure which its motion produces 
on the axis, but for rough calculation we consider half the 
rod to act as if collected at the crank-pin, the other half to 
be moving with the piston. 

At the end of the stroke, when the horizontal component 
of the centrifugal force is greatest and the vertical com- 
ponent vanishes, the horizontal pressure on the axle caused 
by the centrif ugpal force is 

«? K f»a -5- 2,936, 

R being the length of the crank in feet and » the number of 
revolutions per minute. (See G-lossary, Art. 234.) 

(2.) We have the force due to the momentum of the 
reciprocating mass, including piston, piston-rod, slide, and 
the second half of the connecting rod. The loss of 
momentum is most rapid just at the end of the stroke ; and 
as loss of momentum per second is what we call force, the 
force acting on the axle at the end of the stroke due to this 
cause is eaeoly found and proves to be 

w B «« -f- 2,936, 

where w is the weight of the total reciprocating mass. 

Now a weight w?^, or weights whose sum is tri, may be . 
placed on the driving-wheel or wheels at a distance r iroxa 
the axis, such that the centrifugal force of Wi may be equal 
to the sum of the above forces. This leads to 
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and if we assume any distance, r, we can calculate the 
balance weight or weights, Wi. 

206. Now, for the axis to be permanent in inside-cylin- 
der engines, wi must be divided into two parts, one for each 
wheel, inversely proportional to the distances of the wheels 
from the crank. For outside-cylinder engines we get 
balance weights for the two wheels whose deference is to^^ 
and they are, as before, inversely proportional to the dis- 
tances from the wheels to the crank in question. Hence, a 
consideration of each cylinder gives two balance weights, 
one usually much smaller than the other. As Uie crauka 
are at right angles, the balance weights ought to be 90** 
apart on each wheel. Instead of using these two we can 
use one weight placed between their positions, so that its 
centrifugal force is the resultant of theirs. Thus, if we 
found 20 lbs. and 6 lbs. for the two placed at the same 
distance from the axis but 90** apart, make o a equal 20, 
and o B, at right angles to o a, equal to 6 according to any 
scale ; complete the parallelogram, and o c represents on the 
same scale the weight which will rephice them. It ought 
to be placed at just the same distance from the axis as they 
were supposed to be placed, and in position it makes the 
angle a o o with the larger weight. In this case it will 
be found that 20*88 lbs. placed 18*3^ from the position 
which the weight of 20 lbs. might have occupied will be 
required to replace the two. 

207. It often happens in outside-cylinder engines thatthe 
distance from one wheel, or rather from the centre of gravity 
of a balance weight, to the crank, is so little that the corres- 
ponding weight for the other wheel is very small and may 
even be neglected. In inside-cylinder engines it will be 
found that, whereas the cranks are at right angles to one 
another, the balance weights on the two wheels on the 
opposite side of the axis to the cranks are often only 50® 
apart. In inside-cylinder engines with coupled wheels, the 
otdside coupling rods and cranks are usually made to balance 
the inside moving parts. These engines work very smoothly 
indeed. Outside-cylinder engines with coupled wheels are 
Terv unstable, from the use of small wheels requiring very 
rapid revolution of the crank axle; from the cylinders 
being farther apart than usual, so that the coupling rods may 
have room, and from the number of reciprocating parts 
being increased. The conditions seem to admit of no 
rem^y for these defects. The balance weight ought to be 
distributed over two or three of the spaces of the wheel, 
that the tire may not be unduly strained. The reciprocating 
parts of engines ought to be as light as possible, and 
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thb width of cylinders as nearly as possible equal to that 
of the wheels. 

908. We have, then, the following easy, approximately 
correct rules for locomotlTes : — ^If n is lengibii of crank, r the 
distance of centres of gravity of each balance weight from 
centre of wheel, » the distance apart of the centre lines of 
cylinders, d the distance apart of the wheels or centres of 
gravity of the balance weights, w the total weight of crank 
(referred to the pin, see Art 205), pin, connecting rod, 
piston, slide, and piston-rod, ▲ the angle which the radius 
to centre of gravity of balance weight makes with near 
crank i-~ 

(1.) Inside-cylinder engines with uncoupled wheels. 

2dr 
d + 0* 



Each balance weight »» ^^ »j2€fl-\-2,(^, 
tan. A 



so that A is easily obtained from a book of tables. 

(2.) Outside-cylinder single engines with uncoupled 
wheels. 

Each balance weight « ", 

A= 180'; 

so that in this case the balance weight is placed exactly 
opposite to the crank. 

(3.) Inside-cylinder engines with wheels coupled. Find 
by rule (1) if the weight of the coupling rods, &c., is too 
great. Ii so, let counter weights equal to the difierence be 
placed opposite the outside cranks. If too small, the 
difference must be made up with balance weights, as in 
rule (1). The positions of the outside cranks are found 
by rule (1). 

(4.) Outside-cylinder coupled engines. Find revolving 
weight of coupling rods, &c., for each wheel. Also find 
sum of the weight of the piston, rod, slide, and half 
connecting rod. Divide this latter among the wheels, 
adding the given revolving weight already on them. Let 
this be used on each wheel according to rule (2). 
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CHAPTER XXL 

GLOSSABT. 

209. Introductory. — At the outset I stated that 
my readers must have a previous acquaiiitance with 
the elementary principles of mechanics; but, inasmuch 
as I am afraid that some may be deceived as to the 
exactness of their notions, I think it necessary to give a 
chapter in explanation of such fundamental facts and 
definitions as are most likely to be misunderstood. This 
chapter I call a Glossary, for although very different from 
any glossary I am acquainted with, it serves exactly the 
purpose of one. 

210. Vertical Line. — A line showing the direction 
in which the force of gravity acts. It is a line at right 
angles to the surface of still water or mercury. 

211. Level Surface. — ^A surface like that of a 
still lake, everywhere at the same level and everywhere 
at right angles to the force of gravity. It is not a plane 
surface. 

212. Curvature. — For any curve you can find by 
trial at any part, what circle will best coincide with the 
curve just there? The radius of this circle is called the 
radius of cu/rvatu/re at the place. But since we say, for 
instance, that a railway line curves much, when we mean 
that the radius is small, the name cu/rvature is always 
given to the reciprocal of the radius. Thus, if the radius 
is 8 feet, we say that the curvature is ^th. If at another 
place the curvature is -|^th, the change of curvature in 
going from one place to another is the difference between 
these two fractions. 

218. Mass. — Mass is the quantity of matter in a 
body. The weight of a body depends on whether it is at 
London or Paris, or elsewhere. A body which weighs 
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a pound, as indicated by a spring balance, in London 
would weigh 0*46 lb. on the planet Mercury, would 
weigh 2*67 lb& on the planet Jupiter, and would weigh 
hardly anything near the centre of the earth, and yet 
it would always have the same mass. The weight of 
a body in pounds at London, divided by 32*2, is a 
number which we use to denote the mass of the body. 
The weight of the same body in Spitzbergen, divided by 
32*25, would give the same number. The weight of 
the same body at Trinidad, divided by 32*09, would 
give the same number. The weight of the same 
body on the planet Jupiter, divided by 85*9, would give 
the same number. These divisors are experimentally 
determined ; they represent the acceleration to the velo- 
city of a falling body, due to the action of gravity at 
the various places. Divide, then, the weight of a body 
in the British Islands by 32*2, and you get the mass 
measured in a way which is very convenient for a great 
number of calculations. 

214. Velocity is the speed with which a body moves. 
Find the time in seconds taken by a body to traverse a 
certain distance measured in feet This distance divided 
by the time is called the average velocity. Thus, if a 
railway train moves through 200 feet in 4 seconds, its 
average velocity during this time is 200 -f 4, or 50 feet 
per second. If we find, with careful measuring instru- 
ments, that it moves through 20 feet in *4 second, or 
through 2 feet in "04 second, the velocity is 20 -f *4, or 
2 -r "Ol, or 50 feet per second It is important to 
remember that the velocity may be always changing 
during an interval of time, and therefore cannot be said, 
at any instant, to be equal to the average velocity. To 
get the velocity at any instant, we must make very 
exact measurements of the time taken to pass over a 
very short distance, and even this will only give us 
the average velocity during this short tima But if we 
make a number of measurements, using shorter and 
shorter periods of time, the average velocity becomes 
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more aaid more nearly the velocity which we want. 
Thus, at 10 o'clock, a man in a railway train making 
a careful measurement finds that the train passed over 
200 feet in the last 4 seconds. He finds the average 
speed for 4 seconds previous to 10 o'clock to be 200 -r 4, 
or 50 feet per second. Another man finds that it passed 
over 100*4 feet in the two seconds before 10 o'clock, 
and finds during these two seconds an average velocity of 
100*4 ^ 2, or 50*2 feet per second. Another man finds 
50*26 feet passed over in one second previous to 10 
o'clock, which shows a velocity of 50-25 feet per second. 
Another man finds 25*132 feet passed over in half a 
second before 10 o'clock, and finds 25*132 -f 0*5, or 
50*264 feet per second. Another man finds 12*567 feet 
in a quarter second before 10 o'clock, and his observation 
gives 50*268 feet per second, and so on. It is evident 
that the values given by these various observations are 
approaching the real value of the velocity at 10 o'clock. 
Tabulating these results, I have : — 



Interyals of Time in Seconds 
before 10 o'clock. 


Avenge Velocity in Feet 
per Second. 


4 
2 

1 

1 


5000 

50-20 

50-25 

50-264 

50-268 



Plot the two sets of numbers on squared paper, and 
draw a curve through the points so found. Flx)duce the 
curve, and you have the means of finding the average 
velocity for an infinitely, small interval of time before 
10 o'clock. This is the required velocity. I need hardly 
say that few practical purposes require us to observe 
with so much accuracy as this the velocity of a body 
whose velocity is changing. 

215. Acceleration. — ^^Diis is the rate of change of 
P 
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the velocity of a body. Thus, it is known that the 
Telocity of a body falling freely 

At the end of one second is 32*2 feet per second. 

two seconds is 64*4 
three „ 96-6 
four „ 128-8 • 



» 


91 


» 


99 


)) 


99 



99 



99 



99 



99 



99 



99 



and we see that there is an increase to the velocity of 
32*2 every second. The acceleration in this case is 
always of the same amount — Whence we call it uniform ac- 
celeration, and say it is 32*2 feet per second per second. 

If a force carUintiea acting on a body, its effect is 
to produce a uniform acceleration in the direction in 
which it acts. You may experiment with Attwood's 
machine, or simply use, as the body acted on, a small 
carriage running very fi-eely on a very smooth level 





Fig. 133. 



table; and the. force acting, the pull in a 
string passing over a pulley on the edge of 
the table, and having weights in a scale-pan 
at its end, Fig. 133. Here, however, friction 
will be much greater than in Attwood's machine. You 
will prove the following rule to be true. If a force 
of 2 lbs. acts on a body whose weight is 50 Iba at 
London (the 50 lbs. include the weight of every- 
thing which is set in motion, so that if you use a 
little weight of 2 lbs. for the purpose of exerting ike 
force, remember that this little mass of 2 lbs. is in- 
cluded in the 50 lbs.), then the acceleration or 
increase of the velocity every second is 
equal to the force divided by the whole 
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mass moved. In this case the mass is 50 4-32*2, 
or 1-553, so that we have 2 4- 1*553, or 1*223 foot per 
second per second as the acceleration. Thus, if the 
body started from rest, the velocity would be 1*223 x 5, 
or 6*115 feet per second at the end of 5 seconds. And 
now comes the question, how far will the body move 
from rest in five seconds i Evidently its average velocity 
during this time is half its terminal velocity, or 3*0575, 
so that 5 X 3*0575, or 15*3875 feet is the distance. It is 
evident that t o get the space passed over we 
have multiplied half the acceleration by 
the square of the time. 

When a body falls freely, its own weight is acting on 
its own mass. For instance, say the weight is 2 lbs., then 
the mass is 2 4-32*2, and weight divided by mass 
is acceleration, which we . find to be in every case 
32*2 feet per second per second at London. The 
velocity at the end of any number of seconds is 32*2 
multiplied by this number ; and the space fallen through 
in any number of seconds is half 32*2, or 16*1 multiplied 
by the square of the number of seconds. You can check 
these rules by the rules given you for potential and 
kinetic energy, and you will find them quite consistent 
with one another. Get to thoroughly understand the 
laws of energy first, and you will find that these other 
matters can be reasoned out quite easily afterwards 

216. Momentum. — If a body's weight is 2 lbs., its 
mass is 2 -r 32*2, or '0621. Now, if the body is moving 
with a velocity of 20 feet per second, its momentum is 
'0621 X 20, or 1*242. If this momentum is created or 
destroyed by a force acting for only one second, the force 
must be 1*242 lb. ; if it is created or destroyed by a 
force acting for 5 seconds, the force must be 1*242 -f 5, 
or '2485 lb. The mass of a body multiplied by its 
velocity represents its momentum. Momentum is some- 
times defined as the qvurUity of motion possessed by a 
body. It represents the constant force which, acting for 
one second, would stop the body. Suppose a certain 
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amount of momentum is produced by a force of one 
pound acting on a body for one second, the same 
amount of momentum would be produced hj a force 
of 2 lbs. acting for half a second, or by 1,000 lbs. 
acting for the thousandth of a second, or by *001 lb. 
acting for 1,000 seconds. You can easily prove this by 
what you already know about the motion of a body.* 

If the velocity of a body has been produced or de- 
Btroyed by vario J> forces, ea4 acting for a certain time, 
multiply each force by the time during which it acted, 
and the sum must be equal to the whole momentum gener- 
ated or destroyed. When we know the ti/me during which 
a certain force has acted on a body giving to it motion, 
we generally determine the motion by calculating the mo- 
mentum of the body. When we know the distance through 
which a force has acted on a body giving to it motion^ 
we generally first find the kinetic energy of the body. 

217. Impnlse or Blow. — ^When a body is suddenly 
set in motion or stopped in its motion by a blow, the effect 
of the blow is measured by the total momentum produced 
or the total momentum destroyed. We know that great 
forces must have been acting for short times to produce 
the effect we observe, but it seems difficult to find the 
magnitude of each force and the time during which it 
acted. The average force during a blow may be approxi- 
mately found by dividing the momentum produced or 
destroyed by the short interval of time during which 
the force acted. 

218. Besnltant. — The resultant of two or more 
forces is a force which might be substituted for them 
without changing the effect. If two strings pull a 
point with forces of 5 lbs. and 7 lbs. (Fig. 134), and if 
the angle between them is 30^, draw o P equal in length 
to 5 inches, and make the angle Q o p equal to 30^. 

* If a force acts on a body, the acceleration whicli it produces is 
equal to the force divided by the mass of the body, and this acceleration 
multiplied by the time gives the velodt^r* Hence the force multiplied 
by the time equals the mass multiplied by the velodty which 
is produced in that time. 
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Make the length of o q, 7 inches. Complete the parallelo- 
gram Q P R, and draw the diagonal o E. Measure o R 
in inches ; we find it to be p o 

11*6 inches, so that the re- ^^ -_------~^ 

sultant of the two forces is ^^^^ ^^--^^^ /' 

11*6 lbs. One string acting {^^^^^"^ > , ^^ 

in the direction o R with a ^ig. 134. 

pull of 1 1 "6 lbs. will produce 

the same effect at o as the two strings did. Suppose 
when the two strings were acting we had found by ex- 
periment that a third string o E (Fig. 136) would just 
prevent the two strings from causing motion at o, 
then experiment would also show that the force in o e, 
^ which may be called the equUibrant of 
o- P and o Q, is exactly equal and oppo- 
site to the resultant of o P and o Q. 

jpig 135. ^ ^^^' Equilibrium. — If three and 
only three forces keep a body in equi- 
librium, we know that these three forces must be 
parallel to and proportional to the sides of a certain 
triangle. If a number of forces keep a body in 
equiUbrium, and if all their lines of action meet in a 
point, they must be parallel to and proportional to the-' 
sides of a certain closed polygon. But suppose they do 
not meet in a point, two important conditions hold : first, 
the forces are parallel to and proportional to the sides 
of a certain closed polygon, else they would make the 
body move as a whole ; secondly, the turning moments 
of the forces about any axis whatsoever must balance, 
else the body would rotate. When the forces acting on a 
body are parallel to one another our rule becomes 
simpler, and we find, first, that the sum of all the forces 
in one direction must be equal to the sum of all the 
forces in the other direction; secondly, that the turning 
moments of the forces about any axis whatsoever must 
balance. 

220. Moment of a Force. — ^This is the measure of 
the tendency of a force to turn a body about an axis. It 
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is the force multiplied by tie perpendicnlar distaoce 
between the direction of the force and the axis ; in 
fact, the force multiplied by what has been called its 
leverage. A force of 5 lbs. acting at the distance of 2 feet 
from an axis is said to have a moment of 10 pimnd/eet,* 
and a force of 2 lbs. acting at the distance of 6 feet, or a 
force of 4 lbs. acting at the distance of 2-5 feet, would 
have the same turning moment. 

If a number of forces tend to turn a body abont an 

axis, find the sum of the momenta tending to turn tho 

body in the direction of the hands of a watch ; find the 

Sam of the moments tending to turn the body againet 

the hands of a watcL The difiTerence of these two sums 

is the moment 

which really 

acts on the 

body. If the 

two suma are 

equal the body 

will not turn. 

221. Ex- 

ample. — Fig 

136 ehowB a 

circular piece 

of wood ■which 

< con turn easily 

about an axis. 

r».u6. ^"W"" ^?'? 

cord AA, which 
is fastened by means of a nail to this wooden disc, is 
pulled by a weight of 4 lbs., and that when I measure 
accurately the perpendicular distance from the axis to 
the string I find it 1-2 foot. Then the moment of this 
force is 4 x 1-3, or 4-8 pound-feet in the direction of the 
hands of a watch. Suppose that I do the same for all 
the other cords which are keeping the wood at rest, I 
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can then make such a Table as the following, and find 
that the sum of the turning moments in one direction 
is equal to the sum of the moments in the other direc- 
tion. This Table shows the result of a certain experi- 
ment in which six forces were acting. 



Forces Tending to Turn Body in 

Opposite Direction to that of 

Hands of Watch. 


Forces Tending to Turn Body in 

Same Direction as that of>JB!ands 

of Watch. 


Force in 
Pounds. 


Distance in 

Feet of Force 

from Axis. 


Moment in 
Pound-feet. 


Force in 
Pounds. 


Dist-<nce in 

Feet of Force 

from Axis. 


Moment in 
Pound-feet. 


14 
2-4 
8-6 


0-3 
6 
1-0 

Total 


4-2 

12-0 

8 6 


40 
6-2 
2-7 


1-2 
1-5 
40 

Total 


4-8 

9-3 

10-8 




24*8 


24-9 



If you try such an experiment as this, to complete it 
and to get a thorough understanding of the matter, give 
a very small turn to the wooden disc and measure the 
amount of lise or fall of every weight, using a magni- 
fying glass and a very small scale. Some rise and others 
fall, but you will find that the work given out by those 
that fall is equal to the work given to those that rise. 
You will see that this is the reason why the above rule 
is trua Perhaps this will appear more evident if you 
imagine that, instead of being tied to separate nails, the 
cords had passed round pulleys of different diameters, 
but all fixed to one axla Again, if you turn the wooden 
disc (Fig. 136) very slightly, you sJter all the distances, so 
that there is no longer equilibrium. If you had pulleys 
this would not be the case ; there would be equilibrium 
in any position. 

222. Torque. — ^When a system of forces satisfies the 
first condition for equilibrium given above, but does not 
satisfy the second condition — that is, when it is equiva- 
lent to a couple — ^the system is called a torque. The 
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reason whj this name has been introduced by Professor 
James Thomson is that such systems of forces have 
hitherto been vaguely called '' a moment^'' *^ a couple," 
and so forth, and these names rather express the effect 
of the torque, or its resultant, than the torque itself. 

223. A lever is a body with one point fixed, called the 
ftUcrum. There is equilibrium when the turning moment 
of one of the balancing forces about the fulcrum is equal 
and opposite to the turning moment of the other. Thus a 
force of 1 lb. acting at 20 feet from the fulcrum will balance 
a force of 50 lbs. acting at 0*4 foot from the fulcrum. 

224. If two parallel forces acting on a body are equal, 
and opposite in the sense of their action, they form what 
is called a couple, and as they have no other tendency 
than to tuni the body, they are always measured by 
their moment, for they evidently have the same moment 
about any axis we may choosa Thus, a couple con- 
sisting of two parallel forces, each of 8 lbs., if they are 
3 feet asunder, is said to be a couple whose moment is 
24 pound-feet. If they consisted of two forces, each of 
12 lbs., 2 feet asunder, or of 6 lbs. 4 feet asunder, or of 
24 Iba 1 foot asunder, they would have exactly the same 
effect. Hence, when we speak of a couple we always 
speak of it as a couple of so many pound-feet. 

225. Work — To do work it is necessary to exert 
a force through a certain distance in the direction of 
the force. Thus, if I exert a force of 20 lbs. through 
a distance of 6 feet, I do 20 x 6, or 120 foot-pounds of 
work. If a body of 5 Iba weight changes its level by 
the amount of 10 feet, whether it does this by a direct 
vertical fall or rise, or is moved up or down an inclined 
plane or curved surface, so long as there is no friction, 
the amount of work given out by the body ii^ falling or 
given to it to make it rise is always the same, 5 x 10, or 
50 foot-pounds. 

226. Example, — One of the weights of a certain 
clock is 20 lbs., and after being wound up it can fall 
through a distance of 40 feet. Suppose we wish to alter 
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this height, making it 10 feet; what weight most we 
use ? Evidently the work given out by the new weight in 
falling 10 feet must be equal to the old weight 20 x 40 
feet, or 800 foot-pounds. In fact, the new weight must 
be 80 lbs. Of course you must apply this weight to the 
clock by means 6f a block and pulleys, or you must 
reduce the diameter of the drum proportionately: and 
if in applying it you introduce mo» Motion thak there 
used to be in the clock, you must further increase the 
weight, so as to be able to overcome this friction. 

287. Horse-power. — One horse-power is the work of 
33,000 foot-pounds done in one minuta Remember 
that power really means, not merely work, but work 
done in a certain tima The work done in one minute 
by any agent divided by 33,000 is the horse-power of 
that agent. In a steam-engine, the piston travels four 
times the length of the crank in one revolution, and all 
this time it is being acted on by the pressure of steam. 
If the merni or average pressure urging the piston is 
60 lbs. per square inch, and the area of the piston is 
150 square inches, then the total average force urging 
the piston is 150 x 60, or 9,000 lbs. If the crank, 
whose length is 0*9 foot^ makes 70 revolutions per 
minute, then the piston travels 4 times 0*9 x 70, or 
252 feet per minute, so that the work done in one minute 
is 9,000 X 252, or 2,268,000 foot-pounds. Dividing this 
by 33,000, we find the horse-power of the steam-engine 
to be 68*7. The mean pressure is best found by the use 
of an indicator which draws for us an indicator diagram. 
Measuring the pressures at ten equidistant places on this 
diagram, adding them together, and dividing by ten, 
gives the average pressura If an indicator diagram can 
be obtained from both sides of the piston so much the 
better, as we add our two results and divide by twa 
As the pressure of steam is usually given per square inch» 
it is usual to take the diameter of the cylinder in inches, 
but distances passed through by the piston are evidently 
to be measured in feeti 
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Exercise. — I find by a spring balance that some 
horses or a steam-engine have been pulling a carriage 
with an average pull of 120 lbs. during one luinute, the 
space passed over in the minute being 500 feet ; what is 
the horse-power expended on the carriage] Here 
120 lbs. acts through the distance of 500 feet, and the 
work done in one minute is evidently 500 x 120, or 
60,000 ; dividing by 33,000, we find the horse-power to 
be 1 -818. 

228. Energy is the capability of doing work. When 
a weight is able to f aU, it possesses potrntml energy equal 
to the weight in lbs. multiplied by the change of level in 
feet through which it can fall When a body is in 
motion, it possesses kinetic energy equal to its weight in 
lbs. divided by 64*4 and multiplied by the square of its 
velocity in feet per second. 

229. Example. — A body of 60 lbs. is 100 feet above 
the ground, and has a velocity of 150 feet per second. 
What is its total amount of mechanical energy) — ^that 
is, what energy can it give out before it reaches the 
ground, and becomes motionless? Here the potential 
energy is 60 x 100, or 6,000 foot-pounds. Its kinetic 
energy is 60 x 150 x 150 -r 64-4, or 20,963 foot-pounds. 
8o that the total amount is 26,963 foot-pounds. 

Exercise. — Suppose this body to lose no energy 
through friction with the air, and suppose that, after 
a time, it is at the height of 20 feet above the ground ; 
find its velocity. Answer. Its potential energy is now 
60 X 20, or 1,200 foot-pounds, therefore its kinetic 
energy must be 25,763, and evidently this, multiplied 
by 64*4 and divided by 60, gives the square of the new 
velocity, which I find to be 168*1 feet per second. 
Evidently in such a question we are not concerned with 
the direction in which the body is moving. It may be a 
cannon-ball, or a falling or rising stone, or the bob of 
a pendulum. Given its velocity and height at any instant, 
we can find for any other height what its velocity must 
be, or for any other velocity what its height must be. 
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280. Angle. — An angle is the inclination to one 
another of two straight lines. An angle can be drawn : 
First, if we know its magnitude in degrees, A right angle 
has 90 degrees. Second, if we know its magnitude in 
radians, A right angle contains 1*5708 radian. Two 
right angles contain 3*1416 radians. One radian is equal 
to 57*2958 degrees. One radian has an arc, B c, equal in 
length to the radius A b or a 0. It sometimes gets the 
clumsy name " a unit of circular measure." Third, we 
can draw an angle if we know 
either its sine^ cosine, or tangent, 
&c. Draw any angle, bag (Fig. 
137). Take any point, p in ab, 
and draw pq at right angles to 
AC. Then measure pq and ap 
in inches and decimals of an incL 
p Q -r A P is called the sine of the 

angle, a q -f a p is called the cosine of the angla 
p Q -r A Q is called the tangent of the angla Calculate 
each of these for any angle you may draw, and measure, 
with your protractor, the number of degrees in the angla 
You will £nd from a book of mathematical tables 
whether your three answers are exactly the sine, cosine, 
and tangent to the angle. This exercise will impress on 
your memory the meaning of these three term& 

Divide the number of degrees in an angle by 57*2958, 
and you find the number of radians. Suppose we know 
the number of radians in the angle b a 0, and we know 
the radius a b or a c, then the arc b c is 

A b X number of radians in the angle. 

Given, then, a radius to find the arc, or given an arc 
to find the radius, are very easy problems. 

231. Angular Telocity. — ^If a wheel makes 90 turns 
per minute, this means that it makes 1*5 turn per 
second. But in making one r<ywnd any radial line moves 
through the angle of 360 degrees, which is 6*2832 radians; 
so that 1*5 round per second means 6*2832 x 1*5, or 
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9 '4248 radians per second. This is the common scien- 
tific way in which the a/ngular velocity of a wheel is 
meaaured; so numy radians per second. Ifawheel makes 
30 rounds per minute, its angular velocity is 3*1416 
radians per second. One rownd is the angular space 
traversed in one revolution. 

. The real velocity in feet per second of a point in 
a wheel is equal to the angular velocity of the wheel 
multiplied by the distance in feet of the point from the 
axis. 

23S. Angpilar Acceleration. — ^The acceleration to 
angular velocity per second. If a wheel starts from 
rest^ and has an angular velocity of 1 radian per second 
at the end of the first second, its average angular ac- 
celeration during this time is 1 radian per second per 
second. 

238. Comparison of Linear Motion and Angrdcvr 

Motion, 



The maas of a body ia its 
weight diyided by 32-2. 



A linear motion ia given to 
a body when an unbalanced 
force acta upon it. 



Acceleration of a body is 
equal to force •^ mass. 



If a force continually acta on 
A body, the velocity ia equal 



The moment of inertia of a 
wheel] or other rotating body 
ia found by taking the mass of 
each portion of it and multi- 
plying by the aquare of ita 
distance from the azia. 

To produce angular mo- 
tion — ^that ia, rotation — ^it is 
neceasary to have an un- 
balanced force acting at a dia- 
tance from the azia of rotation. 
Force multiplied by perpen- 
dicular distance from axis is 
called the turning moment of 
the force. 

Angular acceleration of a 
body moving about an axis ia 
moment of K>rcea-r moment of 
inertia. 

If a turning moment con- 
tinually acta on a body (as by 



Chan. XZI.1 LINEAB AND ANGULAR MOTION. 



237 



to acceleration multiplied by 
time from rest. Also 



Space passed over is equal to 
half acceleration multiplied by 
square of time. 



Energy stored up in a body is 
half its mass multiplied by 
square of its velocity. 



If a body moves backwards 
and forwards under the action 
of a variable force which is 
always proportional to the dis- 
tance of the body from its 
middle position, and which 
always acts towards this posi- 
tion, and if the force at a dis- 
tance of one foot is 5 lbs., then 
the time of vibration is equal 
to 3*1416 times the square root 
of the quotient of the mass of 
the body divided by 5. 



If a force of 20 lbs. acts on a 
body through the distance of 
3 feet in the direction of the 
force, the work in foot-pounds 
done by the force on the body 
is equal to the force 20 multi« 
plied by 3, or 60 'foot-pounds. 

If, then, a body receives 
power, say like a carriage, by 
a force acting on it in the 
direction of motion, the horse- 
power received is equal to the 
force in pounds multiplied by 
the distance in feet passed 



a cord wound very many times 
round the axle of a wheel with a 
weight at its end), the angular 
velocity is equal to the angular 
acceleration multiplied by the 
time from rest. Also 

The angle described by the 
wheel in any time is equal to 
half the angular acceleration 
multiplied by square of time. 

^ei*gy stored up in a wheel 
is half its moment of inertia 
multiplied by square of angular 
velocity. 

If a wheel vibrates about its 
axis under the action of a 
spiral spring or twisted wire, 
so that the torque is always 
proportional to the angular 
displacement of the wheel 
from its mean position, and if 
the torque is 6 pound-feet 
when the wheel is 1 radian from 
the mean position, then the time 
of a vibration is equal to 3*1416 
times the square root of the 
quotient of the moment of 
inertia of the body divided by 5. 

If a torque is 30 pound-feet, 
and it turns a wheel through 
the angular distance of three 
radians, the work in foot- 
pounds done upon the wheel is 
equal to the torque 30 multi- 
plied by 8, or 90 foot-pounds. 

If, then, a body receives 
power, say through a shaft, the 
horse-power received is equal to 
the turning moment in pound- 
feet acting on the shaft mul- 
tiplied by the angle in radiaDs 
described in one minute (or th^ 
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through in one minute divided 
by 33,000. 

The mass of a body multi- 
plied by its Telocity is the 
tnomentum possessed by the 
body. 

A force multiplied by the time 
during which it acts in hasten- 
ing or stopping the motion of a 
bcSy is equal to the momentum 
produced or destroyed. 

If a body has momentum 
represented in direction and 
amount by the line op (Fig. 
138), and if a force acting in 
the direction oa produces a 
change of momentum repre- 
sentd by the length of oq, 
then OK is the resultant mo- 
mentum in magnitude and 
direction possessed by the body 
after the operation of the force. 




Fig. 13a 



If forces represented in 
direction and magnitude by 
the lines o p and o a act on 
a body, their action is the same 
as that of a force rei)resented 
in direction and magnitude by 
the line o n. 



number of roimds per minute 
X 6-2832), divided by 33,000. . 

The moment of inertia of a 
body multiplied by its angular 
velocity is its moment of mo- 
mentum, 

A torque multiplied by the 
time during which it acts in 
hastening or stopping the rota- 
tion of a body is equal to the 
moment - of momentum pro- 
duced or destroyed. 

If a rotating body's axis is 
in the direction o p, and if its 
moment of momentum about 
this ax.is is represented by the 
length of o p, and if forces act 
upon it BO as to turn it about 
an axis whose direction is o o, 
and if the amount of moment 
of momentum produced by 
the torque is represented by 
the length of o a, then the 
resultant motion of the body is 
a rotation about the axis ob, 
its moment of momentum being 
represented by the length of 
o &. (The arrow-heads in this 
case mean that an eye at o sees 
that the rotations are in the 
same sense — that is, all against 
the direction of the hands of a 
watch, let us suppose.) 

If torques act on a body, if 
one of these is about an axis 
in the direction o p, and if 
the amount of the torque in 
pound-feet is represented by 
Hie length of the line o p, and 
if o Q similarly represents the 
torque about an axis in the 
direction o q, their combined 
action is the same as that of 
a torque about. an axis in the 
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direction or, the amount of 
the torque being represented 
by the length of the line ob. 
(The arrow-heads have the 
same meaning as in last case.) 

The change of momentum The change of moment of 

produced in a body which re- momentum produced by an 

ceives an impulse is equal to impulse is equal to the sum 

the sum of the products of the of the products of the moments 

pressures during the impulse, of the pressures during the im- 

each multiplied by the time pulse, each multiplied into the 

during whidi it acts. time during which it acts. 

234. Centrifugal Force. — If a body is compelled to 
move in a curved path, it exerts a force directed out- 
wards from the centre, and its amount in pounds is 
found by multiplying the mass of the body by the square 
of the velocity in feet per second, and dividing by the 
radius of the curved patL Thus a weight placed at the 
end of an arm like the arm of a wheel exerts a pull 
in the arm. If a body moves round an axis 20 times 
per minute in a circle whose radius is 3 feet, you can 
determine the centrifugal force by first finding the 
velocity of the body and using the above rule, or you 
may proceed as follows : — The weight of the body multi- 
plied by 3 multiplied by the square of 20 divided by 
2,936 is the centrifugal forca* 

Suppose a wheel, whose total weight is 20 tons or 
44,800 lbs, has its centre of gravity 0*4 foot away from 
the axis — ^that is, suppose the wheel to be somewhat 
eccentric — then if the wheel makes 50 revolutions per 
minute, the centrifugal force is 44,800 x 0*4 x 2,500 
-7-2,936, or 15,261 lbs.— that is 6*81 tons. This force 
acts on the bearings of the shaft, always in the direction 
of the centre of gravity of the wheel (see Chap. XX.). 

235. Any one who wants to get clear ideas about 

• Centrifugal force = — , or fna*r, or 'wm'-r 2,936 ; where m is 

mass of body, or w its weight in poimds ; r, radius of curved path ; 
Vf velocity in feet per second ; a, angular velocity in radians por 
second ; and n. number of revolutions per minute. 
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centrifugal force ought to make experiments of his own. 
Unfortunately, although there are many toys made to 
illustrate the effects of centrifugal force, I know of only 
one piece of apparatus which enables the 
laws to be systematically experimented 
upon. Fig. 139 is a drawing of such an instrument. 
Here a represents a little, flat, cast-iron box, like a narrow 
drum; one drum-head, as it were, being replaced by a 
corrugated steel plate, so as to be strong and flexibla B is 
a glass tube which enters the box. Mercury Alls the box 
and the tube to the level 5, and when o, the centre of the 
corrugated plate, is pulled or pushed, although you cannot 
see much yieldii^ in o, you wiU observe the mercury rise 
and fall in the tuba There is a screw, D, entering the 
box at the back ; by means of this screw you can adjust 
the height of the mercury in the tube. The box is in 
the centre of a circular table, E, which can be whirled 
round at any speed we please, and the tube is exactly 
in the axis of rotation, so that the height of the mercury 
can be measured whatever be the speed. Fastened to 
the centre of the corrugated plate at o is a long steel 
rod, F, which is supported at J on the end of a little 
rocker, so that it can move backward and forward with 
less friction than if it were made to slide on a bearing. 
At any place along F we can clamp a weight, H, which 
we may alter as we please from 0*5 to 8 lbs. We can 
clamp it near the axis or one foot away, the radius of 
the circle described by its centre of gravity being 
measured by the scale marked on the rod. We have 
also a means of counting the number of revolutions 
made per minute. Now, the centrifugal force due 
to the rod and sHding weight causes c to be pulled 
out very slightly,- and this causes the mercury to 
fall in the tube, and it is easy with a vertical 
scale firmly attached to a neighbouring wall, but 
placed alongside the tube, to measure this rise and 
fall. I usually get a spring balance, or a cord, pulley 
and weights, and before my experiments begin I pull 

9 
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the end of the rod, f, noting the height of the mercury 
for a pull of 1 lb., 2 lb&, &Cf and in this way I can 
afterwards tell the value of my scale measurements. 
I also make a number of experiments when the sliding 
weight is removed from the rod, f, to tell me the centri- 
fugal force of everything else at different speeds, and 
this I subtract from my subsequent observations. You 
see, then, that I can measure the centrifugal force in 
pounds of various masses, from 05 to 8 lbs., moving 
at any speed in a circle whose radius may be as little as 
1*5 inch and as much as 11*5 inches. With this 
instrument it is easy to test the law which is usually 
given, and without working with some such instrument I 
question if you are likely to have any but vague notions 
about centrifugal force. 

236. There is another method of experimenting which 
suggests itself, with apparatus which any one may fix 

up for himself, but it does not give such 
a thorough understanding of the law to 
. the person who experiments. In Fig 

\ 140, A is a leaden ball at the end 

\ of a silk thread, P A, fastened at P. 

\ A is kept out from its natural position 

V in the vertical by means of a horizontal 

\ thread in the direction A B. Now if 

\ you pass the horizontal thread, A B, over 

j^ ^ a piilley and hang a weight at its end, 
j ^^you will find that the force acting in 
^a A B is to the weight of A as the distance 

Pig. 14a K A is to the distance K p.* Now sup- 
pose the weight of A to be 4 lbs., the 
height, p K, to be 8 feet, and the distance, A e, 1 foot, then 

* The body, A, is acted upon by three forces : its weight downwards 
in the direction A a, the horizontal force, A B, and the pim in the string, 
A p. The triangle of forces (Art. 2) tells ns that as A E p is a 
triangle whose sides A K and K P and P A are parallel to the three 
forces, then the horizontal force, acting in A B, is to the vertical force 
which is the weight of A, as the distance K A is to the distance 

PK. 
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A K is one-eighth of x p, and we are sore that the hori- 
zontal force needed juat to keep A. in this position is 
0*6 lb., for it must be one-eighth of the weight of a. 

Now let audi a ball as a, hung hy a thread, p a, 
go round and round in a circle. Measure as accurately 
as you can k a, the radius of the circle, and K P, the 
vertical height from the ball to the point of suspension. 
Also measure how moay revolutions the ball m^ea per 
minute. The centrifugal force is now doing what the 
horizontal string did before, and we know how much it 
is. In fact, the centrifugal force is obtained by multi- 
plying the weight of the ball by k a, the radius of ita 
circle, and dividing by the vertical height, k p. You can 
test li the centrifugal force law is true, therefore, by 
means of your measurements.* 

237. Friction. — When one surface slides on another, 
there is a force resisting the motion. This force is found 



to be equal to the force pressing the surfaces together 
multiplied by a number which must be found experi- 
mentally for different kinds of Burfaces. It may bo 

* A bttll gdbag roond in tlie way thove dcaoribed u called a amieal 
pendulum. Yon vill find from obierTBtdoii that it makes one 
rerolution in tlie nine time &■ tliat in which an ordinary pendnlum 
peifonns a oomiilete osoillation backward! and forwards, if me length 
of the ordinar; pendolum ia eqnal to the Tertdcal height bom A lo r 
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found experimentallj bs follows: — In Fig. 141, ab re- 
presents a table, the upper level surface of which is 
wood, iron, brass, or other material to be experimented 
upon. We usually experiment on smooth surfaces, c is 
a little slide made of any material whose coefficient of 
friction we wish to find. Different weights may be 
placed on it. The weight of the slide, together with 
the weight lying upon it, is the total force pressing 
the two surfaces together, c is pulled by the weight, 
w, hung from a string, passing over a pulley working 
on very frictionless pivots. The weight, w, which will 
just cause the slide to keep up a slow, steady motion 
on the table, is taken as a measure of the friction. 
Of course, however, it really includes the friction of 
the pulley, but this is usually neglected, as it is small. 
It is found necessary to start the slide by giving a 
little jerk to the arrangement, as, when one of the 
surfaces is of wood, the friction when the slide is motion- 
less is somewhat greater than when it is moving. This 
is one of the most instructive experiments which can be 
made in mechanics, and I hope that every reader will make 
a series of observations. Let him correct his results by 
means of squared paper, and he will find that the friction 
is a constant fraction of the force pressing the surfaces 
together. This fraction is called the *^ coefficient of 
friction," I give its value for a few surfaces. 

Oak on oak, fibres parallel to direction of motion . .0-48 
„ „ perpendicular ,» >, • . 0*34 

„ „ endwise „ „ . .0*19 

Metals on oak „ parallel „ „ 0*5 to 0*6 

Wrought iron on wrought iron, wrought iron on 

cast iron 0*18 

Cast iron on oast iron 0*15 

Smoothest and best greased sur&cefl on one another 0*03 to 0*036 

It is very interesting, after determining the coefficient 
in the case of a certain pair of materials, to diminish the 
size of the slide. You will find that unless you diminish 
it so much that the pressure actually alters the surfaces 
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in contact from being qnite plane you will get pretty 
much the same result. You will also find that, whether 
the motion of the slide is quick or slow, if yonr weight 
mftititftinn the mo- 
tion steady when it 
is alow it will also 
maintain it steady 
when quick.* 

238. You will 
find it instructive 
to experiment with 
such a piece of appa- 
ratus aa is repre- 
sented in Fig. 142, 
and which I designed 
in Japan to meft- 
Bure the ftiction 
between slidere of 
different materials 
and this oast iron 
wheel. Here we 
have a pulley with a 
broad, smooth outer 
surface. On this 
surface lies a slide 

made slightly con- Kg. 142. 

cave, to fib the rim 

of the pulley. On this slide we can hang difi'erent 
loads by the arrangement shown in the figure, and 
the slide can only move a small distance in any direc- 
tion on account of four guards. Suppose now that 

* If, iiut«ad of odng > cord and weiEb^ we move the slide by 
tilting the table more and more from the horizontal, the ilide getting 
anoeoMional shove toatart it, let the inclination of the table be found 
in d^reee when the weight of the body itaelf ii just able to keep 
ap a iit«ndj motion. The tangent of the angle of inclination of tbe 
table vhea thi> oocan can be found in a book of nuttbematicsal tables i 
it proves to be equal to the ooefiioient of frietion. This method of 
" ' :h eaaiet and is more exact than the other, but 
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the pulley rotates in the direction of the arrow. Friction 
causes the slide to move in the direction of the arrow 
until it is brought up by the guard. Kow let weights 
be placed in the scale-pan, D, until the slide is held in a 
position half way between the guards. Evidently the 
force of friction between the slide and the rim of the 
pulley is just balanced by the weight in the scale-pan. 
With this apparatus you can not only find the coefficient 
of friction for two rubbing surfaces easily, but you can 
very quickly vary your experiments. Run the pulley at 
various speeds, and you will always find much the same 
value for the coefficient of friction. Again you will find 
that the friction is proportional to the load on the slider. 

But with an apparatus of this form you will be 
able to get very useful information of another kind. 
I have ^own the slide as fitting the surface of the 
rim of the pulley. Now let it be fiat, or even convex. 
We have reason to believe that when the rubbing surface 
becomes altered in shape by the pressure applied to it, 
the coefficient of friction is not quite the same for all 
pressures. By using sUdes of different forms, you wiU 
be able to submit this notion to actual experiment. I do 
not think that any person has carried out the idea, 
and, in this respect, it is like a great many other vague 
notions — ^namely, it is waiting for my readers to experi- 
ment upon it. 

239. As it has been found that with some kinds of 
material the statical friction — ^that is, the friction which 
resists motion from rest — is somewhat greater than the 
friction of the surfaces when actually moving, experi- 
ments have been made to determine whether, at very 
small velocities indeed, with such materials, there is not 
a gradual increase in the friction. It is known that 
at ordinary velocities the friction is much the same as at 
a velocity of '01 foot per second. We have reason to 
believe that with metals on metals there is the same 
friction at all velocities, even down to one-five-thousandth 
of a foot per second, whereas with mstals on wood the 
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friction increases gradually as the velocity diminishes, 
until when the velocity is 0, the friction is what we call 
static friction. Again, at very high velocities it has been 
found that there is a very decided diminution of the 
coefficient of friction between a cast iron railway brake 
and the wrought iron tyre of a wheeL The coefficient was 
•33 for very slow motion, '19 for a speed of 29 feet per 
second, and '127 for a speed of 66 feet per second. It 
has also been observed in these railway brake experi- 
menta that when a cerbun pressure is ap/ued for a short 
space of time the friction diminishes. All such results 
as these, however interesting they may be to the railway 
engineer, tell us nothing about what I have hitherto 
called friction, because I have supposed the rubbing 
surfaces to remain unaltered, wliereas these railway 
brakes are rapidly worn away, and the effects of ahrasion 
and polishing^ <>f - -A different kind from the 
effects of friction of which I have hitherto been speaking. 

240. You must remember that although friction leads 
to waste of energy, all the energy spent in overcoming 
friction being converted into another form of energy 
called heat, still friction is often very usefol. The weight 
resting on the driving wheels of a locomotive engine 
multiplied by the coefficient of friction between the 
wheels and rails represents the greatest pull which the 
engine can exert upon a train. Suppose the weight od 
the driving wheels to be 15 tons; the coefficient of 
friction of wrought iron on wrought iron is about 0*2, 
hence the greatest pull which the locomotive can exert 
is 15 X 0*2, or 3 tons. If the train resists with a greater 
force than this, the driving wheels must slip ; if the train 
resists with a less force than this, there is no slipping, the 
wheels simply roll on the rails. Again, it is the friction 
between the soles of our feet and the ground that enables 
us to walk; fiiction enables us to handle objects ; Motion 
enables a naU to remain in wood ; friction keeps mountains 
from rolling down. 

241. Fluid Friction. — ^I have been considering the 
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friction only between solid bodies, or solid bodies 
separated by very thin layers of liquid Bubstences, such 
u oil or water. But the friction between liquids and 
solids or between liquids and liquids is of a very different 
kind. If a man attempts to dive into water unskilfully, 
and falls prone, yon know that the water ofiers a very 
considerable resistance to a change of shape. (See Art. 
193.) Nov this is mainly the resistance that any body 
ofiers to being rapidly set in motion. If you came 
colliding ^;ainst the end of the most frictionless carriage, 
you would also experience its resistance to being sud- 
denly set in motion ; whereas the constant steady 
resistance to motion which the carriage experiences 
when moving with a uniform velocity is called friction. 
What I wish rather to refer to is the resistance to the 
motion of water in a pipe, the resistance to the steady 
motion of a ship. 

84!i. Fig. 143 shows a hollow cylindric body, p, 
supported so that it cannot move sidewise, and yet so 
that its only reeistance to turning is due to the twist it 
would give the sus- 
pension wire, A, c O 
is water or other 
liquid filling the an- 
nular space between 
the cylindric surfaces 
D D and B B, and 
wetting both sides 
of p. When the 
vessel DD E E is ro- 
tated, the water 
moving past the 
surfaces of r tends 
to make f turn 
ng. M round, and this fric- 

tional torque is ro- 
asted by the twist which is given to the wire. The 
amount of twist in the wire gives as. 
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then, a measurement of the viscosity of 
liquids, and investigations may be made under very 
different conditions. 

243. Fluid friction may also be measured by similar 
and equal heavy discs of brass, which you can immerse in 
air, water, and oil, and hang by wires from the ceiling. 
You will observe that, when the suspension wires are 
twisted and let go, the bodies vibrate like the balance of 
a watch. But it is only the one which vibrates in air 
that goes on vibrating for a long time ; the one in water 
keeps up its motion longer, however, than the one in oil, 
showing that there is more frictional resistance in oil 
than in water, and more in water than in air. The rate of 
diminution of awing or the stilling of the vibrations tells 
us the viscous friction of the fluid. In fact, if, by means 
of a pointer or mirror attached to the wire, you observe 
the various angular displacements, noting the time for 
each, and then plot your observations on squared paper 
(as in Art. 187), you will find a curve of sines for the 
vibrations in air ; and for the different liquids dampi/ng 
curves^ which show the eflect of friction in the liquids. 
Similarly, the rate of diminution of swing of the 
vibrating fluids in U tubes, one containing water and 
the other oil, tells us about the relative co-efficients 
of viscosity of the liquids. (See Exei*cise, page 205.) 

244. From experiment, it is found that the force of 
friction in water is proportional to the wetted surface 
where friction occurs ; it is proportional to the speed 
when the speed is small, but it increases much more 
quickly than the speed does. Thus, at the velocities of 
1, 2, 3, (fee, inches per second the friction is proportional 
to the numbers 1, 2, 3, dec, whereas at the velocities of 
1, 2, 3 yards per second, the friction is proportional to the 
numbers 1, 4, 9, &c. At small velocities, such as the above 
mentioned cylinders experience, three times the speed 
means three times the friction ; whereas, at great velocities, 
such as those of ships, three times the speed means nine 
or more times the friction. You see, then, that friction 
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ia fluids is proportional to the speed vhea the speed is 

sm&ll, to the square of the speed 'when, the speed ia 

greater, and at still greater speeds the friction increases 

more rapidly than the square of the speed. Even 
' in sncb a fluid as air, the resistance to motion of a rifle 
bullet is proportional 
to the cube of the 
speed. That is, a bul- 
let going at twice tlie 
velocity, meets with 
eight times the fric- 
tional resistance from 
the atmosphere, 
x^.ut. Again, it has been 

found that the friction 

is much the same whatever be the pressure. Thus it 

is found that when the disc and liquid apparatus ia placed 

in a partial vacuum or under considerable pressure 

there is exactly the same 

stilling of the vibrations. 
This fact is illustrated 

by the apparatus. Fig 144, 

Water tends to flow from 

vessel A to vessel b, through 

the long tube. Whether 

the tube is in the position 

shown in Fig. 144, or in 

the position Fig. 145, or 

is acting as a syphon, we 

find the same flow. through 

it; the sune quantity of 

water passes through it per 

second, although the pres- l%. its. 

sure of the wat«r in the 

tube in the position Fig. 145 is very much greater than 

in the position Fig. 144, or again when the tube is a 

syphon. The comparison is most readily made by 

observing how long it takes for a certain change of levels 
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to take place in the two vessels, repeating this several 
times with the tube in various positions, beginning and 
ending each experiment with the same difference of levels. 
Again, fluid friction, for even considerable velocities, 
does not seem to depend much on the roughness of the 
solid boundary. This seems to be due to the fact that a 
layer of fluid adheres to the solid surface and moves with 
it Even when the disc of Art. 243 is indented, or when 
large grooves are cut in it, we And practically the same 
frictional resistance. 

245. CompcMrison of the Laws of Fluid wad Solid 

Friction, 



Fjictioii between Solids. 



1. The force of friction does 
not much depend on the velo- 
city, but is certainly greatest at 
slow speeds. 

2. The force of friction is 
proportional to the total pres- 
sure between two surfaces. 

3. The force of friction is in- 
dependent of the areas of the 
rubbing surfoces. 

4. The force of friction de- 
pends very much on the nature 
of the rubbing surfaces, their 
roughness, &c. 



Fluid Friction. 



1. The force of friction very 
much depends on the velocity, 
and is indefinitely small when 
the speed is very slow. 

2. The force of friction does 
not depend on the pressure. 

3. The> force of friction is 
proportional to the area of the 
wetted surface. 

4. The force of friction at 
moderate speeds does not depend 
on the nature of the wetted 
surfaces. 
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RULES IK XENSUBATIOK. 

AsT area is found in square inches if all the dimensions 
are given in inches. It is found in square feet if all 
the dimensions are given in feet. 

Area of a pcMraUelogram. — ^Multiply the length of one 
side by the perpendicular distance from the opposite 
side. 

The centre of gravity of a parallelogram is at the 
point of intersection of its diagonals. 

Draw a right-cmgled triangle; measure very accurately 
the lengths of the sides. You will £nd that, no matter 
what scede of measurement you use, the square of the 
length of the hypotenuse is equal to the sum of the 
squares of the lengths of the other two sides. 

Area of a triangle, — Any side multiplied by its 
perpendicular distance from the opposite angle and divided 
by two. 

The centre of gramty of a triangle is found by joining 

(Fig. 146) any angle, a, with the middle point, D, of the 

Q opposite side, b o, and making D a one- 

Z*"^*^.^,^ third of D A. g is the centre of gravity. 

o/— 2— ^^^^^^^^ Area of any irregular figure. — 

/ ^^^^-^^^^.^ Divide into triangles and add the areas 

Z-^'^' of the triangles together. 

^ Pig. 148. Circumference of a circle. — Multiply 

the diameter by 3 '14 16. 

Arc oi a circle. — From eight times the chord of half 
the arc subtract the chord of the whole arc, one-third of 
the remainder will give the length of the arc, nearly. 
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Area of circle. — Square the radius and multiply by 
3-1416. 

Area of a sector of a circle. — Multiply half the lengtli 
of the arc by the radius of the circle. 

Area of a segment of a circla — Find the area of 
the sector having the same arc, and the area of the 
triangle formed by the chord of the segment and the 
two radii of the sector. Take the sum or diflference of 
these areas as the segment is greater or less than a 
semicircle. 

Otherwise, for an approximate answer : — Divide the 
cube of the height of the segment by twice the chord, and 
add the quotient to two-thirds of the product of the chord 
and height of the segment. When the segment is greater 
than a semicircle, subtract the area of the remaining 
segment from the area of the circle. 

The areas of Indicator Dia^cMns and such curves 
may be found by Simpson's rule. — Divide the area into 
any even number of parts by an odd number of equi- 
distant parallel lines or ordinates, the first and last touch- 
ing the bounding curve. Take the sum of the extreme 
ordinates (in many cases each of the extreme ordinates is 
of no length), four times the sum of the even ordinates, 
and twice the sum of the odd ordinates (omitting the 
first and last) ; multiply the total sum by one-third of 
the distance between any two successive ordinates. 

Surface of a sphere, — Multiply the diameter by the 
circumference. 

Surface of a cylinder, — Multiply the circumference 
by the length, and add the area of the two ends. 

Surface of a/ny right pyramidal or conical body, — 
Multiply half the circumference of the base by the slant 
side, and add the area of the base. 

Lateral surface of the frustum of a right cone, — 
Multiply the slant side by the circumference of the 
section equidistant from its parallel faces. 

Area of an ellipse, — Multiply the product of the 
major and minor axes by '7854. 
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The ffltW) eonlent of a body u calcnUited in cubic 
inches if all the dimensions are given in inches ; in cubic 
feet if all the dimensionB are given in feet^ 

Cubic content of a pUUe. — Multiply area of plate by 
its thickness. 

Cnbic content of a tphere. — Cube the diameter and 
multiply by -0236. 

Cable content of the Mgment of a sphere. — Subti«ct 
twice the height of the segment from three times the 
diameter of the sphere ; multiply the remainder by the 
square of the height, and this product by -6236. 

The cnbic content and surface of a sphere are each 
two-thirds of that of the cylindric veesel which just 
encloses it. 

Cubic content of ony primtaiie body (Fig. 147). — 
Multiply the area of the base by the perpendicular height; 
This w^ give the same product as, Multiply the area 
of cross section by length along the axis of the prism (the 
axis of a priamatio body goes from centre of gravity of 



base to centre of gravity of top). I^e centre of gravity 
of a prismatic body is half way along the axis. 

Oubio content of amy pt/ramidat or conical body 
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(Fig. 148). — Multiply the area of the base by one-third 
of the perpendicular height. 

Centre of gravity is one-quarter of the way along the 







Tig. 148 

axis from the base. (The axis of any such body joins 
the centre of gravity of base with the vertex.) 

The cubic content of the rim of a wheel is found by 
multiplying the area of a cross section by the circum- 
ference of the circle which passes through the centre of 
gravity of the cross section. 

The weight of a cubic inch of cast iron is about 
0*262 lb. The weight of a cubic inch of wrought iron 
is about 0*28 lb. The weight of a cubic inch of brass is 
about 0-303 lb. 

Hence, to fmd the weight of a cast iron body or 
a wrought iron body, or a brass body, first find the 
content in cubic inches and multiply by one of the above 
numbers, and we get the weight of the body in pound& 

Very often it is only the approximate weight that is 
wanted ; so that a moulder may know how much metal 
to melt, or for other purposes. 

Now suppose we want the approximate weight of a 
cast iron beam« Find roughly the average section, and 
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get its area in square inches, multiply by the length 
in inches, add to this the cubic content of any little 
gusset plates or other excrescences. Multiply by *262, 
and we have the weight in pounds. 

You will find tables of specific gravities in many 
books. The specific gramty of a substance means its 
weight as compared with the weight of the same bulk of 
water. Now, it is known that a cubic foot of water 
weighs very nearly 1,000 ounces, or rather 62-4 lbs. 
The specific gravity of brick varies from 2 to 2 '167, 
and therefore the weight of a cubic foot of brick varies 
from 2 X 1,000 or 2,000 to 2-167 x 1,000, or 2,167 
ounces. 

The specific gravity of cast copper is 8*6, and therefore 
a cubic foot of cast copper weighs 8*6 x 1,000, or 8,600 
ounces. 

We see, then, that from a table of specific gravities we 
can get the weight of a cubic foot of a substance, and 
therefore if we know the cubic content of a body formed 
of this substance we can calculate its weight 

Yhiioxl^ plcma for samng lab<mr in calculation suggest 
themselves to people working at any particular trade. 
For instance, if a pattern has no prints for cores, the 
weight of the pattern bears nearly the same proportion 
to the weight of the casting as the weight of a cubic 
inch of the wood bears to the weight of a cubic inch of 
cast iron. This is not quite true, because the pattern is 
a little larger than the casting. 

The area of am, vrregvlwr figure may be obtained 
approximately by cutting it out of a uniform sheet of 
cardboard and weighing it Now cut out a rectangle or 
square whose area it is easy to calculate. Weigh this 
also. The areas are in the same proportion as the weights. 
The a/rea of cross section of a fine wiare can be de- 
termined with some accuracy by weighing a considerable 
length of the wire, dividing by the weight of the material 
per cubic inch, and dividing by the length of the wire in 
inches. 
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A BSOBPTION dynamometers, 87, 
^ 38 

Accderation, Dofinitioxi of, 225 
angular, 236 

— in pure harmonic motion, 181 
Advantage, Mechanical, 14 

of yarioTLS machines, 17— -26 

Algebra, Necessity for knowledge 

of, 2 
Alloys of copper, 85 
Alternate pull and push. Effect of, 

65 
Amplitude of a Tibration, 201 
Angle, Definition of, 285 

— Cosine, sine and tangent of, 285 

— of twist, 81, 98 

— Be^ntiant, a weak point, 82, 99 
Angular acceleration. Definition of, 

236 

— motion and linear motion, com- 
pared, 236 

— velocity. Definition of, 285 
Annealing, 88, 84 

Apparatus for centrifugal force ex- 
periments, 240 

fluid friction experiments, 248 

kinetic friction experiments, 

245 

Arbor of spiral sprii^. Forces acting 
on, 167 

Arch fitted to withstand fluid pres- 
sure, lU 

B 



Arch, Fuller's method of drawing 
link polygon for, 164 

— How load is distributed over, 
162 

— ring, Forces at section of, 129 
Arched rib in unstable equilibrium, 

161 
Attwood's machine. Arrangement 

of, 41 
Axes of oscillation and suspension 

interchangeable, 197 

— Principal, of an ellipse, 144, 253 
Axis, Neutral, 105 

passes through the centre of 

gravity, 105 

— of oscillation, 195 

— of suspension, 195, 217 • 

— permanent. Meaning of, 219 

Necessity for, 219 

Axle, Friction of, 13 

•— wheel and. Mechanical advantage 
of, 20 



'D ALANCE of watch, how compen- 
sated, 194 

Motion of, 198 

— Bule for periodic time of, 

198 
— weights on wheels of locomotive, 

221 
BalwTioiTig of maohines, 218, 219 
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Balanoing of looomotiTe, Bvln for. 



Balljstio pendnlam, 217 
Beam, Bebayioor of whan loadad, 
101 

— Defle<^oii of, 116, 128, 145 
Table of Talnee, 116 

— — — Fomraba for, 122, 128 

— fixed at ends, 113, 119 

J- flangea to resiBt bending moment* 
54, 106, 115 

— loaded in Tariona ways, 116~ 
119 

— Metbods of supporting, 118 
•— of uniform strengtb, 119 

— Bole for breaking load on, 120 

— Strengtb of similar, 184 ' 
Bearings of sbaf ts, Friction at, 12 
Preasnre on, due to centri- 

f ngal force, 218 
Beecb timber, 78 
Bebayiour of materials when orer- 

strained, 63, 100, 193 
Belt, Diif erence of ptdls in, 82 

— Horse-power transmitted by, 32 
Bending, 100 

— and twisting, Belation between, 
for cylindric sbafts, 112 

— moment, 108 

at section of beam, 104, 106 

— — Diagrams of, 144, 146 
How to draw, for loaded 

beam, 114 

Table witb, 116, 118 

in a spiral spring, 168 

— — Iron flanges of beams to resist, 
115 

of indii^nibber beam, 101 

Bifilar snspension, 200 
Blow, 228 

— Effect of, 206 

— Motion prodaced by, 211, 216 
Bodies, falling, Laws of, 39, 40 
Boilers, Bnle for bursting pressure 

of, 60 



BoJlen, Strengtb of spberical, 90 
Boiler-plates, Biveted, 60, 88 
Brass, Composition and use of, 85 
Breaking load for beams, bow calcu- 
lated, 120 

— — — struts or columns, Bules 
lor, 1411,138 

Bricks, Manufacture of, 72 

— Cluutacteristios of good, 72 
Bronze, CSomposition and use of, 85 
Bulk, Modulus of elasticity of, K, 

87. S8 
Bullet, Telocity of, bow noeasured, 

218 
Buttresses, 165 



/HANDLE and board experiment, 
^ 218 

Carbon in cast iron, 80 

steel, 84 

Case hardening of iron, 84 
Castings, 80 

— Cbilled,88 

— Malleable, 88 

— The cooling of, 81 
Cast Iron, 80—83 

beam. Flanges in, 54, 115 

Closeness of structure of, 66, 80 

Effects of carbon in, 80 

— — Factors of safety for, 121 
Grey, 80 

Modulus of elasticity of bulk, 

E, for, 57 
Strains in, due to inequality iz 

rate of cooling, 82 

Strength of, 68, 69, 181 

Struts of , 54, 180 

Toughened, 88 

YHiite, 80 

Cedar timber, 78 

Cement, 72 

Centre of gravity, 252 

— — —graphically determined, 141 
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Centre of gravily of section of bent 
beam is in the neutral axis, 105 

— — — of wheels should be in axis 
of rotation, 210 

Ordinary formula for, 148 

Centre of peronssion, 195 

how found, 217 

Centres of oscillation and suspen- 
sion, interchangeable, 197 

Centrifugal force, Apparatus for ex- 
perimenting on, 240, 242 

Definition of, 239 

Effects of, on bearings of 

shafts, 218, 289 

Bule for, 220, 239 

Chain, Loaded, How to draw the 
corye in which it hangs, 160, 161 

Chemistry, Useful, 70 

Circle, Pitch, of spur wheel, 27 

Coefficient of friction, 35, 244 

Columns, 58, 54 

— breaking stress for. Table of, 
131 

— Gordon's rules for strength of, 
131,133 

—-Hollow cylindric, of oast iron, 
54,59 

— Long, break by bending, 54, 130 

— Mode of breaking yaries with 
length 130 . 

Combination of pure harmonic mo- 
tions, 189, 192 

Comparison of laws of fluid and 
solid friction, 251 

— — linear motion and angular 
motion, 236, 239 

Compensation balance of watoh, 
194 

— pendulum, 185 

Compound harmonic motions, 
ouryes of, and how plotted, 190— 
191 

, how produced, 189, 190, 192 

— pendulum, 194 

Bule for time of Tibntion, 195 



Compression of struts or columns, 
53, 58, 130 

loaded beam, 102, 129 

Concrete, Composition of, 73 

Conglomerates, 71 

Conical pendulum. Method of ex- 
perimenting with, 242 

Motion of, 179, 192 

Connecting-rod and crank. Motions 
of, 28— 30 

Centrifugal force of, 220 

Constraint of spiral spring, 197 

twisted wire, 199 

Conversion of energy, continual, 40, 
187 

Cooling of castings, 81 — 83 

Copper, Alloys of, 85 

— Properties and use of, 85 
Cord, friction between post and, 33 

-35 
Core used in castings, 81 
Correction of errors in e:^eriment8, 

10 
Couple, Definition of, 232 

— equivalent to a system of forces, 
140 

Couplings, 81 

— Dynamometer, 81, 36 
Crane, Efficiency of, 16 

— Friction in, 15 

— Law for, 17 

Crank and connecting-rod, 28, 220 

travel of piston, 283 

Curvature, 223. 

— Change of, in a spiral spriug, 
167 

— of bent beam, or strip, 108 
Curve, Elastic, 109 

— of loaded chain, 160 

sines, how drawn, 189, 200 

— interpreted, 200 

traced by pendulum bob, 

201 
Curves showing elastic limit of 

loaded beams, 55, 128 
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Cnttiiig and oliipping, 65, 207 
Cydoidal teeth give onif orm motion, 
27.28 



TRAMPED TibratioxiB, Law for, 

201 
Damping of vibrations, Inyestiga- 

tionof,201 

Bepreaentation of, 204 

Dedmala, Kecesail^ for Btudent to 

know, 1 
Deflection of beams, 122—128 

Curres showing, 127 

Examples of, 123, 125 

Formnla for, 122, 123 

loaded and supported in 

various ways; table of relatiTe 

values, 116-118 

method of measuring, 124 

of different materials, table, 

121 
whose sections are not rect- 
angular, 126 
BJinilftr beams similarly loaded, 

134 
Diagram of bending moment, 144 

Table of, 116-118 

Link polygon, 164 

— Examples of stress, 155 
Differential pulley-block. Mechani- 
cal advantage of, 19 

Diminution of swing, Bate of, a 

measure of viscosity, 199, 205, 

240 
Discharge of water from orifices 

and pipes, 76, 77 
Discs, Experiment with, 205, 249 
Distribution of load on an arch, 

162 
Drawing, Experience to be gained 

by. 28 

— instruments, necessary for stu- 
dent, 1 



Drawings, Skeleton, 28 -30 
Dynamometer coupling, 31 
Dynamometers, Transmission and 
absorption, 35—38 



'P YOUNG'S modulus of elasti- 

* city, 64, 69, 92 
Earth, Pressure of, against a wall, 

73,74 
Eccentrio-rod, 29 
Edge, Be-entrant. ought to be 

rounded, 82,99 
Effect of friction. 6 

a blow, 206 

Efficiency of machines, 16 
Elastic curve, 100 

— — how drawn, 110 

— — Examples of, lU 
Elastic strength, 55, 59, 62 
Elasticity affected by state of strain, 

62, 63, 99, 100 

— Law of, 55, 128 

— Limits of, 55, 100, 128 

— Modulus of, of bulk, E, 57, 58, 
92 

Table of values, 57 

Electricity* Some knowledge of, 

useful, 70 
Elm timber, 78 
Ends fixed. Strength of beams with, 

113,119,120 

Columns with, 133 

Energy communicated by a blow, 

how calculated, 216 

— Communication of, dependent on 
shape of body, 212 

— Continual conversion of, 40, 187 

— Indestructible, 6, 39, 234 

— in pile-driver, 208 

rotating body, 42—50, 237 

how determined, 45 

— — waterfall, 6 
-^Kinetic, 38-50, 75, 234, 237 
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Energy, Iioss of, due to fiiotioin, 
U— U 

— Potential, 88— M), 75, 234 

— Storage of, daring impact, 21fl 
Store of, in water, 75 

— wasted in fluid friction, Bnle for 
finding, 76 

Engine, LocomotiTe, Twlandng of, 
220 

— Steam, fly-wheel for, 50 
giving out energy, 26 

Indicated horse-power of, how 

found, 233 

Equilibrant of two or more forces, 
137,229 

Equilibrium of forces, 8, 139, 150, 
220 

Equivalent simple pendulum, 194 

Escapements, 188 

Experience gained by making skele- 
ton drawings, 28 

Experiments, Neoessil7 for, 8 

Extension, 51—58 

— of part of loaded beam, 102, 106 

— of similar and similarly loaded 
rods, 134 

— of spiral spring, experiments, 
174 

wrought iron tie-rod, example, 

63 

•*- produced by load suddenly ap- 
plied, 63 

— proportional to load which pro- 
duces it, 52 



P^ACTOB of safety, 120 

— — — Table giving usual values 
of, 121 
Falling bodies. Laws of, 39—40 
Fatigue of materials, 63, 100, 193 
Figures, Properties of straight- 
line, 146, 147 
— Beciprocal, 148 



Firwoods, 77 

Fixed ends. Beams with, 113, 119 

Struts with, 133 

Flanges in beams and girders, 54^ 

106, 115 
Flat plates. Strength of, 133 
Flow of water in pipes and pumps, 

75,77 

— from an orifice, 76 

Fluid friction. 75, 199, 247—251 
Apparatus for investigating, 

248 
Laws of, 251 

— pressure, 59, 61, 74, 75, 111 

Arches to withstand, HI 

Fly-wheels, Calculation of the size 

of, 48-50 
Foot-pound, 12, 232 
Force, Centrifugal, 218, 239 

— how represented, 136 

— Moment of a, 23, 229 

— polygon, 137, 139 

— Shearing, in beams and girders, 
104, 114, 129 

Forces acting at a point, 136—140, 

159,228 
on arbor of spiral spring, 167 

— Equilibrium of, 3, 137, 139, 229 

— Polygon of, 4, 137, 229 

— Triangle of, 3, 229 
Friction and abrasion, 247 

— a passive force, 4—5, 6, 243 

— apparatus, 245 

— at bearings of shafts, 12—14 

— between cord and post, 33—35 

— Coefficient of, 35, 244 

— Effect of, as distinguished from 
force of, 6, 11 

— Experiments on, 7—10 

— force of, 11, 13 

— in fluids, 75, 199, 247, 251 
measured by heavy discs, 

205,249 

— — machines, 5 — 17 

— — parallel motion, IS 
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Friction in qaick-moring Bhafts, 14 

— Kinetio len than statical, 246 

— Law of, 4, 10, 15 

— Laws of fluid and solid, com- 
pared, 251 

— Loss of energy due to, 11—17, 89, 
247 

— nerer negligible, 44 

— of metals on metals, 246 
wood, 247 

— often nsdfnl, 247 

— proi>ortional to pressure, 11, 243 

— wheels, IS 



QATES used in casting, 81 

Geology, Principles of nsefnl, 

71 
Girders (see Beams) 
Glass, Composition and properties 

of, 79 
— Toughened, 80 
Graphical statics, 135—166 

Mr. Bow's notation in, ISO 

Gravity, Intensity of, how found, 

105 
Gnn metal, 85 
Gnn, Becoil of, 209 
Gyration, Badios of, 144 
Gyrostat, 216 



TJABMONIC motion. Pure, 29, 

179 
acceleration at any point, 

181 

Examples of, 180 

of liquid in U tube, 186 

— spixal-spring weighted, 

183 
periodic time, Sule for flnd^ 

ing,182 
^ Bepresentation of, 180 



Harmonic motion, Pure, Telocity at 
any point, 180 

— motions. How to combine, 189> 
190 

plotted, 190 

Heat, Elementary principles of nse- 
fal,70 

Heavy disc Tibrating in fluids, 205, 
240 

Hinged structures, 146, 149 

Calculation of stresses in, 

149 

Horse-power, 16, 233 

of steam-engine, how indi- 
cated, 233 

— — transmitted by belt, 82 

shafts, 26-30, 237 

toothed wheels, 133 

through coupling, how 

measured, 31 
Hydraulic press, 25, 26 
Hydrostatic arch. 111 



TMPACT, average force of, 206 
— mean pressure during, 211 

— mutual pressure during, 208 

— of two free ivory balls, 211 

— Total momentum unaltered by, 
208 

Impulse and blow, 206, 2QS, 239 
Inclined plane, 17, 18, 20 
India-rubber beam. Bending of, 101 
Indicator diagram, 233 
Inertia, Moment of, 46, 105, 236 

— — — for rectangular or circular 
section, 107 . 

— greatest and least for any 

area, 144 
Internal strains due to contraction 

in cooling, 79—83 
~~ — at sharp comers, 82 
Iron, Annealing of, 83, 84 

— Ca8t,80-b8 



INDEX. 



263 



Iron, Wronglit, YaxietieB and pro- 
perties of, 83, 84 
laochrouiam of spiral springB, 170 



JOINTS, Effect of stiffness of, 156 
— masonry. Middle third o^ 
190, 163, 166 

— of arch. Link polygon nearly nor- 
mal to, 163 

stmctnres. Stresses at, 149 

— riveted. Strength of, 88 
•— Treenails in wooden, 78 



•J^ILLINQ wire, Meaning of, 62 
Kinetic energy, 38-^50, 234, 

237 
oonyerted into potential, 40, 

187 

stored up in any machine, 50 

in water, 75 

— friction apparatos, 245 



T ADDEB, Forces acting on a, 

graphically determined, 141 
Larch timher, 77 
Law for a machine, 17 

— of moments, 23, 230 

applied to stresses at section 

of loaded stmcture, 158 

work, 17, 23, 231 

Laws connecting variable things, 

how found, 7, 10 
~ of falling bodies, 89, 40 

— of friction between solids, 2ffl 
fluid friction, 251 

Level surface, Definition of, 223 
Lever, 23-26, 232 

Limestones, Ck>mpact and granular, 
71 



Limestones, Pure and hydraulic, 72 
Limits of elasticity, 55, 100, 128 
Linear motion and angular, com- 
pared, 236-239 
Lines, and what they may represent, 

136 
Link motion, 30 

— polygon, 137 

a diagram of bending moment 

164 
for arch. Fuller's method of 

drawing, 164 
for Tniniinmn thrust at crown 

of arch, 164 
must cat joint of arch nearly 

normal, 163 

pole of, 138 

Liquid in a U tube. Harmonic 

motion of, 186 
— Time of vibration of, 

187 
Load, Breaking, Bule for finding* 

120 

— carried by an axch, how distri- 
buted, 162 

— live or dead, 113, 121 

— proportional to strength modu- 
lus, 106, 126 

— Similar, on similar structures, 134 
Loaded beam. Bending moment in, 

U4 

— chain of suspension bridge, 160, 
161 

— links. Stresses in, 159 
Locomotive engine. Balancing o^ 

•ao— 222 
_ — Considerations in desigrning, 
890 



^ OF A FLY-WHEEL, 44-49 

— of any machine, 50 
— ratio of values for similar wheels, 
10 
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48 
. BfieifloGj of, U 

^ fffi>*»««iA«i a d t anlJ igs of, 17— V 

^ StdidiiieM off, 48 

Ifagnefe, Tbne of Tibatioii of, 900 

"^f^uiffanj ixnolbeac. 7B 

jfsinspnns™ time^eepon, QIBoe I 

of,lS7 
Ifar blflL Fonnatuni and cli«act«r 

of. 71 
Maaomy well, Itt 
KaM, Definition of, 223, 236 
_ Sedprooafeing, in looomodTe, 

220 
Katerialfl, Behftfionr of, when orer- 

•ttBined,62,e3,9e,193 
— Disposition of, in lieama or 

gitders, for ■trength, 106, 115, 

119 
If eon preaenxe daring impact, 211 
Mecbftiiirail advantage, 14 

of blocks and tackle, 17 

differential pnllej-blook, 19 

bydzanlic press, 26 

inclined plane, 18, 20 

lever, 28 

screw, 18 

wheel and axle, 20 

Mechanics, method of stndy, 2, 28, 

71 

ItCechanism, 26 
Memel timber, 77 
Mensuration, Bules in, 252 
Metals, 80— 85 

""izT^iai ^^^ ■*'«^»«i of. 68, 69, 

Mid^die «^ of Joint in arch ring, 

Modius of elasticity of bulk, IC, 57. 
Young's, E, 64. 69. 92 



Kodalna of ngidilj, H, 69, fl7. 
90^98 

10S,lOi 
o^ 118— 118 
force, 28,299 

46. 105, 107, 898 
Fomuilafar,14a 
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144 
-^ — momeniom, defined, 2S8^ 998 
Koments, Law of. 23, 930 
— MelJiod of, applied to sUui i o o In 

StmCvOIVB, 13o 

Mmnentam, Definition of. 927 

— Total, nnaltered bj impact, 208 
Mortar, how prepared and why it 

hardens, 72. 73 

Motion, Comnumicatlon of. in li- 
quids, 211 

Motion is either tnmslatloii, rota- 
tion, or both, 216 

-—Idnear and angular, compared, 236 
—239 

— Periodic, 179, 188 
Botational, 192 

— Precessional, Examples of, 215 

— produced hy a blow, 216 
Moulds for castings, 81 
Hunts metal, 85 

Mutual pcessuze during impact, 
208 



l^ATTTBE of pure shear strain, 90, 
91 

strain, 56» 57 

Neutral axis, defined, 105 
passes thxoT^h centre of gra- 
vity of section, 106 
Badius of curvature of, 106 

— line, 102, 105, 107 

— surface, 102 

Notation in graphical statics, Mr. 

Bow's, 150 
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QAE timber, 78 

Oiifloe, Flow throQgli, 76 
Osdllstion, Centre of, 195 
— and BQspension, Centres of, 107 



pAPEB, Squared, 7, 10, 15 

Parallel motion, Fiiotion of, 

18 
Patteme for mionlds, 81 
Pendulum arranged to trace curve 

of sinee, 201 

— Ballistic, 217 

— Blaokbnm's, for combining har- 
monic motions, 189, 190 

— Compensation, 185 

— Compound, 194 

— Conical, 179, 242 

— Eqniyalent simple, 194 

— Radius of gyration of, 196 

— Simple, 37, 184, 187, 194 

Time of vibration of, 185 

Porcossion, Centre of, 195 

how fonnd, 217, 218 

Periodic motion, 179 

Examples of, 188 

Botational, 192 

— time, 179 

Bnle for finding, 183 

of balance of watch, 198 

Permanent axes in machmes, 

Necessity for, 219 
^ axis, Meaning of, 219 

— set, 55, 100 

Phosphor bronze. Composition of, 

85 
Pile-driver, Energy in, 208 
Pillars, Gordon's formula for 

strength of, 181, 133 

— Ways of breaJdng, 130 

— with ends fixed, 131 

rounded, 133 

Pipes, Flow of water in, 75 



Pipes, Bnle for bursting pressure 
of, 00 

— Strength of water, 59 
Piston, 28, 233 

Piston-rod slide. Friction of, 13, 
14 

— — Strength of, 65 

Pitch circle of spur wheel, 27 

— of screw, 18 

teeth, Bule for, 188 

wheel teeth, 27 

Plane, Inclined, 17, 20 
Plates, Boiler, 60, 88 

— Strength of fiat, 133 
Pole of link polygon, 138 
Polygon, Closed, 137 

— Force, 137 

— Link, 137 

— Unclosed, 187 

— of forces, 4, 229 
Potential energy, 38, 234 
stored up in water, 75 

converted into kinetic, 40, 

187 
Power, meaning of the term, 15, 

238 (see Horse-power) 
Processional motion, 215 
Pressure during impact, 208 
Pressure-energy of water, 75 

— Fluid, 59, 61, 75, 111 

— on bearings of shafts, 218 

— on teeth of wheels, 188 

— of steam on piston, how found, 
238 

wind on roofs, 154 

Principal axes of an ellipse, 144 
Prints on patterns, 81 
Propeller screw, Exerdse on, 19 
Puddling, 83 
Pull in belt, 82 

— how transmitted by wire, 51 

— in cord. Difference of, on two 
sides of j pulley, 4, 11, 82 

Pulley and oord. Friction between, 
S3 
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TuHtj Uock, Diffenntia], meehftni- 

cal adTantege d, 19 
Pumps, Flow d water tibzoogli, 75, 

78 
Punching aadahearing, 88 
Pnre hamuniio motton oi piston- 

defined, 179 (aee Hannonic 

motion) 
— ahear atxain, 89 

how prodnoed, 89 

Natim of, 90 



QUASI-SiaiDITT prodnoed I7 
zapid motion, 215, 216 
Qnaterniona, 135 
Quicklinie, 72 

Quick -moTing ahafts. How to 
diminlah friction in, U 



J^ADIAN, I>eflnition of, 235 
Badina of Cnnratnre, 223 

of any fibre in bent beam, 

how found, 106 

elaatio cnzre, 110 

— "^ gyration,' 144 

•— of pendnlnm, 196 

Aatio, Velocity, 6, 27 

Beaotion of flnidB, Application of 
the principle of, 209 

Beoiprocal figures, 148 

Beoiprooating mass in locomotive 
engine, 220 

Beooil of gun, 209 

Bed pine, or Memel timber, 77 

Be-entrant edgea or comers, weak 
points, 82, 99 

Belation between bending and twist- 
ing of oylindric shaft, 112 



176 
Besattsnt, Definitioii of, 196, ^ 

— f Otoe on joint of arch ring, 129, 
163 

— o< a nnmher oi forces, how found, 
137,138 

Bih^ Arched, ia in unstable eqnili- 

hzium, 161 
Bigid bodies, Meanir^ of the term, 

103 
Bigidil7, Modulus oi, K, 87, 90, 

92 

— produced hj rapid moti<m, 215 
Biveted joint may break in sereral 

ways, 88 
Biyet holes usually weaken the 

metal, 88 
Bocks, granitic. History and 

charaoter of , 71 

— stratified. History and character 
of, 71 

Boof , Necessity for detail drawings 
of, 155 

— Weight of snow on, 153 

— Wind pressure on, 154 

Boof • principal, Inyestigation of 

stresses in, 150—153 
Botating body. Energy stored up in, 

42-51 
Botational periodio motion, 192 
Bound, Meaning of the term, 236 
Bnpert's drop. Condition of the 

glass in, 80 
Bupture produced by shear stress, 

88,80,96 



gAFETT, Faotor of, 120 

— — — Table giving usual 
Talues of, I2I 
— valve. Weighted, 24 
Sandstones, Character of, 71 



INDEX. 



267 



Screw, Mechanical advantage of, 
18 

— Pitch of, 18 

— propeller of yessel. Exercise on, 
19 

Section of beam varied for uniform 
strength, 119 

loaded beam or arch, resultant 

of stresses at, 128—190 

structures, stress at, how cal- 
culated, 157, 158 

Set^ Permanent, 55, 100 

Shafts, cylindric, Belation between 
bending and twisting in, 112 

Strength of, 96 

— effects of twisting couple on 
different sections, 97—99 

— Effects produced by wheels fixed 
eooentricallj on, 218, 219 . 

— Friction at bearings of, 12 

— — in quick-moving, 14 

— Power transmitted by, how 
measured, 81—35 

— Practical rule for strong^ of, 
95 

— Stiffness necessary as well as 
strength, 100 

— Torsional vibration of, when 
transmitting power, 95, 101 

Shape of a loaded beam, 145, 146 

chain, 160 

wheel teeth, 27, 28 

Shearing and punching, 88, 89 

— force in beams and girders, 104, 
114,115 

Shear strain, 86—101 

Nature of, 90 

pure. How to produce, 86, 89 

and shear stress, Belation 

between, 92 

— stress, 86—101 

Simple pendulum, 89, 184^ 187, 194 
Sine of an angle, 235 
Sines, Curve of, how drawn, 189, 
200,204 



Sines, Curve of, interpreted, 200 
traced by a pendulum bob, 

201 
Skeleton drawings instructive and 

necessary, 28—90 
Slide andpiston-rud, 13, 14, 220 
Slide valve. Motion of, 90 

— rule. Use of, 136 

Solids, Laws of friction between, 

251 
Specific gravity. Definition and 
examples of, 256 

table of values, 68, 69 

Spherical boiler. Strength of, 61 
Spinning bodies, processional mo- 
tion of, 215 
Spiral spring, cylindric. Angular 
motion of, due to turning mo- 
ment, 178 

— — — Behaviour of, when 
weighted, 178, 183 

— Elongation in different 

cases, 176 

in dynamometer coupling, 

31,85 

Investigation of the forces 

in a weighted, 173 

Experiment showing relation 

between extension of spring and 
twisting of wire, 174 

Besilienoe of, 176 

Strength of, 175 

— Twisting moments^ of, ex- 
perimentally determined, 197 

Ultimate elongation, 177 

Work stored up in, 176 

— — Flat, Angle of winding propor- 
tional to couple in, 170 

Bending moment in, 168 

Change of curvature of, 

167 

Cnxw for turning moment 

of, 171 

Isochronism, how usually 

obtained, 170 
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SpizBl qpriaf , Ylati, ToadDg 

meat propoitioiMl to windinsr* 171 
Sqoazed paper, Um of, 7—10^ 15, 

55 
Stete of ttndn afleela elMtio 

strength, 82, 63, 80, 18S 
Statical frictioii, 846 
Statica, Onphical, 13S-106 
Steadineaaof JCaohinea, 48, 219 
Steam-engine, Condenaing and nonr 

oondsnsing, 60 

Fly-wheel for, 50 

giving oat energy, 26 

indicated hora e p ower, how 

found, 238 
Steel, Carbon and impurities In, 

84 
•^ Strength of, 84 

— Tempering ot, 66 

StifF joints in stfutftui e s , 156 
Stiffness important in shafting, 100, 
101 

— of beams, how it Tazies with 

lin^^r fHtnAnai4)m ^| , 18S, 126 

stilling of Yibrations, 200 
Stone, 71 

— An artifioial, how made, 72 
•— Preservation of, 71, 72 
Storage of energy dnring impact, 

212 
Store of energy in a moving body, 

39,75 
Straight line fignres, Properties of, 

146-14B 
on squared paper. Meaning of, 

9,10 

— ^ what it may represent, 185 
Strain, 51-^58 

— energy, Storage and transmission 
of, 64, 65 

— in bent beam, proportional to 
distance from neutral surface, 
102 

— Nature of, in a wire, 56, 57 

— proportional to stress, 53, 55 



Sfacalns due to contraction in cool- 
ing, 79— 83. 

Steatified rocks, 71 

Strength and stifEness of beams, 
TkUes giving, 110-118, 121 

beet section of beam for, 

106 

— Elastic, 89, 99— 100 

— modulus for beams of different 
sections, 106 

— of rectangular beams, how it 
varies with breadth and depth, 
121,125 

supported at ends and 

loaded in:middle. Table, 121 

— of columns, long and short, 130 
Gordon's rule for, 131— 

183 

cylindric spiral spring, 175 

flat plates, 133, 134 

— — pipss and boilers, 59—81 
riveted joints in boiler plates, 

88 

shafts, 95— 101 

similar structures similarly 

loaded, 184 
structures with stiff joints, 

156 

teeth of wheels, 133 

timber, 77, 78, 121 

— Table of, for diflferent materiids, 
68,69 

Stress, 52-61 

— Amount of, anjrwhere in a section, 
106,107 

— Breaking, for beams, 120 

columns or stmts, 131 

table of values, 68, 60 

— diagrams. Examples of, 155 

— how represented, 135 

— tensQe and compressive often r^ 
peated, EfTect of, 65 

— working shear, 88 

Stresses at joints of structures. 
Methods of finding, 157, 158 



INDEX. 



269 



stresses in a hinged stamctnre, Con- 
ditions for calculating, 149 

— — loaded chain of suspension 
bridge, 160 

Unks, 159 

— — roof - principal, how deter- 
mined, 150-153 

Strip of steel. Forms assumed by, 
109 

Time of vibration of, 186 

Vibration of, in two direc- 
tions, 192 

Structures, Hinged, 146—140 

— similar and similarly loaded, 
Strentsth of, 134 

Struts, 53, 54, 150 

— Gordon's rules for strength of, 
131—133 

— long, Modes of breaking, 130 

— with ends fixed, and hinged, 
131 

Suddenly applied load. Effect of, 63, 

64 
Supporting and loading. Effects of 

different methods of, 113, 116— 

122 
Susi>ension, Axis of, 195, 217 

— Bifilar, 200 

— bridge. Stresses in chain of, 
160 

Symbols, Algebraic, 1 



rpACKLE, Blocks and, mechanical 

advantage, 17 
Teak timber, 78 
Teeth of wheels, Cycloidal, 28 

like beams fixed at one end. 

183 

Fitch and number of, 27 

— Bule for, 133 

~- Fressure on, 133 

Shapes of, 27, 28 



Teeth of wheels^ Strengrth of. 

133 
Temperature, Effects of, on beams 

and supports, 113 
Tempering steel. Method of, 66 
Tensile strength of materials, 58, 

68,69,134 
Thrust at crown of arch, 163, 165 
Tie-rod, 53, 150 
Timber, Ash, 78 

— beams. Strength of, 120, 121 

— Beech, 78 

— Cedar, 78 

— DurabiUtyof, 78 

— Elm, 78 

— FeUing of, 78 

— Larch, 77 

— Mahogany, 78 

— Memel, 77 

— Oak, 78 

— Freservation of, 79 

— Seasoning of, 79 

— Teak, 78 

— Warping of, 77 

— White fir or Norway spruce, 
77 

Time of vibration of balance of a 

watch, 193 
bar hung at end of a wire, 

199 

— — — > — compound pendulxmi, 195 

— — — — liquid in bent tube, 187 
— magnet, 200 

— — — — simple pendulum, 185 

— — — — spiral spring, 183 

— Feriodic, of a pure harmonic 
motion, Bule for, 183 

Torque, Definition of, 281 
Torsional vibrations of shaft and 

want of stifEness, 100, 101 
Torsion of shafts and beams, 93— 

101 
Transmission dynamometer, 35, 36 

— of power by bolts and pulleys, 
32 
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TiBOflmiBsion of power bj eluifts, 

90, 96—101 

whiMla,fl7,»kltt 

rtrain energy, 91, 9S, 907, 811 

—814 
Triangle of forces, 8, 21, 828 
Twist, Angle of, 81, 83 

— how measured, 30, 81, 88—86 
Twisting and bending oombfned 

in shafting, 100 
Belation between, 112 

— moment, 93—101 

Experimental inyestigation of, 

197—199 



TT TUBE, Vibration of liqnid in, 

*^ 186,187 

Unclosed polygon, 187 

Uniform yelodty ratio given by 

oydoidql teeth, 28 
— strength in beam, 119 
Use of elementary principles, 90 



TTALYE, Safely, Example of, 24 
^ — slide. Motion of, 80 
Variable things compared, 7, 10 
Velocity, Definition of, 224 

— Angalar, 235 

— at any point in pure harmonic 
'motion, how fonnd, 180 

— of bullet, how measured, 218 

— ratio, 6, 27 

Vents, Use of, in moulding, SL 
Vertical line. Definition of, 223 
Vibration, Amplitude of a, 201 

— Nature of a, 40, 187 

— Time of, for simple pendulum, 
185 

— Torsional, of a shaft, 101 



Vibrations, Damped, Law for, 201 

— Investigation of damping of, 
201 

— > Bepreeentation of, 204 

— Stilling of, 200 

Viscosity measured by twist in wire, 
199, 248 

— Bdative, Example worked out, 
205 

Voussoirs, Pressure on, 182 



TITALL, Pressure of earth against, 

73, 74 
Watch balance. Motion of, 193 
Waterfall, Energy in, 6 
Water flowing through an orifice. 
Velocity of, 76, 77 

— Friction of, in pipes and pumps, 
75,76 

— Pressure of still, 74 

— pressure on any surface sub- 
merged, 74, 75 

— Quantity of, flowing through a 
pipe, how calculated, 77 

— Total energy of, 75 
Waterpipes, Strength of, 59, 60 
Weighbridge, Mechanical advantage 

of, 24 

Weight of a body, 223, 224 

Wheel and axle. Mechanical advan- 
tage of, 20 

— Necessity for drawings of, 28 

— of locomotive. Balance weights 
on, 221 

— -teeth. Pressure on, 133 
Shapes of, 27 

White fir or Norway spruce, 77 
Wind pressure against roofs, 154 
Work, Definition of, 232 

— how measured, 5, 6, 15, 16, 31, 
82, $^,233 
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Work, Law of, 6, 17, 231 

— loet fax friotion, 11—17 

— Bate of doing, 15. 233 
Working stress, 50 
Worm and worm-wheel, 28 
Wrought iron, 83, 84 



YOUNG'S modulus of elasticity, 
E, 54, 69. 92 



^INC, Alloys of; with copper, 
^ 85 



THE END. 
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With 800 Original Engravings. Popular Edition, In Two Vols. 4as. 
Electricity in the Service of Man. With nearly 850 Illustrations. 

Ckeaf^ Edition. ' Price gs. 
Electricity, Age of. By Park Benjamin, Ph.D. 78. 6d. 
Electricity, Practical. By Prof. W. E. Ayrton. 7s. 6d. 
Encyclopsedic Dictionary. The. A New and Original Work of Refer- 
ence to all the Words in tne English Language. Complete in Fourteen 

Divisional Vols., xos. fid. ea^; or Seven Vols., hidf-morocco, axs. 

each : half-russia, ass. 
Bngland, Cassell's Illustrated History of. With 9,000 lUustradons. 

Ten Vola, 4to, 9«> «ach. RtvUod Edition, Vols. I.» II., and IIL, 

98. each. 
English History, The Dictionary of. Clua^ Edition, xos. 6d. 
English Literature, Dictionary of. By W. Davbnport Adams. 

Cheap Edition^ 78. 6d. ; Roxburgh, xos. od. 
English Literature, Library of. By Prof. Henry Morlby. 
Vol. I.— Shorter English Poems. 78. 6d. 
Vou II. — Illustrations op English Religion. 7s. 6d. 
Vol. III.— English Plays. 7s. 6d. 
Vol. IV. — Shorter Works in English Prose. 78. fid. 
Vol. V. — Sketches of Longer Works in English Vbrsk iuiD 
Prose. 7s. 6d. 

English Literature, Morley's First Sketch of. Ennsod EditiontjB.td, 
English Literature, The Story of. By Anna Buckland. 38. 6d. 
English Vy^riters. By Prof. Henry Morlby. Vols. I. to V. 58. each, 
^sop's Fables. Illustrated by Ernest Griset. Cloth, 38. 6d. 
Etching. By S. K. Koehler. With 30 Full-Page Plates. £448. 
Etiquette of Good Society, xs. ; cloth, xs. 6d. 
Europe, Pocket Guide to, Cassell's. Leather. 6s. 
Bye, Ear, and Throat, The Management of the. 38. 6d. 



SeUctions from Cassiil f Company* s Piiblfcatiotis, 

Family Physician, The. By Eminent Prtsicians and Surgeons. 
New and RtvUed Edition, Cloth, axs. ; Roxburgh, 358. 

Penn, G, Manville, Works by. Boards, 2s. each ; cloth, as. 6d. each. 

My Patients. Being the Notes 

of a Navy Surgeon. 
Dutch the Diver. 



The Parson o' Dumford. 
The Vicar's People. ) in doth 
Sweet Mace. j only. 



Poverty Corner 
Field Naturalist's Handbook, The. By the Rev. J. G. Wood 

and Rev. Theodore Wood. 5s. 
Figuier's Popular Scientific Works. With Several Hundred Illustra- 
tions in each. 3s. 6d. each. 
The Human Race. | The Insect World. 

RsptiLBS and Birds. | Mammalia. 

Fine-Art Library, The. Edited by John Sparkes, Principal of the 
South Kensington Art Schools. Each Book contains about zoo 
Illustrations. 58. each. 



Engraving. 

Tapestry. 

The Engush School of Paint- 
ing. 

The Flemish School of Paint- 
ing. 



The Education of the Artist. 
(Non-illustrated.) 

Gkbek ARCH.SOLOGY. 

Artistic Anatomy. 

The Dutch School of PAiNTiNa 



Plovirer Painting in Water Colours. With Coloured Plates. First 

and Second Series. 5s. each. 
Flower Painting, Elementary. With Eight Coloured Plates. 3s. 
Flowers, and How to Paint Them. By Maud Naftel. With 

Coloived Plates. 5s. 

Forging of the Anchor, The. A Poem. By Sir Samuel Fergusoi^ 
LL.1>. With ao Original Illustrations. Gilt edges, 5s. 

Fossil Reptiles, A History of British. By Sir Richard Owen, 
K.C.B., F.R.S., &c With a68 Plates. In Fotur Vols., £xa zas. 

Prance as It Is. By AndrA Lebon and Paul Pblbt. With Three 
Map&. Crown 8vo, cloth, 7s. 6d. 

Garden Flowers, Familiar. By Shirley Hibberd. With Coloured 

Plates by F. £. Hulmb, F.L.S. Complete in Five Series, xas. 6d. each. 
Gardening, Cassell's Popular. Illustrated. 4 vols., 5s. each. 
Gas, The Art of Cooking by. By Marie Jenny Sugg. Illustrated. 

Cloth, 3s. 6d. 
Gaudeamus. One Hundred Songs for Schools and Colleges. Edited by 

John Farmer, ^s. 
Geometrical Drawing for Army Candidates. By H. T. Lilley^ 

M.A. as. 
Geometry, First Elements of Experimental. By Paul Bert. is. 6d. 
Geometry, Practical Solid. By Major Ross. as. 
Gleanings from Popular Authors. Two Vols. With Original Illus- 
trations. 4to, gs. each. Two Vols, in One, 158. 
Great Painters of Christendom, The, from Cimabue to Wilkie. 

By John Forbes-Robertson. Illustrated throughout, xas. 6d. 
Gulliver's Travels. With 88 Engravings by Morten. Cheap Edition^ 

Qoth, 38. 6d. ; cloth gilt, 58. 
Gun and its Development, The. By W. W. Greener. With 500 

Illustrations, xos. 6d. 
Guns, Modern Shot. By W. W.. Greener. Illustrated. 5s. 
Health at School. By Clement Dukes, M.D., B.S. 7s. 6d. 
Health, The Book of. By Eminent Physicians and Surgeons. CIoth» 

axs. ; Roxburgh, 358. 
Health, The Influence of Clothing on. By F. Treves, F.R.G.S. ss. 
Heavens, The Story of the. By Sir Robert Stawell Ball, LL.D.» 

F.R.S., F.R.A.S. With Coloured Plates. Popular Edition, xas. 6d. 



SeUctioKs from CautU f Comptmfi PvhVuahom, 

Heroes of Britain in Peace and IVar. In Two Vols., with wo 

Original Illustrations. 5s. each ; or One VoL, library binding, los. fid. 
Holiday Studies of Wordsworth. By Rev. F. A. Mallbson, M.A. ^. 
Homes, Our, and How to Make them Healthy. By Eminent 

Authorities. Illustrated. X5S. 
Horse, The Book of the. By Samuel Sidnky. With 28 Fac-simile 

Coloured Plates. Enlarged Edition. Demy 4to, 35s« ; half-morocco, 458. 
Houghton, Lord : The Life, Letters, and Friendships of Richard 

Monckton Milnes, First Lord Houghton. By T. Wbmyss 

Rbid. In Two Vols., with Two Portraits. 33s. 
Household, Cassell's Book of the. Vols. I., II., and III., 5s. each. 
Household Quide, CasseU's. Illustrated. Four Vols., aos. 
How Women may Earn a Living. By Mbrct GaocAJi. 6d. 
India, Cassell*s History of. By Jambs Grant. With about 400 

Illustrations. Library binding. One VoL 15s. 
Irish Union, The; Before and After. By A. K. Connbll, Bf .A. 3s.6d. 

'** Japanese " Library. OmsLsting of Twelve Popular Works, printed on 
tnin paper, is. 3d. each nett. 

Kandy Andy. — Oliver Twist. — Xvanhoe. — Ingoldsl^ Z^egends.^ 
Tfie Last of the Motaloans.— The Zjast Days of PompeiL— The 
TeUowplttsh Papers. — The Iiaet Days of Falmyxa. — Jack 
Hinton, the Ouardsmaa. — Seleotlons from Hood's Works.— 
Ax&erleaa HmBonr.F-The Tower of Ziondon. 

lohn Orlebar, Clk. By the Author of '* Cnlmshire FoDc." as. 

John Parmelee*s Curse. By Julian Hawthornb. as. 6d. 

Karmel the Scout. A Novel. By Svlvanus Cobb, Junr. Cloth, 3s. 6d, 

Kennel Quide, The Practical. By Dr. Gordon Stablbs. is. 

Khiva, A Ride to. Bv Col. Frbxx Bvrnabt. is. 6d. 

Kidnapped. By R. L. Stkvbnson. JUnstrattd Edition. 5s. 

King Solomon's Mines. ByH. Rider Haggard. IllMstrtUed Edition, s^ 

Ladies* Physician, The. A Guide for Women in the Treatment of 
their Ailments. By a Physician. 6s. 

Lady Biddy Pane, The Admirable. By Frank Barrbtt. 5s. 

Lake Dwellings of Europe. By Robbrt Munro, M.D., M.A. 
Qoth, 3XS. 6d. \ Roxburgh, £a ss. 

Landscape Painting in Oils, A Course of Lessons in. By A. F. 
Grace. Wkh Nine Reproductions in Colour. Cheap Edition^ 25s. 

Law, How to Avoid. By A. J. Williams, M.P. is. Cheap Edition. 

Legends for Lionel. By Waltbr Cranb. Coloured lUustrauons. 53. 

Letts 's Diaries and other Time-saving Publications are now pub- 
lished exclusively by Cassrll & Company. {A list /ree on application.) 

Life Assurance, Medical Handbook of. By Jambs Edward Pol- 
lock, M.D., and Jamrs Chisholm. 7s. 6d. 

Loans Manual. A Compilation of Tables and Rules for the Use of Local 
Authorities. By Charles P. Cotton. 5s. 

Local Government in England and Germany. By the Right Hon. 
Sir RobbrtMoribr, G.CB., &c is. 

London, Greater. By Edward Walford. Two Vols. With about 
400 IllustratioRa. g«. each. 

London, Old and New. Six Vols., each containing about soo 
Illustrations and Maps. Cloth, gs. each. 

London Street Arabs. By Mrs. H. M. Stanlbt (Dorothy Tbnnaht). 

A CoUectioa of Pictures. J^escriptive Text by the Artist. 58. 
Longfellow's Poetical Works. IUostrated,£33a'; P^ulmr Edition^ifn. 
Magic at Homa. By Prot Hoffman. Fully Illustrated. 58. 
Master of Bailantrae, The. By Robbrt Louis Stsvbnson. 5s. 
Matfaew, Liib of Father. By F. J. Matrbw, a Graml-nephew. 2b. e L 



Selections from Cassell §• Company's Publications, 



Mechanics, The Practical Dictionary of. Containing 15,000 Draw^ 

bgs. Foot Vols. axs. each. 
Medicine, Manuals for Students of. {A List forwarded post Jr*e.\ 
Metropolitan Year- Book, The. Paper, as. ; doth, as. 6d. 
Metxerott, Shoemaker. Cr. 8vo, 5s. 
Modern Europe, A History of. By C. A. Fyffb, M.A. Complete in 

Three Vols. zss. each. 
Music, Illustrated History of. By Emil Naumann. Edited by the 

Rer. Sir F. A. Gorb Ousbley, Bart. Illustrated. Two Vols. 3X8. 6d. 
National Library, Cassell's. In Volumes^ each containing about 

loa pages. Paper covers, 3d. ; cloth. 6dr {A Complete List of the 

Volumes will he sent postfree on application,) 
Natural History, Cassell's Concise. By E. Perceval Wright, 

M.A.. M.D., F.L.S. With several Hundred Illustrations. 7s. 6d. 
Natural History, CasselVs New. Edited by Prof. P. Martin 

Duncan, M.B., F.R.S., F.G.S. Complete in Six Vols. With about 

2.000 Illustrations. Cloth, gs. each. 
Nature's 'Wonder Workers. By Katb R. Lovbll. Illustrated. 5s. . 
Nursing for the Home and for the Hospital, A Handbook of. 

By Catmbrinb J. Wood. Cheaf Edition, xs. 6d. ; cloth, as. 
Nursing of Sick Children, A Handbook for the. By Catherine 

J. WOOD. as. 6d. 
Oil Painting, A Manual of. By the Hon. John Collier, as. 6d. 
Our Own Country. Six Vols. With 1,900 Illustrations. 7s. 6d. each. 
Pactolus Prime. A Novel By Albion W. TourgAb. ^. 
Painting, Practical Guides to. With Coloured Plates and full in- 

Trbb Painting. 5s. 

Watbr-Colour Painting. 5s. 

Nbutrai. Tint. 5s. 

Sbpia, in Two Vols., 3s. each ; or 
in One Vol., 5s. 

Flowers, and How to Paint 
^ Them. 5s. 

Paxton*s Flower Garden. By Sir Joseph Paxton and Prof. Lindlbt. 

With xoo Coloured Plates. I^rice on application. 
People I've Smiled with. By Marshall P. Wilder, ss. ; cloth, as. 6d. 
Peoples of the World, The. In Six Vols. By Dr. Robert Brown. 

Illustrated. 7s. fid. each. 
Phantom City, The. By W. Westall. 5s. 
Photography for Amateurs. ByT. C Hepworth. lUtistrated. xs. ; 

or doth, xs. 6d. 
Phrase and Fable, Dictionary of. By the Rev. Dr. Brewer. Cheetp 

Edition^ Enlarged^ cloth, 3s. 6d. ; or with leather back, 4s. fid. 
picturesque America. Complete in Four Vols., with 48 Exquisite Steel 

Plates and about 800 Orisinal Wood Engravings. £3 as. each. 
Picturesque Australasia, Cassell's. With upwards of 1,000 Illustrations. 

Complete in Four Vols., 7s. fid. each. 
Picturesque Canada. With 600 Original Illustrations, a Vols. 3^3 3s. each. 
Picturesque Europe. Complete in^ Five Vols. Each containing 

8 Exquisite Steel Plates, from Original Drawings, and nearly aoo 
riRinak Illustrations. Original Edition. Cloth, £ax ; half-morocco, 
f3X xos. ; morocco gilt, £53 xos. llie Popular Edition is published in 
ive Vols., x8s. each. 
Picturesque Mediterranean. With Magnificent Original Illustrations 

by the leadingArtists of the Day. Vol. I. £a as. 
Pigeon KeeperjTThe Practical. By Lewis Wright. Illustrated. 3s. fid. 
Pigeons. The Book o£ By Rosbrt Fulton. Edited and Arranged by 
L. Wkight. With 50 Coloured Plates, 3zs. fid. ; half-morocco, £3 la. 



struciions : — 

Marinb PAiNTiNa 5s. 

Animal Painting. 5s* 

China Painting. 5^* 

Figure Painting. 7s. fid. 

Elementary Flowbr Paint- 
ing. 3s. 

Flowbr Painting, Two Books, 
5s. each. 



^eUctums front CasstU ^ Company's fubiuatums. 

Poems, Aabrey de Vere*s. A SekcticMi. Edited bj John Dbmmm. 

3s. 6d. 
Poets, Cassell's Miniature Library of the :— 



Burns. Two Vols. as. 6d. 
Bykon. Two Vols. 3S. 6d. 
Hood. Two Vols. 3s. 6dL 
LoNCPBLLow. Two Vols. ss. 6d. 



MiLTOM. Two Vols. ss. 6d. 
Scott. Two Vols. as. 6d. [as. 6d. 
Sheridan and Goldsmith, a Vols. 
Wordsworth. Two Vols. as. 6d. 
Shakespsarb. lUustxated. In xa Vols., in Case, xas. 

Police Code, and Manual of the Criminal Law. By C E. Howard 
Vincent, M.P. as. 

Polytechnic Series, The. 

Forty Lessons in Carpentnr Workshop Pncdce. Cloth gilt, n. 

Practical Plane and Solid Geometry, including Graphic Arithmetic. VoL L, 



Elementary Stajfe. Cloth silt, «k 
rty Lessons in Enxineerins Workshc 
Technical Scales. Set of Ten in doth case, xi. 



Forty Lessons in Enxineerins Workshop Pimctice. a. 6d. 



Elementary Chemistry for Science Schoob and Passes. Crown 8vo^ is. 6d. 
Popular Library, Cassell's. Cloth, xs. each. (A list post fru on appU- 

catum,) 
Portrait Gallery, The Cabinet. Containing 36 Cabinet Photographs of 

Embent Men and Women. With Biographi<^ Sketches. Vol. I. iss. 

Poultry Keeper, The Practical. By Lewis Wright. With Coloured 
Plates and Illustrations. 3s. 6d. 

Poultry, The Book of. By Lewis Wright. Popular £ditiotu xos.6d. 

Poultry, The Illustrated Book of. Bv Lewis Wright. With Fifty 
Cofoured Plates. New and Revised EaittoH. Qoth, 3XS. 6d. 

Pre-Raphaelites, The Italian, in the National Gallery. By Cosmo 
Monk house. Illustrated, xs. 

Queen Victoria, The Life and Times of. By Robert Wilson. Com- 
plete in Two Vols. With numerous Ill\istrations. gs. each. 
Quiver, The. Yearly \alume. Illustrated. 7s. 6d. 
Kabbit-Keeper, The Practical. By Cuniculus. Illnstrated. 38. 6d« 
Railway Guides, Official Illustrated. With Illustrations, Maps, &a 
Price xs. each ; or in cloth, as. each. 

Grbat Western Ra ilway. Hevised tmd Enlarged. 

Great Northern Railway. 

London, Brighton and South Coast Railway. 

London and North- Western Railway. Revised and Enlarged, 

London and South Western Railway. 

Midland Railway. 

South-Eastern Railway. 

Railway Library, Cassell's. Crown 8vo, boards, as. each. 

Undrr a Strange Mask. By Frank 
Barrett. 



The coombsbbrrow Mystery. By 

Jambs colwall. 
dbad Man's rock. By Q. 
a qubbr Race. By w. wbstall. 
Captain Trafalgar. By Wbstall 

and Laurib. 
The Phantom Crrv. By w. wbstall. 
%* Tht abcvt can also b« attained in 
c/o'A, 2S. 6d. each. 

Tack Gordon, knight Errant, 
Gotham, 1883. By Barclay 
North 

T11R Diamond Button. By Barclay 
North. 

Another's Crimb. By Julian Haw. 

THORNS. 



Thb Yoke op the Thorah. By 
Sidney luska. 



Who is JOHN NOMANt By CHARLES 

henry Beckett. 

The Tragedy of Brinkwater. By 
Martha l. Moodby. 

an American Penman. By Julian 
Hawthorne. 



Section 608; or, The Fatal Lbttbr. 
Uy Julian Hawthorne. 

The Brown Stone Boy. By W. H. 

Bishop. 
a Tragic Mystery. By Julian 

Hawthorns. 

THE Grbat Bank Robbery. By 
Julian hawthornb. 

Richard, Henry, M.P. A Biography. By Charles S. Mi all. 78. 6d. 

Rivers of Great Britain, The : Descriptive, Historical, Pictorial 
Rivers op thv Ea«t Coast. 4as. 



RoncttI, Dante Gabriel, ■■ Deileiicr and Writer. Noteg by 

WiLLUH MllJHAHL RoasBTTI. 7a, Sd. 

Royal River, The : The Thames, bum Source to Sea. With DeKni>- 
Ruaala. By Sir Donald MackbheibWaiuce, M.A. 5a. 
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Saturday Journal, Cauell'a. Yeariy Volume, 




Science for All. Edited by Dr. Roubt Bbo 


HN. ' frnUJ f ^-fiM. 


llluunUed. FiveVoit 9«- each. 




Sculptare.APrimcrof. ByE.RoscoaMuLLtHS. 


With lllustntiam. u.6d. 




Peril, and Merolam. 




Secret of the Lamaa. 
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laftesbury. The Seventh Earl of, K.Q., The LUe iitid Worli of. By 

EovriH HoonEE. Three Vols., 36s. /-d/H^r-fdiV'M.One Vol., 7*.MI. 
Shalteapeare, The Plays of. Edited ty Profe«ac Hemev l«oBi.»y. 

Complete in i< Vols., cloth, 111. 
Shakespeaie, Casaell's Quarto Edition. ConUlniot abou 60a IDiii. 

iratunu by H. C. Selove. ComplHe io Three Volt, dolh pit, fiss. 
Shakespeare, Miniature. Illustrated. In Twelve Voli., in box, laa.i 

or in Red Paite Giain (boi la match), with apriog catch, 41s. 
Shakespeare^ The England of. By E. Goadbv, lUuatialed. at. M. 

"OTHfeLLO." 1 1 Imitated by Fn AN™ D I 

"KING HENRV IV." Illustrated by E. 

"AS VOU LIKE IT.' llluttialedhyEM>..> oa.a.^. . ^ lu.. 

■'ROMEOANDJUI.IET.-llluslratedbvF. Dict5BB.A.K.A.,£55 
Shaktpere, The Lupoid. With too Illu^traiwiis. Ouai £Z/,t 

3>- Gd. Cloth Eilt. Ca. ; RoxhorEh. «. f 
Shakapere, The *oy»' '"■'■ =— ^ ™- 

Three Vola. lu. eacl_ 
Sketchini from Mature In Water Colours. By Aaion Fhhliv. 

With niunraliODS in Chismo-LilhoEianhy. ija. 
B„i.i ur.>r.„ o--»,]ect« of. BySirLvoN fLArFAin, K.C.B. n.6d 

on Christianity and "- " " — " 

EdiiedbyQ. ji. 



SEE, A.R.A. £3 K 



With Ste^ Plate! and Wood Engiarlnp!. 



S^Uciions from Cassell ^ Company's FublUatiuni. 

Sports and Pastimes, Cassell's Complete Book of. Cheap Edition, 

With more than 90-) Illustrations. Medium 8vo, 093 pages, cloth, 38. 6d. 
Stanley in East Africa, Scoutine for : a Record of the Adventures 

of Thomas Stevens in Search of H. M. Stanley. With 14 Illus- 
trations. Cloth, 7s. 6d. 
Sur-Land. By Sir Robert Stawbll Ball, LL.D., F.R.S., F.R.A.S. 

Illustrated. Crown 8vo, 68. 
Steam Engine, The. By W. H. Northcott, CE. 3s. 6d. 
Strange Doings in Strange Places. Complete Sensational Stories by 

Frank Barrbtt, Q, G. Manvillb Fknn, &c. &c. Cr. 8vo, 5s. 
Technical Education. By F. C. Montagus. 6d. 
Thackeray, Character Sketches from. Six New and Original Draw- 
ings by Frederick Barnard, reproduced in Photogravure, axs. ^ 
Treasure Island. By R. L. Stevenson. Illustrated. 5s. 
Treatment, The Year- Book of. A Critical Review for Practitioners of 

Medicine and Surgery. Greatly Enlarged. 500 pages. 7s. 6d. 
Trees, Familiar. By G; S. Boulger, F.L.S. Two Series. With 40 

full-page Coloured Plates by W. H. J. Boot. x2s. 6d. each. 
Troy Town, The Astonishing History of. By Q. 5s. 
Two Women or One? From the Manuscripts of Doctor Leonard 

BsNARV. By Henry Harland. is. 
** Unicode*' : the Universal Telegraphic Phrase Book. Desk or 

Pocket Edition, as. 6d. 
United States, Cassell's History of the. By the late Edmund 

Ollibr. With 600 Illustrations. Three Vols. gs. each. 
United States, Youth's Historv of the. Illustrated. 4 Volumes. 36s. 
Universal History, Cassell's Illustrated. Four Vols. gs. each. 
Verdict, The. A Tract on the Political Significance of the Report of the 

Paraell Commission. By Prof. A. V. Dicey, Q.C. as. 6d. 
Vicar of Wakefield- and other Works by Oliver Goldsmith. 

Illustrated. 38. 6d. ; cloth, gilt edges, 5s. 
What Girls Can Do. By Phyllis Browne, as. 6d. 
Wild Birds, Familiar. By W. Swaysland. Four Series. With 40 

Coloured Plates in each. zas. 6d. each. 
Wild Flowers, Familiar. By F. E. Hulme, F.L.S., F.S.A. Five 

Series. With ^o Coloured Plates in each. xas. 6d. each.. 
Woman's World, The. Yearly Volume. i8s. 
Wood, Rev. J. G., Life of the. By the Rev. Theodore Wood. 

Demy 8vo, cloth, price xos. 6d.' 
Work. An Illustrated Magazine of Practice and Theory for all Work* 

men, Professional and Amateur. Yearly Vol., 7s. 6d. 
World of Wit and Humour, The. With 400 Illustrations. Cloth, 

7s. 6d. ; cloth gilt, gilt edges, zos. 6d. 
World of Wonders. Two Vols. With 400 Illustrations. 7s. 6d. each. 
Yule Tide. Cassell's Christmas Annual, is. 

ILLUSTRATED MAGAZINES. 
The Quiver, Enlarged Series. Monthly, 6d. 
Cassell's Family Magazine, Monthly, 7d« 
**lAitle Folks'* Magazine, Monthly, 6d. 
The Magazine of Art. Monthly, is. 
C.asselVs Saturday ^Journal. Weekly, id. ; Monthly, ed. 
Worh. Weekly, id. ; Monthly, 6d. 

CSLtalosues of cassell & Company's publications, which may be had at all 
Booksellers', or will be sent post free on application to the Publishers :— 

CASSELL'S Complete Catalogue, containins particulars of upwards of 

One Thousand Volumes. 
CASSELL'S CLASSIFIED CATALOGUE, in which their Works are arrao^ed 

ai cordine to price, from Thrtepenu to F^fy Guineas. 
CASSELL'S EDUCATIONAL CATALOGUE, Containing particulars of CASiBU. 
& COMPANY'S Educational Works and Students' Manuals. 

CASSELL & COMPANY, Limited, LudgaU Hill, London, 



SeUctums from Cassell ^ Company* s Publications, 



Bible, CasseU's Illustrated Family. With goo Illustrations. Leather^ 
gilt edges, £» los. 

Bible Dictionary, CasseU's. With nearly 600 Illustrations. 7s. 6d« 

Bible Educator, The. Edited by the Very Rev. Dean Plumit-sb, D.D., 
Wells. With Illustrations, Maps, &c. Four Vols., cloth, 68. each. 

Bible Student in the British Museum, The. By the Rer. J. G» 

KlTCHIN, M.A. IS. 

Biblewomen and Nurses. Yearly Volume. Illustrated. 38. 

Bunyan's Pilgrim's Progress (Casseirs Illustrated). 4to. 78. 6d.. 

Bunyan's Pilgrim's Progress. With Illustrations. Ooth, 38. 6d. 

Child's Bible, The. With aoo Illustrations. 150/A Thousand, 78. 6d. 

Child's Life of Christ, The. With 300 Illustrations. 78. 6d. 

"Come, ye Children." Illustrated. By Rev. Bbnjamin Waugh. 58^ 

Dore Bible. With 238 Illustrations by Gustavb DorA. Small folio* 
cloth, £8 ; best morocco, gilt edges, £i$. 

Early Days of Christianity, The. By the Yen. Archdeacon Fakrax, 
D.D., F.R.S. 
Library Edition. Two Vols., 24s. ; morocco, £2 as. 
Popular Edition. Complete in One Volume, cloth, 6s. ; doth, gili- 
edges, 7s. 6d. ; Persian morocco, xos. 6d. ; tree-calf, 15s. 

Family Prayer-Book, The. Edited by Rev. Canon Garbett, M.A., 
and Rev. S. Martin. Extra crown 410, cloth, 5s. ; morocco, xSs. 

Glories of the Man of Sorrows, The. Sermons preached at St. James's,. 
Piccadilly. By Rev. H. G. Bonavia Hunt, Mus.D., F.R.S., Ed. as. 6d. 

** Heart Chords.'* A Series of Works by Eminent Divines. Bound in 
cloth, red edges, One Shilling each. 



MyBirlb. BytheRisrhtRer.W.BoyD 
Carpenter, Bishop of Kipoo. 

My Father. By the Rkfht Rer. ASH- 
ton Oxenden, late Bishop of Mon- 
treal 

MY WORK FOR God; By the Right 
Rev. Bishop COTTBRILL. 

MY Object in Life. By the Vcb. 

Archdeacon Farrar.'D.U. 
MY ASPIRATIONS. By the Rev. G. 

MATHESON, D.D. 
MY emotional Life. By the Rev. 

Preb. CHADWICK U.D. 
Mv BODY. By the Rev. Prof. W. G. 
, D.D. 



MY Growth in Divine Lifb. By tb» 
Rev. Preb. Reynolds, M.A. 

My soul. By the Rev. P. B. POWER. 
M.A. 

MY HEREAFTER. By the Very Rev. 
Dean BICKERSTETH. 

MY WALK WITH GOD. By the Very^ 
Rev. Dean MONTGOMERY. 

MY AIDS TO THE DiVINE LiFB. By 

tte Very Rev. Dean BOYLE. 

My Sources of Strength. By the 
Rev. E.E.Jenkins. M.A.. Secretary 
BlaiKIE, D.D. of Wesleyan Missiot.ary Society. 

Helps to Belief. A Series of Helpful Manuals on the Religious 
Difficulties of the Day. Edited by the Rev. Tbignmouth Shore, M.A., 
Chaplain-in-Ordinary to the Queen. Cloth, is. each. 

Creation. By the Lord Bishop of Miracles. By the Rev. Brownlow 



Maitland, M.A. 

PRAYER. By the Rev. T. Telgnmouth 
Shore, M.A. 

THE ATONEMENT. By the Lord Bishop 
of PeterlMroi^^lL 



Carlisle. 

THE DiviNrrY OF OUR LORD. By 
the Lord Bishop of Derry. 

The Morality of the old Testa- 
ment. By the Rev. Newinan 
Smyth, D.D. 

Holy Land and the Bible, The. By the Rev. Cunningham Gbikxs, 
D.D. Two Vols., with Map, a4S. 

•* I Mast." Short Missionary Bible Readings. By Sophia M. Nugbmh, 
Rnsmellpd covers, 6d. ; cloth, gilt edges, is. 

3 U890 



StUctums frvm Cassell % Company s Pnbluatians, 

ft 

Life of Christ, The. By the Yen. Archdeacon Farras, D.D., F.R.S. 
iLLusTkATSD EDITION, with about 300 Origixud Illustrations. 

Extra crown 4to, cloth, gilt edges, axs. ; morocco antique, 428. 
Library Edition. Two Vols. Cloth, 348. ; morocco, 43s. 
Popular Edition, in One VoL Bvo, cloth, 68. ; cloth, gilt edges, 

78. 6d. ; Persian morocco, gilt' edges, zos. 6d. ; tree-calf, 158. 

Marriage Ring, The. By William Landbls, D.D. New ami 
Cktaptr Edition, 38. 6d. 

Moaea and Qeology ; or, The Harmony of the Bible with Science.. 
By the Re^. Samubl Kinns, Ph.D., F.R.A.S. Illustrated. Cheap 
EditioH^ 6a. 

New Teatament Commentary for Engliah Readera, The. Edited 
by the Rt. Rev. C J. Ellicott, D.D., Lord Bishop of Gloucester 
and Bristol. In Three Volumes, aza. each. 
VoL I.— The Four Gospels. 

VoL II.— The Acts, Romans, Corinthians, Galatians. 
VoL III. — The remaining Books of the New Testament. 

New Teatament Commentary. Edited by Bishop Ellicott. Handy 
Volume Edition. St. Matthew, 38. 6d. St. Mark, 38. St. Luke, 
38. 6d. St. John, 38. 6d. The Acts of the Apostles, 38. 6d. Romans, 
38. 6d. Corinthians I. and II., 38. Galatians, Ephesians, and Philip- 

g'ans, 3a. Colossians, Thessalonians, and Timothy, 38. Titus, 
hilemon, Hebrews, and James, 38. Peter, Jude, acd John,' 38. 
The Revelation, 3s. An Introduction to the New Testament, 3s. 6d. 

Old Teatament Commentary for Engliah Readera, The. Edited 
by the Right Rev. C J. Ellicott, D.D.. Lord Bishop of Gloucester 
and BristoL Complete in 5 Vols.^ 3X8. eacn. 
Vol. I. — Genesis to Numbws. 
Vol. II. — Deuteronomy to 



Samuel II. 



Vol. III.— Kings I. to Esther. 

VoL IV.— Job to Isaiah. 

VoL V. —Jeremiah to MalachL 



Old Teatament Commentary. Edited by Bishop Ellicott. Handy 
Volume Edition. Genesis, 38. 6d. Exodus, 38. Leviticus, 3s. 
Numbers, 3a. 6d. Deuteronomy, 38. 6d. 

Proteatantiam, The Hiatoiy of. By the Rev. J. A. Wvlib, LL.D. 
Containing upwards of 600 Original Illustrations. Three Vols., 98. each. 

Quiver Yearly Volume, The. 350 high-class Illustrations. 7s. 6d. 

Religion, The Dictionary of By the Rev. W. Bsnham, B.D. 3X8. ; 

Roxburgh^ 358. 
St. George for England ; and other Sermons preached to Children. By 

the Rev. T. Tbignmouth Shorb^ M.A. 58. 

St. Paul, Th6 Life and Work of. By the Ven. Archdeacon Farrar, 
D.D., F.R.S., Chaplain-in-Ordinary to the Queen. 

Library Edition. Two Vols., cloth, 348. ; calf, 43a. 
Illustratbd Edition,. complete in One Volume, with about 300 

Illustrations, £x xa. ; morocco, £3 38. 
P0PU1.AR Edition. One Volume, 8vo. cloth, 6a. ; cloth, gilt edges, 
7a. 6d. ; Persian morocco, xoa. 6a. ; tree<alf, 158. 

Secular Life, The Goapel of the. Sermons preached at Oxford. By 
the Hon. Canon Frbmantlb. Cheaper Edition, 38. 6d. 

Shall We Know One Another in Heaven? By the Rt. Rev. J. C 
Rvuc, D.D., Bishop of LiverpooL Cheap Edition, Paper covers, 6d. 

Stromata. By the Ven. Archdeacon Shbringham, M.A. as. 6d. 

** Sunday," Ita Orijdn, Hiatory, and Present Obligation. By the 
Ven. ^chdeacon Hbssbv, D.C.L. Fifth Edition. 7s. 6d. 

Twilight of Life, The. Words of Counael and Comfort for the 
Aged. By the Rev. John Ellbrton, M.A. xa. 6d. 

Voice of Time, The. By John Stroud, doth gilt, za. 



^€ieciwns from Cassell ^ Cotnpanys i^uOUcattvns, 

Agriculture Series, Casseirs. Edited by Professor Wrightson, Prin* 
cipalof Downton Agricultural College. SOILS AND MANURES, 
by Dr. J. Munro, is. 6d. ; CROPS, by Prof. Wrightson, is. 6d. 

Alphabet. Cassell's Pictorial. 38. 6d. 

Antfametics, The Modem School. By Georcb Ricks, B.Sc. Lond. 
With Test Cards. (List en a/^Ucatum.) 

Atlas, Cassell's Popular. Containing 24 Coloured Maps. 38. 6d. 

Book-Keeping. By Thsodorb Jones. For Schools, as. ; cloth, 38. 
For the Million, as. ; cloth, 38. Books for Jones's System, as. 

Botanv in the Nineteenth Century, Commercial. By J. R. Jackson, 
A. L.S., of the Royal Gardens, Kew. 3s. 6d. 

Chemistry. The Public School. By J. H. Anderson, M.A. as. 6d. 

Classical Texts for Schools, Cassell's. (A List postfrte<m application^ 

Copy-Books, Cassell's Graduated. Eighteen Books, ad. each. 

Copy- Books, The Modem School. Tweive Books, ad. each. 

Drawing Copies, Cassell's Modern School Freehand. First Grade, 
IS. ; Second Grade, as. 

Drawing Copies, Cassell's " New Standard." FourUen Books. 
Books A to F for Standards I. to IV., ad. each. Books G, H, K, L, 
M, O, for Standards V. to VII., 3d. each. Books N and P, 4d. each. 

Electricity, Practical. By Prof. W. E. Ayrton. 78. 6d. 

Energy and Motion. By William Paicb, M.A. Illustrated, zs. 6d. 

English Literature, First Sketch of. By Prof. Morley. 78. 6d. 

English Literature, The Story of. By Anna Buckland. 38. 6d. 

Euclid, Cassell's. Edited by Prof. Wallace, M.A. is. 

Euclid, The First Four Books of. New Edition. In paper, 6d. ; cloth, gd. 

Experimental Geometry. ' By Paul Bert. Illustrated, zs. 6d. 

French, Cassell's Lessons in. New and Revised Edition, Parts I. 
and II., each as. 6d. ; complete, 4s. 6d. Key, zs. 6d. 

French- English and English-French Dictionary. Entirely New 
and Enlarged Edition, 1,150 pages, 8vo, cloth, 38. 6d. 

French Reader, Cassell's Public School. By G. S. Conrad, as. 6d. 

Oalbraith and Haughton's Scientific Manuals. 

Plane Trigonometry, as. 6d.— Euclid, Books I., II., III., as. 6d.— Books 
IV., v., vl. , as. 6d.— Mathematical Tables, 3s. 6d.— Mechanics, 38. 6d. 
— Natural Philosophy, 3s. 6d.— Optics, as. 6d.— Hydrostatics, 38. 6d.— 
Astronomy, 5s.— Steam Engine, 3s. 6d. — Algebra, Part I., cloui, as. 6d.; 
Complete, 7s. 6d.— Tides and Tidal Currents, with Tidal Cards, 38. 

German Dictionary Cassell's New. German-Englbh, English- 
German. Large Pa/er Edition^ 7s. 6d. ; Cheap Edition^ Cloth, 3s. 6d. 

German of To-Day. By Dr. Heinbmann. zs. 6d. 

German Reading, First Lessons in. By A. Jagst. Illustrated. Z8« 

Guide to Employment for Boys. By W. S. Beard, F.R.G.S. zs. 6d. 

Hand-and-Eye Training. By G. Ricks, B.Sc a Vols., with z6 Coloured 
Plates in each VoL Cr. 4to, ra. ieach. Cards for Class Use, 5 sets, is. each. 

Handbook of New Code of Regulations. New atid Revised Edition* 
By John F. Moss. zs. ; doth, as. 

Historical Cartoons, Cassell's Coloured. Size 45 in. x 3c in., aa. 
each. Mounted on canvas and varnished, with rollers, 58. each. 

Historical Course for Schools, Cassell's. Illustrated throughout 
I.— Stories from English History, zs. II.— The Simple Outline of 
English History, zs. 3d. III.— The Class History of England, as. 6d. 

Latin-Bnglish and English-Latin Dictionary. Bv J. R. Bbard, 



i^aun-isngiisn ana j&ngiisn-i^ann Lyicuonary. i)y j 
D.D., and C Beard, B.A. Crown 8vo, 914 pp., 3s. od. 
Latin-English Dictionary, Cassell's. By J. R. V. Marci 
Latin Primer, The First. By Piof. Postgatb. zs. 
Latin Primer, The New. By Prof. J. P. Postgatb. Crown 8vo, as. 6d. 
Latin Prose for Lower Forms. By M. A. BAvriBLD, M.A. aa. 6d. 



SiUcdons from Cassell ^ Company's Publications, 

Lanndiy Work for Schools. By Emma Lord. Price 6v!. 

Laws of Every- Day Life. By H. O. Arnolo-Forstbr. xs. 6d. 

Little Folks* History of England. Illustrated, zs. 6d. 

Making of the Home, The : A Book of Domestic Economy fi>f School 
and Home Use. By Mrs. Samuel A. Barnbtt. zs. 6d. 

Map- Building Series, Cassell's. Outline Maps prepared by H. O. 
Arnolo-Forstbr. Per Set of Twelve, pric zs. 

Marlborough Books :— Arithmetic Examples, 3s. Arithmetic Rules, zs. 6d. 
Froich Exercises, 3s. 6d. French Grammar, as. 6d. German do., 3s. 6d. 

Mechanics and Machine Design, Numerical Examples in Practical. 
By K. G. Blainb, M.E. With Diagrams. Cloth, ss. 6d. 

** Model Joint" Wall Sheets, for Instruction in Manual Training. By 
S. Barter. Eight Sheets, 2s. 6d. each. 

Music, An Elementary Manual of. By Henry Leslie, zs. 

New Poetry Readers, Cassell's. Illustrated. Books, price zd. each. 

Object Lessons from Nature. By Prof. L. C. Miall, F.I^S. as. 6d. 

Popular Educator, Cassell's NEW. With Revised Text, New Maps» 
New Coloured PUtes, New Type, &c To be completed in 8 Vols. 5s. each. 

Popular Educator, Cassell's. Complete in Six Vols., 58. each. 

Readers, Cassell's •• Higher Class." {List oh applictUion,) 

Readers, Cassell's Historical. Illustrated throughout, printed on 
supenornaper, and strongly bound in cloth. {List on applicatum.) 

Readers, Cassell's Readable. Carefully graduated, extremely in* 
teresting, and illustrated throughout. {List o» application.) 

Readers for Infant Schools, Coloured. Three Books. 4d. each. 

Reader, The Citizen. By H. O. Arnold- Forstbr. Illustiated. zs.ed. 

Reader, The Temperance. By Rev. J. Dennis Hird. Cr. 8vo, zs. 6d. 

Readers, The " Modern School »• Geographical. (List on application,) 

Readers, The " Modern School." Illustrated. {List on application.) 

Reckoning, Howard's Anglo-American Art of. By C Frusubr 
Howard. Paper covers, is. ; cloth, 2s. 

Science Applied to Work. By J. A. Bower, zs. 

Science of Everyday Life. By John A. Bower, Illustrated, zs. 

Shade, from Models, Common Objects, and Casts of Ornament, 
How to. By W. E. Sparkbs. With 35 Plates by the Author. Price 3S.6d. 

Shakspere's Plays for School Use. 5 Books. Illustrated, 6d. eaSh. 

Shakspere Readmg Book, The. Illustrated. 38. 6d. 

Spelling, A Complete Manual of. By J. D. Morell, LL.D. zs. 

Technical Manuals, Cassell's. lUustrated throughout :— 

Handraihng and Staircasing, 3s. 6d.— Bricklayers, Drawing for, 3s.— 
Building Construction, as.-Cabinet-Makers, Drawing for, 3s. —Car- 
penters and Joiners, Drawing for, 3s. 6d.— Gothic Stonework, 3s. 
—Ldnear Drawing and Practical Geometry, as.— Linear Drawing and 
Projecuon. The Two Vols, in One, 3s. 6d.— Machinists and Engineers. 
Drawing for, 4s. 6d.— Metal-Plate Workers, Drawing for, 3s.-~Model 
Drawmg, 3s.— Orthographical and Isometrical Projection, as. —Practical 
Penpective, 3s.— Stonemasons, Drawing for, 3s.— Applied Mechanics, 

«fl« xy ^^^ ?• ^*"*' LL.D., as.— Systematic Drawing and Shading, as. 

Technical Educator, Cassell's. Revised Edition. Four Vols., ss. each. 

Technology, Manuals of. Edited by Prof. Ayrton, F.R.S., and 
Richard Wormell, D.Sc, M.A. lUustrated throughout :— 
??**i?ST-^ '**u'^^'*if. F*abric8, by Prof. Hummel, 5a.-Watch and 
Clock Making by D. Glasgow, 4s. 6d.— Steel and Iron, by Prof. W. H. 
Greenwood F C.S., MICE., &c., 58.-Spinnmg Woollen and 
Worsted by W S. B. McLaren, M.P., 4s. 6d,-Design in TextUe 
fabrics, by T. R. Ashenhurst, 4s. 6d.— Practical Mechanics, by Prof. 
?*'5^r^-^:v3®- 6?— Cutting Tools Worked by Hand anTMachme. 
n» • rV^^* ^51*'**' 3?/. ^' (A Prospectus on application.) 
Test Cards, Cassell's Combination. In sets, zs. each. 
Teat Cards. " Modern School." Cassell's. In Sets. zs. each. 

CASSELL & COMPANY, Limited* LtuigaU HiU, London. ' 



SeUctions from Cassell # Coinf>aHy*s FubUcations* 



fSaohs for ^ottng people* 

** Little Folks ** Half- Yearly Volume. Containing 433 4to pages, with 

about 300 lUustrations, and Pictures in Colour. Boards, 38.6d. ; cloth, 58. 
60- Peep. A Book for the Little Ones. With Original Stories and Verses. 

Illustrated throughout. Yearly Volume. Boards, as. 6d. ; cloth, 3s. 6d. 
Cassell's Pictorial Scrap Book, containing several thousand Pictures 

beautifully printed and handsomely bound in one large volume. 

Coloured boards, 158. ; cloth lettered, ais. Also in Six Sectional Vols., 

38. 6d. each. 
Wanted—a Kinr: or. How Merle set the Nursery Rhymes to 

Rights. By Maggib Brownb. With Original Designs by Harry 

FuRNiss. 3s. 6d. 
The Many Stories of Jack and Jill. Consisting of 65,536 Tales. By 

the Rev. F. Bbnnbtt. Illustrated, as. 6d. 
Schoolroom Theatricals. By Arthur Waugh. Illustrated, as. 6d. 
Flora's Feast. A Masque of Flowers. Penned and Pictured by Waltbr 

Crank. With 40 Pages in Colours. 55. 
Legends for Lionel. Witn 40 Illustrations in ColourbyWALTBR Crane. 58. 
** Little Folks'* Painting Book, The New. Containing nearly 350 

Outline Illustrations suitable for Colouring. Price zs. ; post free, zs. ad. 
Little Mother Bunch. By Mrs. Molssworth. Illustrated. Cloth, 3s. 6d. 
The Newr Children's Album. Fcap. 4to, 320 pages. Illustrated 

throughout 38. 6d. 
The Tales of the Sixty Mandarins. Bv P. V. Ramaswami Raju. 

With an Introduction by Prof. Hbnrv Morlbv. Illustrated. 58. 

Books for Young People. Illustrated. Cloth gilt, 5s. each. 



The Kin^ Oommaad: A Story 

ton. 
By 



for QlrlB. By Mame Syndngton. 
Under Bayard's Banner. 



Henry Frith. 
The Romance of Invention. 
By James Bunley. 



The Champion of Odin: or. ViUnff 

Life in the Days of Old. By J. 

Fred. Hodrntts. 
Bound by a Spell t or. The Hunted 

Witch of the Forest. By the 

Hon. Mn.Gfeena. 



Books for Young People. Illustrated. Price 38. 6d. each. 



Polly t A New-Fashioned OtrL 

By L. T. Meade. 
For Fortune and Olory t A Story 

of the Soudan War. By Lewu 

Hough. 
**FoUowlCy Leader." By Talbot 

Baioes Reed. [Pitt. 

The Cost of a lOstake. By Sarah 
A World of airlat The Story of 

a SchooL By L. T. Mead*. 



Lost among White Afrioans. By 
David Ker. 

The Palaoe BeautifliL By L. T. 
Meade. 

On Board the "Esmeralda.** By 
John C Hutcheson. 

In Quest of Oold. By A. St John- 
ston. 

For Queen and KtOff. By Henry 
Frith. 



Books for Young People. Price as. 6d. each. 
Heroes of Xvery-day Lifb. By 



Laura Lane. Ulustrated. 
Deoiaive Xvents in History. By 

Thomas Archer. With Or^elasI 

IDostntioaa. 
Tlie True Bobinson Crusoes. 

Barly Sxplorersl 



Home Chat witix our Younir Folks. 

lUtistrated throufiiout 
Junffle, Peak, and Plain. lUustratad 

throughout. 
The World's Lumber •Boom. By 

SeHna Gaye. 
By Thomas Frost 



The "Cross and Crown'* Series. With Illustrations in each Book. 



as. 6d. each. 
Strong to Sufnar: A Story of 

the Jews. By E. Wynne. 
Heroes of the Indian Smpirej 

or. Stories of Valour and 

Victory. By Ernest Foster. 
In Letters of Flame : A Story 

of the Waldenaes. By C. L. 

Mm^ux. 
Through Trial to Triumph. By 

MadelliM B. Hoot. 



A Story of 
By Thomas 



By Fire and Sword t 

the Hu^^enots. 

Archer. 
Adam Hepburn's Vow: A Tale of 

Kirk and Covenant. By Annie 

S. Swan. 
No. XIILj or, The Story of the 

Lost vestaL A Tale of Early 

Christian Days. By Emma " 

■hall. 



SekcHons from Castrll f Comfanys PvbHcations, 



** Golden Mottoes** Seriei, The. Each Book oootainsag 908 pages, with 
Four foil-page Original lUastratioos. Crown Svo, doth gilt, as. eadi. 

**Vil Zleaperandam." By the 
Rev. F. LanKbridije. M.A. 

"Bear and Forbear." By Sarah 
Pitt. 



"Voremoat if I Can." By Helen 
Atteridxe. 



** Honour is my anide." By Jcanle 
Heriiw (MrSk Adams-Actool. 

**Aim M a Sure 2nd." By Emihr 
Seuchfield. 

** He Conquers who Endtires." By 
rbe Audior of "»*— '' :-.-•.—< 



Trial.- &C. 



'May Cunninifhain^ 



Cheap Editions of Recent Popular Volnmes for Young People. 



Wild Adventnrea in Wild 
Flaoea. By Dr. Gordon Stables, 
R.N. lUustratrd Price s. 6ci. 

Freedom's Sword : a Story of the 
Days of Wallace and Bruce. By 
Annie S. Swan. Price as. 6d. 



Ferila Afloat and Brigands Ashore. 
By Alfred Elwes. Pnce cs. 6d. 

Fietnres of School Life and Boy- 
hood. Selected from the best Au- 
thor*. Edited by Percy Fitzgerald, 
M.A. Price 0.64. 



Modern Explorers. By Thomas Frost. Hhatnted. Price as. 6d. 



Books for Children. In Illuminated bosrds, fully Illustrated. 

Twilight Fsnol«s. Sa. ed. l A Dosen sad One. 60. 

Oheerhil CUtter. 8a. 6d. I Bible Talka. 6a. 

CAMell's Picture Story BookSi Each containing Sixty Pages of 
Pictures and Stories, &c 6d. each. 



Uttls Talka. 
Bright Stars. 
Nursery Toys. 
PetrsPosy. 
Tiny Tsles. 



Dslsy*! Story Book. 
Dot's Story Book. 
A Nest of Stories. 
Oood-Night Stories. 
Chats for Small Chatterers. 



Auntie's Stories. 
Birdie's Story Book. 
Ziittle Chimes. 
A Sheaf of Tales. 
Dewdrop Stories. 



Cssseirs Sixpenny Story Books. All Illustrated, and containing 
Interesting Stories by well-known writers. 



The Boat dub. 
liittle Pioklea. 
The Slohenter College Boys 
My First Cruiae. 
The Little Feaoemaker. 
The Delft Jug. 

Caneirs Shilling Story Books. All Illustrated, and containing IntereaU 
ing Storieik 



The Smuggler's Cave. 
Little LisBie. 
Little Bird, Life and Adven- 
tures ofl 
Lnke Bamioott. 



Bnnty and the Boys. 

The Heir of Blmdale. 

The Mystery at ShonoliS 

Sohool. 
Claimed at Last, and Boy'a 

Beward. 
Thorns and Tangles. 
The Cuckoo in theBobin'a Nest. 
John's Mistake. 
The History of Five Little 

Pitchers. 
Dismonds in the Sand. 



Surly Bob. 
The GHanfS Crsdle. 
Shsg and Doll. 
Aiml Lucia's Locket. 
The Msglo Mirror. 
nie Cost of Bevenge^ 
Clever Frsnk. 
Among the BedsUns. 
The Ferryman of Bnll. 
Harry Maxwell. 
A Baniahed Monaroh. 
Seventeen Oata. 



Illustrated Books for the Little Ones. Contuning interesting Stories. 
All Illustrated, zs. each ; cloth gilt, za. 6d. 
Soramblea and Sorapea. 



TitUe Tattle Tales. 
Up and Down the Oarden. 
An Sorts of Adventures. 
Our Sunday Stories. 
Our Holiday Hotus. 
Indoors and Out. 
Some Farm Friends. 



Wandering Ways. 

Dumb Friends. 

Thsee Golden Sands. 

Little Mothers 4k their Children. 

Our Pretty Pets. 

Qnr Sohooldsy Kouxa. 

Qreaturee Tsme. 

Creatures Wild. 



Albums for Children. Price 38. 6d. each. 

The New Children's Album. 
Illustrated throu^out Qoth. 
- The Album for Home, Sohool, 
ana Play. Containing Stories by 
Popular Authors. Set In bold 
type, and Illkstrated throatf hout 



My Own Album of Animala. Wkb 

_ Fatt-paM ICastrations. 

Picture Album of Ail Sorta. WU 

_, FuU-page Illostrationsi 

The Chit-Chat Albun. 



Seiitfioni from CaiuO f CompaH/i Pvilieationu 




•cll'i Two^^hllllDK Story Booki. lUmtiataii. 

Mr. ioSt^lnsoH. itmnm-* Two H«mH. 

liay jim nlayhaiii'a TriaL ijttl« Yotkji' BqhUv Bojk. 

nwnBC^tba Luldar: Hdw to Two Tmirpnmr BLta. 

T-WU VMum. _ [Osioii it. Poor naUr. 

-'niBd llnTilfDaL T« Bmot. 

"■-"■■— m of Uw Oourl, TlirouBli Parti to Vgrtniia. 

m_Tuiffla- Aunt TKbltlu'i Wb1£ 






